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22 7, A if d = 2m
g = {22m2+2rfn+1( - )! PU-DR g o . (FAM 1989)
j=1 @-Diirn 4= emt



Results in main reference

Theorem: vg, = rls, fD A ASA, sdX
where D, s = [-1,1]" x [T7_; ([-2v/z, 2y/z] x [0,1])
dX =dxq...dx,dy1dz; ... dysdzs
A, = H}:l HZ:jH(Xj — Xk)
As = [Tjoy [Tkejsa Resx(R;(X), Ri(X))
Ars= H}:1 [Tiz1 Re(x))
Ri(X) = X? = yiX + z
Resx(P(x), Q(x)) ... Resultant of P and Q

Resx (Ri(X), Ru(X)) = —yjyi(z + zc) + yPzi+
Yezi + (z — z)?
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d
e Perform integration by substitution

e For a polynomial P(X) = X9 + pg_1 X971 + ... + po € R[X] with

roots (x1,...,xq) € R" x C?° use Vieta's formulas to express its
coefficients in terms of its roots and define a substitution.
pj = (—1)979S4_; where Sj(xi,...,xq) = Z Xy + -+ X
1<ih<--<ij<d
® PO, Pd—1 > X1y -5 Xd 7 Y155 Yd
by yj =x; for je {1,...,r}
Vrt2jo1 = Xrg2j—1 + Xrg2j, Yr42j = Xry2j—1%r42j for j € {1,... s}

o New boundaries: Union of unit intervals and unit disks.
85;(X17~~-7X4))
9vj 1<ij<d

det(J) = Hj:l szjﬂ()’j ) Hj:l [Ties Re(y;)x
[T—1 ITi—j1 Resx (Ri(X), Ri(X))

e Compute determinant of Jacobian matrix J = (



Values of v{*:

Results in main reference

(0) (1) (2)
d| v, Vg 2
4 8
213 3
16 224
3 45 45
4 | 64 1664 2048
1575 525 525
5 1024 428032 3334144
496125 496125 496125
6 16384 1114112 93519872
343814625 10418625 22920975
7 | 524288 _2124414976 379792130048
1032475318875 344158439625 344158439625
8 16777216 1114476904448 313947815149568
6643978676960625 6643978676960625 2214659558986875
9 4294967296 92376156602368 12626155878219776
726818047366107571875 | 42754002786241621875 | 1433566168374965625




Results in main reference

Values of vg/vi” and v /v ).

d vd/vtso) v(sl)/v(so) vgz)/vgo) v§3)/v§0)
2|3 2

3115 14

4| 175 78 96

5 | 3675 418 3256

6 | 169785 2244 85620 81920

7 | 14567553 12156 2173188 12382208

8 | 2678348673 66428 56138244 1447738880

9 | 930152232009 | 365636 | 1490456292 | 164885467424
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Theorem: vc(,s) € Q and vd/vc(,o) EZ
Conjecture: v((f)/vc(,o) €EZ

Partial result by Peter Kirschenhofer and M.W.: vc(,l)/vc(,o) €z

Hope for general result!
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Results in main reference

Theorem: v() Sl

S4(1,1,1/2)

where Sn(a, 8,7) = [0 o [0 £ Y1 —g) 7t

2y
‘HJ-=1H/< =j+1"(t; - fk)‘ dt; ... dt,

n—1 Moty (BN ((+1)y+1)
= im0 “Far s (nt= D061
Sa(1.1,1/2) = =y

(SELBERG 1944)

Theorem: vc(,l) = 2(d—1)(d—2)/2—2><
d 2— _1)d—kp2d—2-2k—j
Zio ' ((Jiw——z—J—k)X
Bq- 2(0’ 2—k,d—2—k—j)><

Jo Iy + 2+ 1)k dy dZ)

. k 24-(d—i—1)/2
Where Bd(_[, k) = H’-:]_ MX

[T, (LH(d=0)/2) TTE (1H(d=1)/2) |
[T (2+(2d-i-1)/2)
Sd(17 17 1/2)




/0

(2(d—1)(d—2)/2—2
d—

2d—2—j d+k22d22k—1d2 k= 2_|_(d—2—i—1)/2
) lkld 2—j =k 11 3+(2Ad-2)—i-1)/2

k=
2—

Jj=0

0
7+ (d—2- i)/ 1T “(1+(d—2—">/2)

Hd 2—k+d—2— k—_]( ( (d 2)_,_1)/2)
1
1

Hd 2— 2:+1 // Yy +z+1)" dydz))/

<2d(d+1)/2 )
d i
d! H,-:ol 7




S d—2d—i2 g 1 d!
d__ —1)7* .
o 72 Z (( 1) 272k+3 jIkI(d — j — k — 2)!

H d—i+1 [ 2(d - NI 2 - )T ()
o 2d—itl [T ed-i-1) 15 (Y

1 20z
// Y(y+z+1) dydz
0 Jo2yz



(1) d—2d—j-2 1 dl
d+k :
(0) Z Z ( 21+2k+3j!k!(d—j— k—2)!

j=0 k=0
1 d—1)! (d—1)!
Ve §k+1))! (J'(+k+)1)! (2d —3)!  (2d —1)!
(2d)! @d-2) — (d —2)I(d —1)! (d — 1)Id!
(d+,l+k+2 G+2k+2)!

// Vily + 2+ )kdydz>



d—2d—j-2
-3 (o
: 2j+2k+5

(d+j+ k+2)I(j + 2k +2)!

(d—j—k=2J1G+k+2)(G+ k+1)(k+1)k!

// Vily+z+1)k dydz)



1 2z
Computation of / / Vily+z+1"dydz
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Computation of / / Vily+z+1"dydz
0 J-2yz

Initial idea: Binomial theorem



1 2vz
/ / Vily+z+1)kdydz =
0 Jo2yz



ﬁ

1 2
// Vily+z+1)kdydz =

é()// JrHz 1) dy d



1 p2vz
// Y(y+z+1)dydz=

<)// Yz + 1)K dy dz

(k) AL 4 (1Y) /1(2 . l)k_,ZU+,+1)/2 dz
0
0

r

»I\

r Jjtr+1

r=|



1 2vz
// Vily+z+1)k dydz =

) 'H(z + )% dy dz

<k> 21+r+1 1 +( 1)j+r) /l(z + 1)k—rz(j+r+1)/2 dz
0

r

:rH

r j+r+1

j+r+1 j4ry k=r _ 1
k) 214 (1Y) 3 (k ’) / SUtrin/2+s g,
s=0 0

0

r

x> |l

r j+r+1 s

r=



ﬁ

1 2
/ / Yi(y+z+1) dydz=

’
()
(k) (T 4 (—1)Hr) g (k - r) /Olz(j+r+1)/2+s dz
(7

k) r+j(z_|_1)k_r dy dz

Il
<
x HM*‘
o

j+r+1 j+ry i
2HFL(1 4 (—1)YH) / (z + 1)krZU+r+D)/2 gy
Jj+r+1 0

o

\
x> |l

r Jj+r+1 5

o

r

> |l

k

r

21+r+1 1_|_ 1)j+r) k—r k—r 2
Jj+r+1 =\ s Jj+tr+2s+3

r=0



r

\
x> |l

\
> |l

r

r=

x> |l

x|l

o

o

o

0

0

y'(y+z+1) dy dz =

k .
( ) rﬂ(z +1)¢"dy dz
r
r+1 j+r 1
k\ 2i+r+ 1 —|— 1)J+ ) / (Z_|_ 1)k—rz(j+r+1)/2 dz
r Jj+r+1 0
r+1 j+r\ k—r 1
(k) AL 4 (1Y) Z (k - r) / LUtr1)/2+s 4,
r Jj+r+1 = s 0
(k) (1 4 (—1)tr) (k - r) 2
r j+r+1 = s Jj+r+2s+3
k—r 2J+r+2(1 +( 1)J+r)k|

(/+r+1 (+r+2s+3)(k—r—s)lrls!

s=



L) d=2d-i—2 1
d _ d+k
W*Z Z <(_1) i 2j+2k+5
(d+j+k+2)(+2k+2)!
(d—j—k=2)J1G+k+2)1(j+k+1)(k+1)k!

L D21 4 (~1Y k!
<(+r+1)(+r+2s+3)(k—r—s)irls!

r=0 s=



S d=2d—j=2 1
d _ d+k
CR S ((—1) w L

(d+j+k+2)( + 2k +2)!
(d—j— k=251 + k+2)1( + k+ 1)I(k + 1)1k!
k k—r

2Hr2(1 4 (—1) )kl
ZZ UG+r+1)(+r+2s+3)(k— r—s)!r!s!)

r=0 s=0

k—r

d—2d—j-2 K L (_1V+ 1
:Z Z ((UdeZ( +(2 ! 2k—rt2

j=0 k=0 r=0 s=0

J+k+2 [(d+j+k+2 d J+2k+2
J+r+2s+3 d [+ k+2 k+1

CE )
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f(dikirs) = 552 (M) (k) CEN (L)

Show: v,(f(d,j, k,r,s)) >0 forall peP

@)
Implies that 2”\% € 7Z for some n € Ny
p Vo

Use Legendre's theorem: v,(nl) = >, {le forallneNand pe P



vp(f(d,j, k,r,s) —i<
i=1

J+I’+2S+2J {J+f+25+3J+

i

J—I—k-i-QJ {JJF +1J
d+J+"+2J

d
)
p
d—j—k-—
j—k 2J+
p

-1
B )

P

-l



For g € N define

m(d,j, k,r,s,q) :
mna(d,j, k,r,s,q) :
n3(d,j, k,r,s,q) :
na(d,j, k,r,s,q) :
ns(d,j, k,r,s,q) :

nﬁ(d7j7 ka r,s, CI) :

J+r+2s+2J {j+r+25+3J

J+k+2J WHIJ
= -

d+J+k+2 { J {+k+2J
q

HEEEIERS

j+k+1J_V_rJ_V+r+1J
q q q

=L




We define [a], := a mod b (remainder, not residue class!) and use the

identity L%J = # to rearrange all mappings to involve only modulo

functions modulo g:

—+r+2s+2g+[j+r+2s+3g—-1

nl(da.j7 k7 r,s, q) =

q
nz(d,j,k,r,qu)_U+k+2]q+qU+k+1]q+1
”3("71""#,570/):_[d+j+k+2]q7;[d]q+[i+k+2]q
”4(d’kaaf,57q)—_[d]q+U+k+2];+[d—j—k—2]q
”S(dvak’fa&q)—_U+k+l]q+[k;r]"+[/+r+1]q

—[k—rlg+[slg +[k—r—slq
q

nﬁ(d7j7 k7 r,s, q) =



Then it is clear that
m(d,j, k,r,s,q) € {—1,0} and
ni(d,j, k,r,s,q) € {0,1} for i € {2,3,4,5,6}
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Then it is clear that
m(d,j, k,r,s,q) € {—1,0} and
ni(d,j, k,r,s,q) € {0,1} for i € {2,3,4,5,6}

Furthermore it is clear that the result of any of the mappings will be
invariant to addition of multiples of g to some or all arguments.

Therefore one can assume w.l.o.g. that
0<d<q,0</<q0<k<q,0<r<q 0<s<q.

If we define u := %, v = JE’ w o= %,x = g,y = i,z = Eweget
O§u<1,0§v<1,0§W<1,0§X<10§y<1and0<z<1
and:

m(d,j,k,r,s,q) = |v+x+2y+2z] — |v+x+2y+3z]
n2(d7jakar7saq): LV+W+2ZJ7LV+W+ZJ

n3(d,j, k,r,s,q)=|u+v+w+2z] —|u| — v+ w+2z]
n4(d,J,k,r,s,q): lu] = lv+w+2z] - |lu—v—w-—2Z]

ns(d,j, k,r,s,q)=|v+w+z|]—|w—x]|—|v+x+2z]

ne(d,j, k,r,s,q) =|w—x| —|y] —|w—x—y]



It is possible to give explicit representations of these piecewise constant
functions under the given constraints for u, v, w, x, y, and z.
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It is possible to give explicit representations of these piecewise constant
functions under the given constraints for u, v, w, x, y, and z.

Using this explicit representations one can verify (by computer assistance)
that ny1(d,j, k, r,s,q) can not be —1 when all other functions are 0.

s

(
This proves 2”4 ¢ 7 for some n € Ny
v
d

Similar idea is used in main reference to show that —&; € Z
v
d



Computation of / / Iy +z+ 1)< dy dz

Another try: Repeated integration in parts



1 2yz
/ / Vily+z+1) dydz =
0o Jo2yz



// Vily+z+1) dydz =
// y+z+1)dzdy



// Vily+z+1) dydz =
// Iy +z4+ 1) dz dy

= k+1</_2 Iy +2)H dy — /_2yj(y/2+1)2"+2 dy)



2vz

Vily+z+1) dydz =

._.

yi(y + z+ 1)k dz dy
2 .
( yi(y +2)** 1t dy — /yJ(y/2+1)2"+2dy> (y/2—=y)
-2

1
2J+k+2 }/+ 1)k+1 dy 2j+1/ yj(y—f— 1)2k+2 c/y)
—1



// Yily+z+1)kdydz =
// Iy +z+ 1) dzdy

a4

- m (/_2 Yy +2) " dy - /_2yj(Y/2 + 1) dy) (v/2 =)

1 : Lo . LI
= m <2J+k+2/ yj(y + 1)k+1 c/y _ 2j+1/ yj(y + 1)2k+2 c/y)
1 1

2j+2k+4 j+l ) r—1 'r—l j+1 -2 r—1¢; 1
( (() () —Z()°)>

k+1 k+r+1), — (2k+r+2),

where (x); : H (X* .



1

—j—2
§ d+k
2j+2k+5
k=

0

(1 d—2d
(0)
=0

(d+j+k+2)(j+ 2k +2)!
(d—j—k=2)J1(+ k+2)I(j + k + 1)I(k + 1)Ik!

22t (G2 () M) N (2 T )
k+1 (; (k+r+1), _rz:; (2k +r+2),




Vd

1

d—2d

—j—2
Z 1)+ 1
j+2k+5

j=0 k=0
(d+Jj+k+2)I(j + 2k +2)!

(d—j— k- 2)'_/(j+k+2)(_/+k+l)|(k+1)|k|
2_/+2k+4 Jii( 2)r l(Jr 1 ii( 2r 1
k+1 \ = (k+r+1) 2k+r+2
d—2d—j—2 . .
(—1)‘””1(/ d ><d+1+k+2)1+k+2
= = i+ k+2 d Jj+2k+3
f(_z),g(j+2k+3> 2k +r+2
2k 4+r+2 k+1 )

S (D)




Applying the transformations j + k +2 — a and k 4+ 1 — b one gets
(1) d a—la—b
Ya_ _ C\diby o2 @ (d\(d+a\[a+b\ 2b+r\
V(O)_gzz( DT(=2) a+b(a>( d 2b+r b
i (_1)d+b(_2)r72 a d d +a a-+ b 2b
a+b\a d 2b+r)\ b




Applying the transformations j + k +2 — a and k+ 1 — b one gets

-y S S 5 (5 (5 )
S S ()5 (50 ()

S 2 (0 () G )
)3 N (7)) 0)

o
[
N
~
Il
—
o
I
o



Applying the transformations j + k +2 — a and k+ 1 — b one gets

bSO E )
SES e 5 () 6EE)
S5 ()5 () ()
éz_; :;;(‘1)d+b(‘2)'_zaj- b @ (d ! a) <2ab++br> (25 )
() (155
() (%) () ()



. . —r a+b\ (2b+r
Simplification of ZZ:O(—I)baib (ﬂfﬂ)( Al




Simplification of > 7_((—1)? aib (;;fr) (Qb;r)

If r = a then ZZ;S(_l)baib (2a;+br) (th:rr) = %



Simplification of > 7_((—1)? aib (;;fr) (Qb;r)

If r = a then ZZ;S(_l)baib (2a;+br) (th:rr) = %

If r # a it follows from
(—1)"('(_,'(’_1) = (1), (n€Z,k € No)
and from Vandermonde's identity

ko (1) (ie) = 2hco () (i) = (Zﬁ) (n€No,s €ZteNo)
that

T A () = 5 S0 0




Simplification of > 7_((—1)? aib (;;fr) (Qb;r)

If r = a then ZZ;S(_l)baib (2a;+br) (th:rr) = %

If r # a it follows from
(—1)"('(_,'(’_1) = (1), (n€Z,k € No)
and from Vandermonde's identity

ko (1) (ie) = 2hco () (i) = (Zﬁ) (n€No,s €ZteNo)
that

T A () = 5 S0 0

= s (N (50)




Simplification of > 7_((—1)? aib (;;fr) (Qb;r)

If r = a then ZZ;S(_l)baib (2a;+br) (th:rr) = %

If r # a it follows from

(—1)k(k_2_1) = (1), (n€Z,k € No)

and from Vandermonde's identity

Ym0 (1) (k3e) = Xm0 (0) (nri—i) = (712). (n € No,s € Z, t € No)

that

SE A0 ) = 2 TR0 (1Y)
_ (=" a—r (a—r\ (r—a
- Ta—r b:O( b )(b+r)

=50




Simplification of > 7_((—1)? aib (;;fr) (Qb;r)

If r = a then ZZ;S(_l)baib (2a;+br) (th:rr) = %

If r # a it follows from

(—1)k(k_2_1) = (1), (n€Z,k € No)

and from Vandermonde's identity

Ym0 (1) (k3e) = Xm0 (0) (nri—i) = (712). (n € No,s € Z, t € No)

that

SRV ) () = 3% i) C8)
= s (o) (532)
=L
=0




Simplification of > 7_((—1)? aib (;;fr) (Qb;r)

If r = a then ZZ;S(_l)ba-ﬁl—b (2a;+br) (thj_r) = %

If r # a it follows from

(—1)k(k_2_1) = (1), (n€Z,k € No)

and from Vandermonde's identity

Ym0 (1) (k3e) = Xm0 (0) (nri—i) = (712). (n € No,s € Z, t € No)

that

SRV ) () = 3% i) C8)
= s (o) (532)
=L
=0

Therefore: Z;g(—l)bxlb (;btfr) (2b;”) = %(5,73



Simplification of Y 7—((—1)P -1 (;;_br) &%)



Simplification of Zz;g(—l)bﬁlb (;;_br) (2:)

We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

Sio(=1Y (1) = (=1)%(""). (n € No, k € No)

k=01 s () () = (-1 itz (), (m € No, n € No)




Simplification of Zz;g(—l)bﬁlb (;;_br) (2:)

We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

Sho(—1¥(5) = (14 ("), (n € No, k € No)
> kol 1)k k+m+1 (n;(k) (2kk) = (—1)"(,”1,{,'11)[ (':) (m € No, n € Np)

) () = S X SR T () ()

—o(-1)°5%




Simplification of Zz;g(—l)bﬁlb (;;_br) (2:)

We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

Sho(—1¥(5) = (14 ("), (n € No, k € No)
> kol 1)k k+m+1 (n;(k) (2kk) = (—1)"(,”1,{,'11)[ (':) (m € No, n € Np)

) () = S X SR T () ()

—_r— —s— —_— b —s—
:Zirill (,il) o S (T ()

—o(-1)°5%




Simplification of Zz;g(—l)bﬁlb (;;Zfr) (2:)

We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

Sio(=1Y (1) = (=1)%(""). (n € No, k € No)

S o1 s () () = (1) imints (7), (m € No, n € No)

(Z2)(0) = Samp ot G (4 o1y (5 )(29)
=B () Y C () ()

J— —s— — b —_C —
= Zizrl_l (rjl) Z:é ' (a—l}l)) (a+b2bs 1) (2bb)

Yh-o(-1)°5%




Simplification of Zz;g(—l)bﬁlb (;;_br) (2:)

We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

ZJ{( o(=1Y (1) = (=1)%(" 1), (n € No, k € Np)

J
S oD ez (5 ) = (-1)" ey (7). (m € No, n € No)

(Z2) () = Tie Sre GO (s (2 ()
a—r— a—s—1 (—1)° —5—
= Zi:r—ll (ril) b=0 ' (afi (aerzbS 1) (zbb)
a— —S— — b —S—
= Zs rl 1 (rsl) Z 3 ' (a—l}l)) (a+b2bs 1) (2bb)

= S () S ()

Yho(-1)P5¢




Simplification of Zz;g(—l)bﬁlb (;;_br) (2:)

We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

ZJ{( o(=1Y (1) = (=1)%(" 1), (n € No, k € Np)

,
Y ko) ez (%) () = (—1)" iy (7). (m € No, n € No)
(32) () = Simg Se GO (et sy (2)) ()
= Y25 S G () (%)
=L (S S G ) (%)
=Y () S e (o)

= CE () SEL ()

Yho(-1)P5¢




Simplification of Zz;g(—l)bﬁlb (;;_br) (2:)

We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

S (1Y (7) = (=1D)*("1). (n € No, k € No)

J
>heo(1) (%) G = (_1)n(mr}1’i1)! (7). (m € No,n € No)
(Z2) () = Tie Sre GO (s (2 ()
a—r— a—s—1 (—1)° —5—
= Zi:r—ll (ril) b=0 ' (afi (aerzbS 1) (zbb)
a— —S— — b —S—
= Zs rl 1 (rsl) Z 3 ' (a—l}l)) (a+b2bs 1) (2bb)

= S () S ()

Yho(-1)P5¢

_ = 1)a+(12(;, ]1-))"(3 1)! (2ra—11) Zs L1y (523;,1)
(s=r+1—5) :W(% 11) (23 r)



Simplification of Zz;g(—l)bﬁlb (;;_br) (2:)

We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

S (1Y (7) = (=1D)*("1). (n € No, k € No)

J
>heo(1) (%) G = (_1)n(mr}1’i1)! (7). (m € No,n € No)
(Z2) () = Tie Sre GO (s (2 ()
a—r— a—s—1 (—1)° —5—
= Zi:r—ll (ril) b=0 ' (afi (aerzbS 1) (zbb)
a— —S— — b —S—
= Zs rl 1 (rsl) Z 3 ' (a—l}l)) (a+b2bs 1) (2bb)

= S () S ()

Yho(-1)P5¢

_ = 1)a+(12(;, ]1-))"(3 1)! (2ra—11) Zs L1y (523;,1)
(s=r+1—5) Wﬁa 11) (23 r)

|
_ (a 1 (a— 1)'(2a 1)(23 r— 1)



Simplification of Zz;g(—l)bﬁlb (;;_br) (2:)

We will adapt an example given in the book Concrete Mathematics
(GRAHAM, KNUTH, PATASHNIK 1994) and use the identities

Sio(=1Y (1) = (=1)%(""). (n € No, k € No)
> koo(=1)" k+m+1 (n;(k) (2kk) = (_1)n(mr,[~,l!1)! (7). (m € No,n € No)
(32) ) = Sie e SR ) () ()
a—r— s a—s—1 (—=1)b /atb—s—
= Zi:r—ll (r—l) b=0 ' (afi ( +b2b 1) (zbb)
a— S a—s— — b a —s—
=2 rl 1 (r 1) b=0 ' (a—l}l)) ( +b2b 1) (2bb)

= S () S ()

Yho(-1)P5¢

_ (= 1)a+(12(;, ]1-))"(3 1)! (2ra—11) Zs L 1( 1)s (523;,1)
(s=r+1—5) Wﬁa 11) (23 r)

|
(a 1 a 1)I (2a 1)(23 r— 1)

= 232 (Zi)




Plugging in and using the identity

S o(—2)f 2 () = (*Eg:f"’, (m € Np), (Concrete Mathematics)

m

we get

= Yo a(-1)%a(d) (77) (2 - L (22 (D)

a—r



Plugging in and using the identity

S o(—2)f 2 () = (72:;2'", (m € Ny), (Concrete Mathematics)

m

we get

Sema(-1)%a(8) (77) (T ~ i (- 55 ()
= Yaa(-)?a(9) (447 XL (- P 5 ()

2a—r \a—r




Plugging in and using the identity

S o(—2)f 2 () = (*Eg:f"’, (m € Np), (Concrete Mathematics)

m

we get

) - (-2 (D)
Y2 () (r—1-)
+

d

(T A () - (-2




Plugging in and using the identity

ZT:O(_z)kmiTt-lf—l (T) = (7?:;%, (m € Np), (Concrete Mathematics)

we get

(1)) (5 (FE - L2 P ()
AYI(-2) 2 () (r—1-r)

) (S A () - (27 %)
.

d

Lo () () (P iy — 2

a—1




Plugging in and using the identity

S o(—2)f 2 () = (72:;2'", (m € Ny), (Concrete Mathematics)

we get

) (22 L (- ()
NI T (T (1)
) (S 2 e () — (2722

)

)
d (—1)+at1, )(d+a) (22;;73 1 1 2372;)
a=2 d 2a—1 (25*2) a

a—1

d 2(_1)d+a(d) d;ra) Da=2 _ p2a—2 (2}))




Plugging in and using the identity

S o(—2)f 2 () = (*Eg:f"’, (m € Np), (Concrete Mathematics)

we get

) (E22 - (-2 2k (D)
NTLED TS GT) (=1
) (-2 A () — (272

d _ _
L(—1)d+at1, )(d 2) (22a 3231—1 (2:}12) _9a 2%)

d
::2(_1)d+a(g') d;ra) (2372 _ p2a-2 (213))
)

(1)

()-2) (=%en

d



Plugging in and using the identity
S o(—2)f 2 () = (1)mim (m € Np), (Concrete Mathematics)

()

we get

(L (2R (D)
DY S () (=10
) (-2 A () — (272

d _ _
L(—1)d+at1, )(d 2) (22a 3231—1 (2:}12) _9a 2%)

d
::2(_1)d+a(g') d;ra) (2372 _ p2a-2 (213))
)

where Pg(x) = Ek 0 (d+k) ( kk) (XT’l)k (Legendre polynomial)
k

(associated Legendre polynomial)



Since py satisfies the recursive formula

pax) =(x + 2)pa-1(6) — pa_2(x)
po(x) =0
p1(x) =x+1

we get (—1)9pg(—4) =2d +1



Since py satisfies the recursive formula

pax) =(x + 2)pa-1(6) — pa_2(x)
po(x) =0
p1(x) =x+1

we get (—1)9pg(—4) =2d +1

Also Py(—x) = (—1)P4(x)



Since py satisfies the recursive formula

pax) =(x + 2)pa-1(6) — pa_2(x)
po(x) =0
p1(x) =x+1

we get (—1)9pg(—4) =2d +1
Also Py(—x) = (—1)4Py(x)

()
v Py(3)—2d—1

and therefore -4 = %
Vd



Since py satisfies the recursive formula
palx) =(x + 2)pa_1(x) — pu_2(x)

po(x) =0
p1(x) =x+1

we get (—1)9pg(—4) =2d +1
Also Py(—x) = (—1)4Py(x)

v
P4(3)—2d—1
and therefore (0) = %

Since Py satisfies the recursive formula

de(X) = (2d — 1)XPd_1(X) — (d — 1)Pd_2(X)
Po(x) =1, Pi(x) = x

we get that
e Y
(d+ 1)% =3(2d —-1) v‘(’o)l dv‘z’of +2d(d+1)
Vd d—1 d—2
o

V,
—y = U, 57 = O
Véo) V£°)





