Abstract

The subject of this talk is the famous Collatz conjecture which is also
known as the 3n+1 problem. Let n be any non-negative integer and apply
the following transformation: If n is even divide it by 2 and if n is odd
multiply it by 3 and add 1. The Collatz conjecture is the unproven obser-
vation that no matter what number n one starts with, repeated application
of this transformation always eventually yields 1. Though extremely easy
to formulate this problem is open since 1937. In this talk we will give an
introduction to the problem, present basic facts and interpretations, and
deduce and discuss first nontrivial results.
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LetneN={neZ|n>1}

If nis even divide it by 2 (even step n/2)
If nis odd multiply it by 3 and add 1 (odd step 3n+ 1)

Apply the same operation repeatedly to
produce a sequence of natural numbers
Example: n =17

17—52—26+—13—40—20— 10— 5 16 +— 8 +—
452 —->1—4—=2—1— ...

1— 4 2is a period of the above transformation

One always gets to 1 for any starting value n < 5-2% ~ 5764 - 10'®

Conjecture: This is true for all n € N

Shortcut: Combine odd step and even step to new odd step (3n+1)/2
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Who discovered the problem?

The conjecture was first propose by Lothar Collatz (1910-1990) in 1937.

Other common names:
3n+ 1 problem, Ulam conjecture, Kakutani's problem,
Thwaites conjecture, Hasse's algorithm, Syracuse problem

Mathematics may not be ready for such problems - Paul Erdds
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Interpretations

The Collatz graph: Does it cover all natural numbers?

n € N has 2 possible predecessors iff n =2 mod 3

Note: 4-digit numbers already present, but not 9!
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Interpretations

Performing Collatz transformation in base 2:

e Multiplication by 3: 3n=2n+n

Example: n =19 = 100115 — 1001105+
10011,
111001, = 57

Problem: Carry propagation!

e Addition of 1: Replace least significant block 01---1 by 10---0
Example: n =103 = 1100111, — 1101000, = 104

e Repeated division by 2: Remove least significant zeros

Example: n =56 = 111000, — 111, =7

Does repeated application of these three operations always lead to 1,7
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Interpretations

Extend transformation to C:

f:C—=C
z cos(zm)+1 3z+1 cos((z+1)m)+1
275 2 2 2
. V4
z even integer = f(z) = >
3z+1

z odd integer = f(z) =

2

No case differentiation!

Is there a k € N for every n € N such that f%(n) = 17
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Question of divisibility of certain double-base numbers

Later!
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For any integer n let
() ._ () —

7 (znfk)keNO = (F5(1) yens

the Collatz sequence of n (for ¢) and

$89:=(s9), = (Fi(m%2)

the Collatz signature of n (for c)

)kENo

keNy

A few definitions

Example: Z\) = (17,26,13,20,10, 5, 8, 4, 2, 1, 2, 1,...)

s®=(1,0 1,00 1,0 0,0, 1, 0, 1,...)

ZS?3 =20
1
5£7?3 =0



First observation

Better question: How many steps to get below the starting value?

101 2 1 2 11 0 1 0
202 1 2 1 210 1 0 1
3/ 3 5 8 4 3/1 1 0 0
42 2 1 2 410 0 1 0
5/ 5 8 4 2 5/1 0 0 0
6| 6 3 5 8 6/0 1 1 0
71 7 11 17 26 711 1 1 o0
8| 8 4 2 1 8/0 0 0 1
9/ 0 14 7 11 9/1 0 1 1
10/10 5 8 4 100 1 0 0
1111 17 26 13 1101 1 0 1
12/12 6 3 5 1200 0 1 1
1313 20 10 5 131 0 0 1
14012 7 11 17 1200 1 1 1
15|15 23 35 53 1501 1 1 1
16|16 8 4 2 160 0 0 0
Z0] 0 1 2 3 sOlo 1 2 3



First observation

Better question: How many steps to get below the starting value?

111 2 1 2 1|1 0o 1] 0
202 1 2 1 2lo 1] 0o 1
3/ 3 5 8 4 3/1T 1/ o] o
40 4 2 1 2 410 0 1] ©
5/ 5 8 4 2 5/1T 0 0/ 0
6| 6 3 5 8 6/0 1 1] ©
71 7 11 17 26 711 1 1l 0
8l 8 4 2 1 8lo 0 o0 1
9| 9 14 7 11 9|17 0 1 1
10/10 5 8 4 100 1 0 0
1111 17 26 13 11/1 1 0 1
12112 6 3 5 12/0 0 1 1
13|13 20 10 5 13/1 0 0 1
14114 7 11 17 120 1 1 1
15|15 23 35 53 51 1 1 1
16|16 8 4 2 16/0 0 0 0
ZOD[ o 1 2 3 sWlo 1 2 3
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First result

Proposition
Let nym € Z, and k € N. Then

ViE{O,...,k—l}:(s,(f.):s,(;). & n=m mod2k>

ol

In words:
The first k entries of the signatures of two integers coincide iff
the numbers are congruent modulo 2*

Proof.

Induction on k:
k=1. v
k —1 — k: Blackboard! (Whiteboard?) O



Second observation

Question: How to compute z,(,c,z directly if the signature of n is known?



Second observation

Question: How to compute z,(,c,z directly if the signature of n is known?

Suppose St” = (0,1,1,0,1,0,...). What is 2\?



Second observation

Question: How to compute z,(,c,z directly if the signature of n is known?

Suppose St” = (0,1,1,0,1,0,...). What is 2\?

o
Il
S



Second observation

Question: How to compute z,(,c,z directly if the signature of n is known?

Suppose St” = (0,1,1,0,1,0,...). What is 2\?



Second observation

Question: How to compute z,(,c,z directly if the signature of n is known?

Suppose St” = (0,1,1,0,1,0,...). What is 2\?




Second observation

Question: How to compute z,(,c,z directly if the signature of n is known?

Suppose St” = (0,1,1,0,1,0,...). What is 2\?




Second observation
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Question: How to compute z,°, directly if the signature of n is known?

Suppose St” = (0,1,1,0,1,0,...). What is 2\?

32 +c
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3E +c
3-+c¢ 3 2 +c
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Second observation

Question: How to compute z,(f,z directly if the signature of n is known?

Suppose St” = (0,1,1,0,1,0,...). What is 2\?

n
3E+c 33§+C+c
(c) _ (O () _ _2 () _ 2
Zn,O_n Zn1_2 Zp2 = 2 Zp3 = 2
n
3-+c¢
3-+c 3 2 +c
3-+c¢ 3 2 +c 2
3 +c 3 2 +c
3 2 +c 2
Z(C) — 2 Z(C) _ 2 Z(C) _ 2
n,4 2 ' “n,5 2 ' “n,6 2



Proposition
Let n€ Z and k € N. Then

(e) _

Zn,k —

where

On,k

ol

n,k
© _: o) _
d{) =" 3%k 7290 1 and
i=1

0'9) is the position of the i-th odd step

n,i

3% ntc- d(c,z

() is the number of odd steps among the first k steps,

Second result
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3%k .+ c - d') o
(o _ 3" i (©) _ N 20 —in0—1
Z"7k _ 2—/(' d"vk - 3 " 2 "
i=1

Example: n=17, k=06
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Second result

Example: n =17, k=6
z® = (17,26,13,20,10, 5, 8,...)
SP=(1,0 1,00, 1, 0,..)

1
0{7?6 =3

1 1 1
Oy =1, O£7?2 = 0{7?3 =

diy)s =320 +31.22+30.25=9+12+32="53



Second result

Example: n =17, k=6
z® = (17,26,13,20,10, 5, 8,...)
SP=(1,0 1,00, 1, 0,..)

1
0{7?6 =3

1 1 1
Oy =1, O£7?2 = 0{7?3 =

dl(%,)6:32'20+31'22+30'25:9+12+32:53
m _27-17+1-53

2176 — 64
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For a finite signature S (i.e. S € {0,1}" for a k € N) let Fgc) R — R be
the function which applies even and odd steps as given in S to x € R

3r+5
2

3 5
5 +
2

Example: FE;)O 1)( m) =

)

First corollary: F(s has a unique fixed point in R

C'dS
2k_305

Given by: fs(c) =

Example: S =(1,0,0,1), c=5
£(5) 5.(31-29+3°.2%) 55

(1,0,0,1) = 04 _ 32 -7




First consequence

For a finite signature S (i.e. S € {0,1}" for a k € N) let Fgc) R — R be
the function which applies even and odd steps as given in S to x € R

3r+5
2

3 5
5 +
2

Example: FE;)O 1)( m) =

)

First corollary: F(s has a unique fixed point in R

C'dS
2k_305

Given by: fs(c) =

Example: S =(1,0,0,1), c=5
£(5) 5.(31-29+3°.2%) 55

(1,0,0,1) = 04 _ 32 -7
55 100 50 25 55

— = —
7 7 7 7 7
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Second consequence

Interpretation: Question of divisibility of certain double-base numbers

Now!

Second corollary:
)

There is a Collatz cycle with signature S iff fs(c is an integer

)

If fs(c) is an integer then fs(c is the starting value of the cycle

Example: ¢=1, 5=(1,1,1,1,0,1,1,1,0,0,0)
;) = 17

—17+ —25+— —37+ —55+— —82+— —41 +— —61 +— —91 — —136 +—
—68 — —34 — —17

Other known cycles: 0 —0, —-1+— -1, -5~ —7+— —10+— =5

05 05—i205’,'—1
Is fs(l) = o is305 = Z,=123 — a positive integer
for any 5 7é (Ou 1)7 (17 0)7 (07 17 07 1)7 (17 07 17 O), a0 ol
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Third corollary: x — F{(x) = (x - fs(c)>

Third consequence

2k _ 305
2k

In particular: sgn (x — F(SC)(X)> = sgn (X - fs(c)> sgn (2" — 3"5)

Better question:

How many steps to get below the starting value?

111 0 1 0 o
210 1 0 1
3/1 10 0
410 0 1 0
5/1 0 0 0 -
6|0 1 1 0
711 11 0
8lo 0 0 1
9/1 0 1 1 "
100 1 0 0
111 1 0 1
2/0 0 1 1
131 0 0 1
4]0 1 1 1
51 1 1 1
160 0 0 O
: 0 5000 10000 15000
sWTo 1 2 3
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Question: Which n € Z generate a given signature S = (sg, ..., Sk—1)7

Fourth corollary:
{nGZ|Vi€{0,...,k—1}:s,(f.):s,-}:c~b-ds+2"Z

1
)

where b € Z such that 2k - 2 — 3% . p = 1 for some a € Z.

Example: ¢=1,5=(0,1,1,0,1,0,0,1)

os =4

ds = 3%.21 432.22431.2% 1 30.27 — 266
25.28 479 (-3 =1
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Fourth consequence

Question: Which n € Z generate a given signature S = (sg, ..., Sk—1)7

Fourth corollary:
{nGZ|Vi€{0,...,k—1}:s,(f.):s,-}:c~b-ds+2"Z

1
)

where b € Z such that 2k - 2 — 3% . p = 1 for some a € Z.

Example: ¢=1,5=(0,1,1,0,1,0,0,1)

os =4

ds = 33.21432.22431.244.30.27 =266
25.28 479 (-3 =1

A= (1-79-266)+ 287 =22+ 28Z

22— 11— 17—26+— 13— 20— 10—5
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Fifth consequence

Question: Which pairs (¢, n) € Z, x Z generate a cycle with a
given signature S = (sp,...,5k—1)?

Fifth corollary:
{(c,n)eZo><Z|zﬁfﬁ:n/\ViG{0,...,k—1}:s,(:,):s,-}:

2k _305) . p :
oSt dsth ) pez,
ged (2k — 395 ds)’ ged (2K — 395, ds)

Example: S =(0,1,1,0,1,0,0,1)

05:4
ds = 3%3.21432.22431.24430.27 =266
ged (28 — 3%,266) = = ged (175,266) = 7

(c,n) = (b, %°b) = (25b,38b)
3819+ 41+ 74+— 37 +— 68— 34— 17 — 38
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30"»2‘ n+c- d©)
. ()
Prop. 2: z,°/ = k.
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Summary so far

Prop.l:Vie{O,...,k—l}:(sr(]C_ZSC)’_ & n=m modzk)

3%k ntcd n © _; ol
n, -n C - £ c . c
(o) n,k () _ 0, x—in0,i—1
Prop. 2: Z,,,k = 2—," dn,k = E 3 mk 27N,
i=1
Cor. 1: F(C) has a unique fixed point in R f(c) = &
T2 g P 'S T 2k _30s

Cor. 2: There is a Collatz cycle with signature S iff féc) is an integer



Prop.

Prop.

Cor.

Cor.

Cor.

X — F(SC)(X) = (x — fs(c)

Summary so far

c) o
3%k . n+c-d) k(o) ()
c) _ n,k (c) 0, x—in0,i—1
Zn,ki 2k 'dnkiz3 ko2
i=1
) - .y () _ € ds
: Fg’ has a unique fixed point in R, fo~ = Sk 308

: There is a Collatz cycle with signature S iff féc) is an integer

2k _ 305
) 2k
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Prop.

Cor.

Cor.

Cor.

Cor.

X — F(SC)(X) = (x — fs(c))

2k

: {n€Z|Vi€{0,...,k—1}:s

(e) _

n,i

: FS) has a unique fixed point in R, 1) =

2k — 305

=S

Summary so far

C-ds
2k _ 305

: There is a Collatz cycle with signature S iff féc) is an integer

}:c~b~ds+2"Z, 2ka _305p—1



Summary so far

Prop.l:Vie{O,...,k—l}:(sr(]C_ZSC)’_ & n=m modzk)

3°n62< -n+c- d(C) of:li () ©
Prop. 2: zn,cz = 2—[(""(, dr(:z = Z3on,k7'2on =
i=1

. Fl©) ique fixed point in R, £ = <%
Cor. 1: Fg’ has a unique fixed point in R, fs = ok _ 305

Cor. 2: There is a Collatz cycle with signature S iff féc) is an integer

ok _ 305
Cor. 3: x — F(SC)(X) = (x = fs(c)) 27,?

Cor. 4: {n€Z|Vi€{O,.. k—1}: s(c):s,}:c~b~ds+2kZ, 2ka—395p=1

Cor. 5: {(c n)EZoXZ\z(C)*n/\VIE{O k—l}:sl(f.):s,-}:

i
’

(2 —3%) - b ds - b
{<gcd(2k—3os,d5) " ged (26 — 305, ds) |b€Zo




Collatz the number system

What is a number system?



Collatz the number system

What is a number system?

A mapping that associates any x in some set X
with an infinite string S(x) over a finite alphabet



Collatz the number system

What is a number system?

A mapping that associates any x in some set X
with an infinite string S(x) over a finite alphabet

Example: Base 2 digital expansion for X = Z



Collatz the number system

What is a number system?

A mapping that associates any x in some set X
with an infinite string S(x) over a finite alphabet

Example: Base 2 digital expansion for X = Z

19 — (1,1,0,0,1,0,0,...) (note: least significant digit first)



Collatz the number system

What is a number system?

A mapping that associates any x in some set X
with an infinite string S(x) over a finite alphabet

Example: Base 2 digital expansion for X = Z

19 — (1,1,0,0,1,0,0,...) (note: least significant digit first)

How to compute this string?



Collatz the number system

What is a number system?

A mapping that associates any x in some set X

with an infinite string S(x) over a finite alphabet

Example: Base 2 digital expansion for X = Z

19 — (1,1,0,0,1,0,0,...) (note: least significant digit first)

How to compute this string?

What about negative integers?



Collatz the number system

What is a number system?

A mapping that associates any x in some set X

with an infinite string S(x) over a finite alphabet

Example: Base 2 digital expansion for X = Z

19 — (1,1,0,0,1,0,0,...) (note: least significant digit first)

How to compute this string?

What about negative integers?
Use

Dy:Z—=7Z

ifn=0 mod 2
n—q2, .
> ifn=1 mod?2

3 NI




Collatz the number system

What is a number system?

A mapping that associates any x in some set X

with an infinite string S(x) over a finite alphabet

Example: Base 2 digital expansion for X = Z

19 — (1,1,0,0,1,0,0,...) (note: least significant digit first)

How to compute this string?

What about negative integers?
Use

BE:z—-Z Fo:Z—1Z

ifn=0 mod 2 a ifn=0 mod?2
n— Q2

M{l fn=
5 ifn=1 mod?2 % ifn=1 mod?2

3 NI
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Only difference: Order
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Collatz the number system

Something deeply counter-intuitive:

For every k € N all possible combinations of zeros and ones of length k
are present in both tables

Only difference: Order

Yet both infinite tables are distinct not only in order but
contain their own countable selection of infinite signatures

Base 2 expansion: All signatures ultimately periodic with periods
(0) and (1)

Collatz: All signatures probably ultimately periodic with periods
(0), (1), (0,1), (1,1,0), and (1,1,1,1,0,1,1,1,0,0,0)

Which parameters control what orbits one can get?
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Permutation towers

Translate between two number systems F and G

Yk« 7257 — {Signatures of length k}
n+ 27— S{N0,... k1]

Number system: Assume 1y x well-defined and bijective for all kK € Ny, so
Vie{0,....,k—1}: (s,(f,.) :s,(nl? & n=m mod 2k)
Define

. -1
TF,G,k = Ya,k O UFk
Tr.c = (7Tr,q k)keN,

TR G,k IS @ permutation of Z /257

Ty, is a “permutation tower”
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Collatz the number system

An important property of permutation towers:

Assume: Tp gk = 0k1©...0 0k for all k € Ny (cycle decomposition)
Ok,i = (aky,-yl, 5000 aky,-,sky,.) for all k € Ng and i € {1, RN rk}
(identify a + mZ and min((a + mZ) N Np))

Proposition
For every o ; either:
There are o1, and o1, such that
Sk+1lji = Sk+1jp = Sk,i

ki1l = Ak+1,4;,1 mod 2k, ey ak’,"skﬂ. = ak+1’j175k’,. mod 2k (W./.O.g.)
ki1 = Ak+1,jp,1 mod Qk, coog ak,;,sk’i = ak+1,j2)sk’i mod 2k
or:
There is a o1 such that
Sk+1,j = 2Sk,i
ak,il = ak+1,,1 mod 2k, ey @kis = Ak+1,,s,; mod P

k _ k
ak+17j7sk”.+1 mod 2 geeay ak,,-,sk,i =) ak+17j725k7/. mod 2

ak,i1
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:D2

Fi14 (Fcs: add s to n, then F¢) and G

Example: F

OO0 000O0O0OH HH HH |

0000 HHHHOOOOHHHH| -

:.0011ﬁ01100110011.
o lo-lo-Ho-o OO O O | -

T OHANMSOONMNOOO NSO
e

0000 HHOHAHAHAHAHOO-HO|
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Collatz the number system
Example: F = Fi14 (Fcs: add s to n, then F.) and G = D,

o|o o 1 © o|o[ o o o
111 o o o 111 o o o
210 1 1 o 2 1 o o
311 1 1 o 311 1 o o
4|00 o 1 3 1 0
511 0 1| 1 5/1 0 1| ©
6/0 1 o 0 6l0 1 1 o
711 1 o 1 711 1 1 o
glo—0 T 1 8|00 0 1
91 0 o0 1 91 0 0 1
00 1 1 1 0]0 1 0 1
nli 11 1 mli 1 0 1
20 0 0 0 2o 0o 1 1
Bl1 0 1 0 Bl1 0 1 1
lo 1 0 1 lo 1 1 1
51 1 0 0 51 1 1 1
sl 1 2 3 .. sPI o 1 2 3

TF1,4,D2,0 = (0)

TRy 4,D5,1 = (0,1)

7TF114,D2,2 == (07 1, 2, 3)

Ty 4D = (4,1,6,7,0,5,2,3)

TF; 4,D,4 = (4,1,6,7,8,13,2,11,12,9,14,15,0,5, 10, 3)



TF1,4,D2,0 = (0

TF1,4,D2,1 = (O 1

TF 4022 = (0,1,

7TF1,4,D2,3 = (4 1 ,2, 3)
(4,1

© o
= o

Collatz the number system

3,2,11,12,9,14,15,0,5, 10, 3)



TF1,4,D2,0 =
TF; 4,D5,1
TF;,4,D,,2
TF1,4,D0,3

k=0:
k=1:
k=2:

k:
k =

© o
= o

Collatz the number system

,2,3)
3,2,11,12,9,14,15,0,5, 10, 3)
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