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The boundary of £y is the union of finitely many algebraic surfaces.
(SCHUR 1918)

The boundary of £y is the union of two hyperplanes and one
hypersurface. (FAM, MEDITCH 1978)

Study of boundary of £;: KIRSCHENHOFER, PETHO, SURER,
THUSWALDNER 2010

22 7, A if d = 2m
g = {22m2+2rfn+1( - )! PU-DR g o . (FAM 1989)
j=1 @-Diirn 4= emt



Results in main reference

Theorem: vg, = rls, fD A ASA, sdX
where D, s = [-1,1]" x [T7_; ([-2v/z, 2y/z] x [0,1])
dX =dxq...dx,dy1dz; ... dysdzs
A, = H}:l HZ:jH(Xj — Xk)
As = [Tjoy [Tkejsa Resx(R;(X), Ri(X))
Ars= H}:1 [Tiz1 Re(x))
Ri(X) = X? = yiX + z
Resx(P(x), Q(x)) ... Resultant of P and Q

Resx (Ri(X), Ru(X)) = —yjyi(z + zc) + yPzi+
Yezi + (z — z)?
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d
e Perform integration by substitution

e For a polynomial P(X) = X9 + pg_1 X971 + ... + po € R[X] with

roots (x1,...,xq) € R" x C?° use Vieta's formulas to express its
coefficients in terms of its roots and define a substitution.
pj = (—1)979S4_; where Sj(xi,...,xq) = Z Xy + -+ X
1<ih<--<ij<d
® PO, Pd—1 > X1y -5 Xd 7 Y155 Yd
by yj =x; for je {1,...,r}
Vrt2jo1 = Xrg2j—1 + Xrg2j, Yr42j = Xry2j—1%r42j for j € {1,... s}

o New boundaries: Union of unit intervals and unit disks.
85;(X17~~-7X4))
9vj 1<ij<d

det(J) = Hj:l szjﬂ()’j ) Hj:l [Ties Re(y;)x
[T—1 ITi—j1 Resx (Ri(X), Ri(X))

e Compute determinant of Jacobian matrix J = (



Values of v{*:

Results in main reference

(0) (1) (2)
d| v, Vg 2
4 8
213 3
16 224
3 45 45
4 | 64 1664 2048
1575 525 525
5 1024 428032 3334144
496125 496125 496125
6 16384 1114112 93519872
343814625 10418625 22920975
7 | 524288 _2124414976 379792130048
1032475318875 344158439625 344158439625
8 16777216 1114476904448 313947815149568
6643978676960625 6643978676960625 2214659558986875
9 4294967296 92376156602368 12626155878219776
726818047366107571875 | 42754002786241621875 | 1433566168374965625




Results in main reference

Values of vg/vi” and v /v ).

d vd/vtso) v(sl)/v(so) vgz)/vgo) v§3)/v§0)
2|3 2

3115 14

4| 175 78 96

5 | 3675 418 3256

6 | 169785 2244 85620 81920

7 | 14567553 12156 2173188 12382208

8 | 2678348673 66428 56138244 1447738880

9 | 930152232009 | 365636 | 1490456292 | 164885467424
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Theorem: vc(,s) € Q and vd/vc(,o) EZ
Conjecture: v((f)/vc(,o) €EZ

Partial result by Peter Kirschenhofer and M.W.: vc(,l)/vc(,o) €z

Hope for general result!
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Theorem: v((,o) = 2J(J;!1)/2 Sq(1,1,1/2)

where Sp(a, 8,7) = [ 10 [T} (1 - )7 x
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‘Hleﬂk =j+1"(t; - fk)‘ dt; ... dt,
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Theorem: v() Sl

S4(1,1,1/2)

where Sn(a, 8,7) = [0 o [0 £ Y1 —g) 7t

2y
‘HJ-=1H/< =j+1"(t; - fk)‘ dt; ... dt,

n=1 Mot (BHNN(G+1)r+)
J=0 T+ A (nt - D (D)

l[id:ol (2:"_ 1)

Sq(1,1, 1/2);
(1944)

Theorem: vc(,l) = 2(d—1)(d—2)/2—2><
d 2— _1)d—kp2d—2-2k—j
Zio ' (Liﬁ%ﬁaiéifiiﬁ‘*x
Bq- 2(0’ 2—k,d—2—k—j)><

Jo Iy + 2+ 1)k dy dZ)

. k 24-(d—i—1)/2
Where Bd(_[, k) = H’-:]_ MX

[T, (LH(d=0)/2) TTE (1H(d=1)/2) |
[T (2+(2d-i-1)/2)
Sd(17 17 1/2)




/0

(2(d—1)(d—2)/2—2
d—

2d—2—j d+k22d22k—1d2 k= 2_|_(d—2—i—1)/2
) lkld 2—j =k 11 3+(2Ad-2)—i-1)/2

k=
2—

Jj=0

0
7+ (d—2- i)/ 1T “(1+(d—2—">/2)

Hd 2—k+d—2— k—_]( ( (d 2)_,_1)/2)
1
1

Hd 2— 2:+1 // Yy +z+1)" dydz))/

<2d(d+1)/2 )
d i
d! H,-:ol 7




S d—2d—i2 g 1 d!
d__ —1)7* .
o 72 Z (( 1) 272k+3 jIkI(d — j — k — 2)!

H d—i+1 [ 2(d - NI 2 - )T ()
o 2d—itl [T ed-i-1) 15 (Y

1 20z
// Y(y+z+1) dydz
0 Jo2yz



(1) d—2d—j-2 1 dl
d+k :
(0) Z Z ( 21+2k+3j!k!(d—j— k—2)!

j=0 k=0
1 d—1)! (d—1)!
Ve §k+1))! (J'(+k+)1)! (2d —3)!  (2d —1)!
(2d)! @d-2) — (d —2)I(d —1)! (d — 1)Id!
(d+,l+k+2 G+2k+2)!

// Vily + 2+ )kdydz>



d—2d—j-2
-3 (o
: 2j+2k+5

(d+j+ k+2)I(j + 2k +2)!

(d—j—k=2J1G+k+2)(G+ k+1)(k+1)k!

// Vily+z+1)k dydz)
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Computation of / / Vily+z+1"dydz
0 J-2yz

Initial idea: Binomial theorem



1 2vz
/ / Vily+z+1)kdydz =
0 Jo2yz



ﬁ

1 2
// Vily+z+1)kdydz =

é()// JrHz 1) dy d



1 p2vz
// Y(y+z+1)dydz=

<)// Yz + 1)K dy dz

(k) AL 4 (1Y) /1(2 . l)k_,ZU+,+1)/2 dz
0
0

r

»I\

r Jjtr+1

r=|



1 2vz
// Vily+z+1)k dydz =

) 'H(z + )% dy dz

<k> 21+r+1 1 +( 1)j+r) /l(z + 1)k—rz(j+r+1)/2 dz
0

r

:rH

r j+r+1

j+r+1 j4ry k=r _ 1
k) 214 (1Y) 3 (k ’) / SUtrin/2+s g,
s=0 0

0

r

x> |l

r j+r+1 s

r=



ﬁ

1 2
/ / Yi(y+z+1) dydz=

’
()
(k) (T 4 (—1)Hr) g (k - r) /Olz(j+r+1)/2+s dz
(7

k) r+j(z_|_1)k_r dy dz

Il
<
x HM*‘
o

j+r+1 j+ry i
2HFL(1 4 (—1)YH) / (z + 1)krZU+r+D)/2 gy
Jj+r+1 0

o

\
x> |l

r Jj+r+1 5

o

r

> |l

k

r

21+r+1 1_|_ 1)j+r) k—r k—r 2
Jj+r+1 =\ s Jj+tr+2s+3

r=0



r

\
x> |l

\
> |l

r

r=

x> |l

x|l

o

o

o

0

0

y'(y+z+1) dy dz =

k .
( ) rﬂ(z +1)¢"dy dz
r
r+1 j+r 1
k\ 2i+r+ 1 —|— 1)J+ ) / (Z_|_ 1)k—rz(j+r+1)/2 dz
r Jj+r+1 0
r+1 j+r\ k—r 1
(k) AL 4 (1Y) Z (k - r) / LUtr1)/2+s 4,
r Jj+r+1 = s 0
(k) (1 4 (—1)tr) (k - r) 2
r j+r+1 = s Jj+r+2s+3
k—r 2J+r+2(1 +( 1)J+r)k|

(/+r+1 (+r+2s+3)(k—r—s)lrls!

s=



L) d=2d-i—2 1
d _ d+k
W*Z Z <(_1) i 2j+2k+5
(d+j+k+2)(+2k+2)!
(d—j—k=2)J1G+k+2)1(j+k+1)(k+1)k!

L D21 4 (~1Y k!
<(+r+1)(+r+2s+3)(k—r—s)irls!

r=0 s=



S d=2d—j=2 1
d _ d+k
CR S ((—1) w L

(d+j+k+2)( + 2k +2)!
(d—j— k=251 + k+2)1( + k+ 1)I(k + 1)1k!
k k—r

2Hr2(1 4 (—1) )kl
ZZ UG+r+1)(+r+2s+3)(k— r—s)!r!s!)

r=0 s=0

k—r

d—2d—j-2 K L (_1V+ 1
:Z Z ((UdeZ( +(2 ! 2k—rt2

j=0 k=0 r=0 s=0

J+k+2 [(d+j+k+2 d J+2k+2
J+r+2s+3 d [+ k+2 k+1

CE )
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f(dikirs) = 552 (M) (k) CEN (L)

Show: v,(f(d,j, k,r,s)) >0 forall peP

@)
Implies that 2”\% € 7Z for some n € Ny
p Vo

Use Legendre's theorem: v,(nl) = >, {le forallneNand pe P



Computation of / / Iy +z+ 1)< dy dz

Another try: Repeated integration in parts



1 2yz
/ / Vily+z+1) dydz =
0o Jo2yz



// Vily+z+1) dydz =
// y+z+1)dzdy



// Vily+z+1) dydz =
// Iy +z4+ 1) dz dy

= k+1</_2 Iy +2)H dy — /_2yj(y/2+1)2"+2 dy)



2vz

Vily+z+1) dydz =

._.

yi(y + z+ 1)k dz dy
2 .
( yi(y +2)** 1t dy — /yJ(y/2+1)2"+2dy> (y/2—=y)
-2

1
2J+k+2 }/+ 1)k+1 dy 2j+1/ yj(y—f— 1)2k+2 c/y)
—1



// Yily+z+1)kdydz =
// Iy +z+ 1) dzdy

a4

- m (/_2 Yy +2) " dy - /_2yj(Y/2 + 1) dy) (v/2 =)

1 : Lo . LI
= m <2J+k+2/ yj(y + 1)k+1 c/y _ 2j+1/ yj(y + 1)2k+2 c/y)
1 1

2j+2k+4 j+l ) r—1 'r—l j+1 -2 r—1¢; 1
( (() () —Z()°)>

k+1 k+r+1), — (2k+r+2),

where (x); : H (X* .



1

—j—2
§ d+k
2j+2k+5
k=

0

(1 d—2d
(0)
=0

(d+j+k+2)(j+ 2k +2)!
(d—j—k=2)J1(+ k+2)I(j + k + 1)I(k + 1)Ik!

22t (G2 () M) N (2 T )
k+1 (; (k+r+1), _rz:; (2k +r+2),




Vd

1

d—2d

—j—2
Z 1)+ 1
j+2k+5

j=0 k=0
(d+Jj+k+2)I(j + 2k +2)!

(d—j— k- 2)'_/(j+k+2)(_/+k+l)|(k+1)|k|
2_/+2k+4 Jii( 2)r l(Jr 1 ii( 2r 1
k+1 \ = (k+r+1) 2k+r+2
d—2d—j—2 . .
(—1)‘””1(/ d ><d+1+k+2)1+k+2
= = i+ k+2 d Jj+2k+3
f(_z),g(j+2k+3> 2k +r+2
2k 4+r+2 k+1 )

S (D)




Applying the transformations j + k +2 — a and k 4+ 1 — b one gets
(1) d a—la—b
Ya_ _ C\diby o2 @ (d\(d+a\[a+b\ 2b+r\
V(O)_gzz( DT(=2) a+b(a>( d 2b+r b
i (_1)d+b(_2)r72 a d d +a a-+ b 2b
a+b\a d 2b+r)\ b




Applying the transformations j + k +2 — a and k+ 1 — b one gets

-y S S 5 (5 (5 )
S S ()5 (50 ()

S 2 (0 () G )
)3 N (7)) 0)

o
[
N
~
Il
—
o
I
o



Applying the transformations j + k +2 — a and k+ 1 — b one gets

bSO E )
SES e 5 () 6EE)
S5 ()5 () ()
éz_; :;;(‘1)d+b(‘2)'_zaj- b @ (d ! a) <2ab++br> (25 )
() (155
() (%) () ()



. . —r a+b\ (2b+r
Simplification of ZZ:O(—I)baib (ﬂfﬂ)( Al
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If r = a then ZZ;S(_l)ba-ﬁl—b (2a;+br) (thj_r) = %

If r # a it follows from

D) = () (neZkeNo)  (x)
and from Vandermonde's identity

>ieo (D (ie) = 2bo0 () (orip) = (7). (0t €Noys € Z) (o)

that

T A () = 5 S0 () (Y
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If r = athen -070(-1)°535 (34) (%) = 3

If r # a it follows from

(DR = (7)), (n€Z, keNo) (%)

and from Vandermonde's identity

Y=o (D) (5e) = 2bmo () (eip) = (713) (n t €ENoys € Z) (o)
that
301 o () (%) = 25 21 ()

(in=r—ak=bsr =G0 () ()




Simplification of > 7_((—1)? aib (;;fr) (Qb;r)
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If r # a it follows from
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and from Vandermonde's identity
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that
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and from Vandermonde's identity
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that

T A () = 5 S0 () 0
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()n=a—rt=rs=r-a =2 ()

=0
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If r = a then ZZ;S(_l)ba-ﬁl—b (2a;+br) (thj_r) = %

If r # a it follows from
DR = (). (neZkeNo) (%)
and from Vandermonde's identity

>ieo (D (ie) = 2bo0 () (orip) = (7). (0t €Noys € Z) (o)

that

T A () = 5 S0 () 0

(in=r—ak=bsr =G0 () ()
()n=a—rt=rs=r-a =2 ()
=0

Therefore: Z;g(—l)bxlb (;btfr) (2b;”) = %(5,73
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We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

(i) = Xamo () (%07), (hm.ng €Noyn > ) (%)
S ho(- 1) 51 () () = (1" G (7). (mon € No) - (o)

Y o(=1°(2) = (-1)*(""). (nk€No) (o)




Simplification of > 7_o(—1)° -2 (a+b) (2b)

a+b \2b+r b

We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

(att) =S () (789), (myn,g €No,n > q) ()

o1 5hg (D) () = (1) e (7). (mon € No) (o)

Y o(=1°(2) = (-1)*(""). (nk€No) (o)
(1P (SR () = Ypmy e A (e sy (5) (%)

(¥):/=a+b—1,g=0 "

m=2bn=r—1
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We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

(att) =S () (T89), (mn,g €No,n > q) ()

> hoo(—1) P armr1 (55) () = (1) s (7). (myn € No) (o)

Y o(=1°(2) = (-1)*(""). (nk€No) (o)
Sah(—1) Ay (30 (30) = Yamp S AR (et sy (o) (3)
(0):=a+b=1,g=0 7 =21 ( 2 Sig T CU (re s (3)

m=2bn=r—1




Simplification of > 7_o(—1)° -2 (a+b) (2b)

a+b \2b+r b

We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

(att) =S () (T89), (mn,g €No,n > q) ()

> hoo(—1) P armr1 (55) () = (1) s (7). (myn € No) (o)

Y o(=1°(2) = (-1)*(""). (nk€No) (o)
Sah(—1) Ay (30 (30) = Yamp S AR (et sy (o) (3)
(0):=a+b=1,g=0 7 =21 ( 2 Sig T CU (re s (3)

m=2b,n=r—1 =y () T SR ()




Simplification of Y5 —0(—1)2£ (51°) (%)

We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

(i) =30 () (0%, (bmn,g€No,n > q) (%)

> hoo(— 1) 5z (50) (5) = (-1)" ety (W), (mon € No) (o)

Y o1 (D) = (=1 ("), (nke€No) (o)

ST (5h) (38) = Tamy T CE (e sy (2)) ()

(Wil=atb-Lg=0 /7 =X (2) Sin G () ()
m=2bn=r-1 =Yl ()Y G (%)

(o):m=a—1ln=a—s-1 = Zz;rl_l (:1) (71)’*"“(371)!(37571)!( a—1 )

(2a—s—1)! a—s—1




Simplification of > 7_o(—1)° -2 (a+b) (2b)

a+b \2b+r b

We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

(att) =S () (T89), (mn,g €No,n > q) ()

> hoo(—1) P armr1 (55) () = (1) s (7). (myn € No) (o)
Y o(=1°(2) = (-1)*(""). (nk€No) (o)
Sah(—1) Ay (30 (30) = Yamp S AR (et sy (o) (3)

—r— a—s—1 (—1)° —5—
(*):/=a+b-1,q=0 7 = Ziir—ll (:1) b=0 ' (afi (aerzbS 1) (zbb)

a— —S— — b —S—
m=2bn=r-1 = Zs:rl—l (rjl) Z:é ' %(Hbzbs 1) (2bb)
(o)m=a—ln=a—s—1 =37} (2 et o)

—1)**(a—1)!(a—1)! /2a—1 -1 Da—r
e = G D N B ) i)



Simplification of > 7_((—1)b aib (231:;11) (25’)

We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

(att) =S () (T89), (mn,g €No,n > q) ()

> hoo(—1) P armr1 (55) () = (1) s (7). (myn € No) (o)
Y o(=1°(2) = (-1)*(""). (nk€No) (o)
Sah(—1) Ay (30 (30) = Yamp S AR (et sy (o) (3)

—r— a—s—1 (—1)° —5—
(*):/=a+b-1,q=0 7 = Ziir—ll (:1) b=0 ' (afi (aerzbS 1) (zbb)

m=2b,n=r—1 =y () T SR ()
():m=a—Ln=a—s—1 —Y2b ()N G ams it ot )

_ %() XD
)!
)!

_ (=1)""(a=1)!(a—1)! (23 11) (2.; r)
r

s—r+1—s a1



Simplification of > 7_o(—1)° -2 (a+b) (2b)

a+b \2b+r b

We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

(att) =S () (T89), (mn,g €No,n > q) ()

> hoo(—1) P armr1 (55) () = (1) s (7). (myn € No) (o)

Y o(=1°(2) = (-1)*(""). (nk€No) (o)
Sah(—1) Ay (30 (30) = Yamp S AR (et sy (o) (3)
(0):=a+b=1,g=0 7 =21 ( 2 Sig T CU (re s (3)

medbn=r-1 =¥, (5 S G 6

(o):m=a—1ln=a-s-1 =71 (%) (71)=+‘(+2“§:1)i()f*5*1)1 (25)
_ Ut 20y Zs (1 ()

s—r+1—=s _Wﬁa 11) (22 ’)

|
(o):n=2a—rk=a—r = 213 (el ! (22-1 (21— 1)



Simplification of > 7_o(—1)° -2 (a+b) (2b)

a+b \2b+r b

We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

(att) =S () (T89), (mn,g €No,n > q) ()

> hoo(—1) P armr1 (55) () = (1) s (7). (myn € No) (o)

Y o(=1°(2) = (-1)*(""). (nk€No) (o)
Sah(—1) Ay (30 (30) = Yamp S AR (et sy (o) (3)
(0):=a+b=1,g=0 7 =21 ( 2 Sig T CU (re s (3)

m=2bn=r—1 =t ()t %(a-&—bz—bs—l) (20)
(o):m=a—1ln=a-s-1 =71 (%) (71)’“;2“_5:1)1()?7&1)1 (1)
= SR ) zs L1720
s—r+l—s _W@a I 1)s(227)
(o):n=2a—rk=a—r — (@ 213 f e 1 D! (20 1y (221 1)

= - (20)



Plugging in and using the identity
ZT:O(_Z)rziTﬁLl (7) = (_Egmi  (meNo), (%)

m

from Concrete Mathematics we get

e

= T (-)%(0) (00) (S - S5 ()

Vd



Plugging in and using the identity
ZT:O(_Z)rziTﬁLl (7) = (_Egmi  (meNo), (%)

m

from Concrete Mathematics we get

= T (-)%(0) (00) (S - S5 ()

= Xi(-1)"a(9) (70) T (-2 P 5= ()



Plugging in and using the identity
ZT:O(_Z)rziTﬁLl (7) = (_Egmi  (meNo), (%)

m

from Concrete Mathematics we get

4 - Z;’:z<—1)da(;’) () (— R
=IO T TR ) (1)
= X1 a0 () (SIS A () - (2

2 (

)



Plugging in and using the identity
ZT:O(_Z)rziTﬁLl (7) = (_Egmi  (meNo), (%)

m

from Concrete Mathematics we get

Sy = Z;’:z(—l)da(;’) (3 (— -2y ()

= S ()R () SRS () 1)
S (SR ) - (2
D

_Za L(—1)d+at1, ()(d a)(22a 323171ﬁ_2a72%) (%):m=a—1

a—1

a

)
+
d
+
d




Plugging in and using the identity
ZT:O(_Z)rziTﬁLl (7) = (_Egmi  (meNo), (%)

m

from Concrete Mathematics we get

)Y (-2) 2 (1Y)

a—1

= o= () (757 (2272 — 22 (21=))

) (-

(2h)

) (r—1-=r)

(SN = ) - (2

) (2 gty —277%) (m=an1
(



Plugging in and using the identity
ZT:O(_Z)rziTﬁLl (7) = (_Egmi  (meNo), (%)

m

from Concrete Mathematics we get

) (-

)Y (-2) 2 (1Y)

a—1

)
)
q
_ Zd (71)d+a(d) d+a) (2372 _p2a-2_1 )
a=2 a d (2.—.)
)

(1)
d ana—2(d a v
= L0220 () -2) 5 men)

(2h)

(r=1—7r)
die <Zf;;(_2)r_12a—lr—1 (371) - (_2)2_2%)

)(d 2) (22;;7323171% — 28*2%) (*):m=a-1



Plugging in and using the identity
ZT:O(_Z)rziTﬁLl (7) = (_Egmi  (meNo), (%)

m

from Concrete Mathematics we get
e d _
3— - zazz(—l)da(;’ (2 -3 (-2 (1))
a—1 r— —
? Zr:l (72) 2231—r (:—%) (r - 1 — r)
d -1 r— - a—
° <Zf:0(_2) ! 2a—1r—1 (arl) - (_2) 2%)

)(d 2) (22;;7323171% — 28*2%) (*):m=a-1

a—1

_ Py(=3)—pa(~4)
— (_1)d d 4Pd

where Py(x) = Zk 0 (d“‘)( ) (X;)k (Legendre polynomial)

pa(x) = 0o (5H)x

=
xR

(associated Legendre polynomial)



Since py satisfies the recursive formula

pax) =(x + 2)pa-1(6) — pa_2(x)
po(x) =0
p1(x) =x+1

we get (—1)9pg(—4) =2d +1



Since py satisfies the recursive formula

pax) =(x + 2)pa-1(6) — pa_2(x)
po(x) =0
p1(x) =x+1

we get (—1)9pg(—4) =2d +1

Also Py(—x) = (—1)P4(x)



Since py satisfies the recursive formula

pax) =(x + 2)pa-1(6) — pa_2(x)
po(x) =0
p1(x) =x+1

we get (—1)9pg(—4) =2d +1
Also Py(—x) = (—1)4Py(x)

()
v Py(3)—2d—1

and therefore -4 = %
Vd



Since py satisfies the recursive formula
palx) =(x + 2)pa_1(x) — pu_2(x)

po(x) =0
p1(x) =x+1

we get (—1)9pg(—4) =2d +1
Also Py(—x) = (—1)4Py(x)

v
P4(3)—2d—1
and therefore (0) = %

Since Py satisfies the recursive formula

de(X) = (2d — 1)XPd_1(X) — (d — 1)Pd_2(X)
Po(x) =1, Pi(x) = x

we get that
e Y
(d+ 1)% =3(2d —-1) v‘(’o)l dv‘z’of +2d(d+1)
Vd d—1 d—2
o

V,
—y = U, 57 = O
Véo) V£°)





