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Introduction

Ford € Nandr = (rq,...,74) € R? the almost linear
mapping
T, 7% — 7¢
X = (x1,...,%4) = (x2,..., %5, — | 1Xx])
is called the d - dimensional SRS associated with r.

D; := {r € R?| orbits of 7; ultimately periodic}
DG(ZO) ;= {r € R? | orbits of 7; end up in 0}

Elements of DC(ZO) are said to have the

finiteness property.

Complex analogue (Gaussian SRS):
Ye: Z[i] — Z[i]" (r € C), G4, G\

Special interest lies in the cases d = 2 for SRS and
d = 1 for GSRS. We identify C <+ R? and Z [i] <> Z?
and get

T(rs) Z? — 77
(a,b) — (b, — |ra+sb|)
Y(rs) Z? — 77
(a,b) — (—|ra—sb|,— |rb+sal).
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Main Goal and Motivation

The main objective is to characterize the sets Dc(io)

and G (;(zo)- The reason is a strong relation to finiteness
properties in other numeration systems.

Definition. For a non-integral, real number > 1
theset A := {0,1,...,|B]|} is called the set of digits
and for every v € |0,00) the unique representation
Y= auf" + a, 1" 1+, wherem € Z, a; € A,
and 0 <y — Y a;p < B* for all k < m is called the
greedy expansion of y with respect to .

Let Fin(B) denote the set of all v € [0,1) having fi-
nite greedy expansion with respect to B. p is said to

have property (F) iff Fin(g) = Z[%] N[0,1).

Remark. If § has property (F) then it is an algebraic
integer.

Theorem. Let f > 1 be a non-integral algebraic in-
teger and (X — B) (X9 1+ 75 ,X9 24+ - -+ 11 X +19)
its minimal polynomial. Then

B has property (F) < (ro,...,74-2) € Dc(zo_)r

(Akiyama et al. 2005)

Definition. Let P(X) = X%+ py_1 X9 1+ ... +
mX+po € Z[X], R == Z[X]/P(X)Z[X], N =
{0,1,...,|po| —1},and x := X + P(X)Z|X] € R.

(P,N) is called a CNS, P a CNS polynomial and N
the set of digits if every non-zero element A(x) €
R can be represented uniquely in the form A(x) =

A X™ + @y XM 4 4 agx + a.

Theorem. Let P(X) = X? + py X 14+ .- + ;X +
pPo € Z[X] Then

P is a CNS polynomial < (;O, p;:, . %, %) c DflO).

(Akiyama et al. 2005)
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Main Obstacle

The main problem at characterizing D(SZO) (and ¢ c(zo))

are so-called critical points. It can be shown that DL(ZO)

can be gained from D; by subtracting certain con-
vex polyhedra. If for a given point infinitely many
of these polyhedra are necessary to characterize its
neighborhood it is considered critical. In such a case

the structure of Do(io) tends to be highly chaotic.
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New Algorithms

The algorithms below compute DE(ZO) N H (G E(ZO) N H)
where H C int (D;) (int (G,)) is any convex hull of
finitely many points.

Algorithm. (W. [4]) Idea:

e Choose any point r € H and compute the
corresponding "graph of witnesses" V.

e Compute the polyhedron P,:={s € R? | V;=V,}
which is the solution of a system of inequalities.

e Repeat the process with a new r not contained
in any of the previously computed P; until H is
completely covered.

e D'V N H is the union of all P, for which r € D\".

Properties:
e First "real algorithm" — terminates for all inputs.
e Faster than previous methods by Brunotte.

Algorithm. (W. [4]) Idea:

e Find a (possibly small) superset V of all sets of
witnesses V. forr € H.

e Compute the set of equivalence classes for the
equivalence relation: r ~ s iff forallx € V
T(X) = Ts(x) and 77 (x) = T7(x).

e Handle classes is sophisticated order to
minimize computation time.

Properties:
e Much faster than previous methods by Brunotte.

Figure. Hidden structure of g{o) revealed by the equivalence classes of ~.
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Standard Methods

Forr = (r1,...,74) € R?let R, denote the compan-
ion matrix of x(X) = X9+ ry X 14 X + 1.
Then 7.(x) = Ryx + vy where vy, = (0,...,0, {rx}).
Let p(M) denote the spectral radius of a matrix.

Then eD; C {reR%|p(R,) <1}
o &, = {I‘ c R4 p(Rr) < } C Dy
e 9D, = {re R | p(R,) = 1}

For a tuple 7t of vectors in Z? let P(7) denote the
set of all r € RY for which 7 is a period of T, i.e.
T = (X1,...,Xn), Te(X1) = X2, ..., Te(Xn) = X1. Then
P () is a (possibly degenerate) convex polyhedron
characterized by a finite set of linear inequalities. If
P (77) is non-empty it is called a cutout polyhedron.

Theorem. D\” = Dy \ U, P (1)

(Brunotte 2001)

A set V C Z%is called a set of witnesses for r € R4
iff it is stable under 7, and 7 = —7, 0 (—idy)
and contains a generating set of the group (Z%, +)
which is closed under taking inverses. Every such
set of witnesses has the decisive property:

reDin)(:)VaeV:HnelN:frf(a):o

Theorem. For r € int (D;,) let

VO .= {(::1,0,...,0),...,(0,...,O,::l)},
vV, = V,_1U Tr(Vn—l) U T:(Vn_l) forn € N,
VI‘ e UHENQ Vn.

Then V, is a finite set of witnesses for r.  (Brunotte 2001)
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Results

Theorem.
(1) Déo) has at least 22 connected components

(i1) The largest connected component of Déo) has
at least 3 holes.

0.911

(W. 2015 [4])
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Figure. Four connected components and two holes of Déo).

Conjecture. Ql(O) = Gc where G¢ is a (neither open
nor closed) polygon given by ten infinite sequences
of points in C (and their complex conjugates). w)

Theorem.

() G, C Go
(11) gc M {1‘ c C | ‘r‘ S %8%} g gl(O) (W. in preparation [3])

Figure. Ql(o) in

Joint work (A. Pethd, P. Varga) on SRS over imagi-
nary quadratic Euclidean domains in preparation.

Results

Theorem. The quotient vfil) / Uc(iO)

d > 2. Furthermore we have
- Py(3) —2d -1
N 4

£ 0 )

are the Legendre pOlynOmials. (Kirschenhofer-W. submitted [1])

is an integer for all

where

Contractive Polynomials with
given Signature

Definition. Let £; denote the set of all coefficient
vectors (ay,...,a;) € R? of contractive polynomi-
als x4 +ax" '+ .- +a; € R[x] (i.e. all roots have

absolute value less than 1), and let £ 658) denote the
subset of the coetficient vectors of those polynomi-
als that have exactly s pairs of complex conjugate

roots. Let furthermore UEZS) = Ag(E ;S)) denote the
d-dimensional Lebesgue measure of £\ .

Conjecture. vgls) / véo) c Ztoralls > 0and d > 2s.

(Akiyama-Pethd to appear)
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