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Definitions

A real polynomial P(X ) = X d + pd−1X d−1 + . . .+ p0 ∈ R[X ] is called
contractive iff all of its roots (real and complex) lie inside the unit disk.

For d ∈ N let Ed ⊆ Rd denote the set of all d -dimensional coefficient
vectors of contractive polynomials (Schur-Cohn region)

For r ∈ N0 and s ∈ N0 with d = r + 2s let E (s)
d ⊆ Ed denote the set of

those coefficient vectors in Ed the corresponding polynomials of which
have exactly r real roots (and s pairs of complex conjugate roots).

Let vd := λd(Ed) and v (s)
d := λd(E (s)

d ) where λd denotes the
d -dimensional Lebesgue measure.

Main interest: v (s)
d and

v (s)
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Relation to Shift Radix Systems

Let d ∈ N and r = (r1, . . . , rd) ∈ Rd

τr : Zd 7→ Zd

x = (x1, . . . , xd) → (x2, . . . , xd ,−brxc)

is called the d - dimensional SRS associated with r (AKIYAMA et al.
2005)

where rx =
∑d

i=1 rixi denotes the scalar product of r and x
and byc the largest integer less than or equal to some real y . (floor)

Dd := {r ∈ Rd | each orbit of τr is ultimately periodic}
D(0)

d := {r ∈ Rd | each orbit of τr ends up in 0}

Elements of D(0)
d are said to have the finiteness property.

D(0)
d ⊆ Dd

Ed ⊆ Dd ⊆ Ed
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Basic facts and previous results

• Ed is the disjoint union of all E (s)
d , 0 ≤ 2s ≤ d .

• The boundary of Ed is the union of finitely many algebraic surfaces.
(SCHUR 1918)

• The boundary of Ed is the union of two hyperplanes and one
hypersurface. (FAM, MEDITCH 1978)

• Study of boundary of Ed : KIRSCHENHOFER, PETHŐ, SURER,
THUSWALDNER 2010

• vd =

{
22m2 ∏m

j=1
(j−1)!4

(2j−1)!2 if d = 2m

22m2+2m+1∏m
j=1

j!2(j−1)!2

(2j−1)!(2j+1)! if d = 2m + 1
(FAM 1989)
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Results in main reference

Theorem: v (s)
d = 1

r !s!

∫
Dr,s
|∆r |∆s∆r ,sdX

where Dr ,s = [−1, 1]r ×
∏s

i=1

(
[−2√zi , 2

√
zi ]× [0, 1]

)
dX = dx1 . . . dxrdy1dz1 . . . dysdzs

∆r =
∏r

j=1
∏r

k=j+1(xj − xk)

∆s =
∏s

j=1
∏s

k=j+1 ResX (Rj(X ),Rk(X ))

∆r ,s =
∏r

j=1
∏s

k=1 Rk(xj)

Rj(X ) = X 2 − yjX + zj

ResX (P(x),Q(x)) . . . Resultant of P and Q
ResX (Rj(X ),Rk(X )) = −yjyk(zj + zk) + y2

j zk+
y2
k zj + (zj − zk)2



Results in main reference

Idea of proof: v (s)
d = λd(E (s)

d ) =
∫
E(s)

d
dp0 . . . dpd−1

• Perform integration by substitution

• For a polynomial P(X ) = X d + pd−1X d−1 + . . .+ p0 ∈ R[X ] with
• roots (x1, . . . , xd) ∈ Rr × C2s use Vieta’s formulas to express its
• coefficients in terms of its roots and define a substitution.

• pj = (−1)d−jSd−j where Sj(x1, . . . , xd) =
∑

1≤i1<···<ij≤d

xi1 . . . xij

• p0, . . . , pd−1 → x1, . . . , xd → y1, . . . , yd

• by yj = xj for j ∈ {1, . . . , r}
• by yr+2j−1 = xr+2j−1 + xr+2j , yr+2j = xr+2j−1xr+2j for j ∈ {1, . . . , s}

• New boundaries: Union of unit intervals and unit disks.

• Compute determinant of Jacobian matrix J =
(
∂Si (x1,...,xd )

∂yj

)
1≤i,j≤d

• det(J) =
∏r

j=1
∏r

k=j+1(yj − yk)
∏r

j=1
∏s

k=1 Rk(yj)×∏s
j=1
∏s

k=j+1 ResX (Rj(X ),Rk(X ))
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Results in main reference

Values of v (s)
d :

d v (0)
d v (1)

d v (2)
d

2 4
3

8
3

3 16
45

224
45

4 64
1575

1664
525

2048
525

5 1024
496125

428032
496125

3334144
496125

6 16384
343814625

1114112
10418625

93519872
22920975

7 524288
1032475318875

2124414976
344158439625

379792130048
344158439625

8 16777216
6643978676960625

1114476904448
6643978676960625

313947815149568
2214659558986875

9 4294967296
726818047366107571875

92376156602368
42754002786241621875

12626155878219776
1433566168374965625



Results in main reference

Values of vd/v
(0)
d and v (s)

d /v (0)
d :

d vd/v
(0)
d v (1)

d /v (0)
d v (2)

d /v (0)
d v (3)

d /v (0)
d

2 3 2

3 15 14

4 175 78 96

5 3675 418 3256

6 169785 2244 85620 81920

7 14567553 12156 2173188 12382208

8 2678348673 66428 56138244 1447738880

9 930152232009 365636 1490456292 164885467424



Results in main reference

Theorem: v (s)
d ∈ Q and vd/v

(0)
d ∈ Z

Conjecture: v (s)
d /v (0)

d ∈ Z

Partial result by Peter Kirschenhofer and M.W.: v (1)
d /v (0)

d ∈ Z

Hope for general result!
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Results in main reference

Theorem: v (0)
d = 2d (d+1)/2

d! Sd(1, 1, 1/2)

where Sn(α, β, γ) =
∫

[0,1]n

∏n
j=1 tα−1

j (1− tj)β−1×∣∣∣∏n
j=1
∏

k = j + 1n(tj − tk)
∣∣∣2γ dt1 . . . dtn

=
∏n−1

j=0
Γ(α+jγ)Γ(β+jγ)Γ((j+1)γ+1)

Γ(α+β+(n+j−1)γ)Γ(γ+1)

Sd(1, 1, 1/2) = 1∏d−1
i=0 (2i+1

i )
(SELBERG 1944)

Theorem: v (1)
d = 2(d−1)(d−2)/2−2×∑d−2

j=0
∑d−2−j

k=0

(
(−1)d−k22d−2−2k−j

j!k!(d−2−j−k)! ×
Bd−2(d − 2− k, d − 2− k − j)×∫ 1
0

∫ 2
√

z
−2
√

z y j(y + z + 1)k dy dz
)

where Bd(j , k) =
∏k

i=1
2+(d−i−1)/2
3+(2d−i−1)/2×∏j

i=1(1+(d−i)/2)
∏k

i=1(1+(d−i)/2)∏j+k
i=1 (2+(2d−i−1)/2)

×
Sd(1, 1, 1/2)



Results in main reference

Theorem: v (0)
d = 2d (d+1)/2

d! Sd(1, 1, 1/2)

where Sn(α, β, γ) =
∫

[0,1]n

∏n
j=1 tα−1

j (1− tj)β−1×∣∣∣∏n
j=1
∏

k = j + 1n(tj − tk)
∣∣∣2γ dt1 . . . dtn

=
∏n−1

j=0
Γ(α+jγ)Γ(β+jγ)Γ((j+1)γ+1)

Γ(α+β+(n+j−1)γ)Γ(γ+1)

Sd(1, 1, 1/2) = 1∏d−1
i=0 (2i+1

i )
(SELBERG 1944)

Theorem: v (1)
d = 2(d−1)(d−2)/2−2×∑d−2

j=0
∑d−2−j

k=0

(
(−1)d−k22d−2−2k−j

j!k!(d−2−j−k)! ×
Bd−2(d − 2− k, d − 2− k − j)×∫ 1
0

∫ 2
√

z
−2
√

z y j(y + z + 1)k dy dz
)

where Bd(j , k) =
∏k

i=1
2+(d−i−1)/2
3+(2d−i−1)/2×∏j

i=1(1+(d−i)/2)
∏k

i=1(1+(d−i)/2)∏j+k
i=1 (2+(2d−i−1)/2)

×
Sd(1, 1, 1/2)



v (1)
d

v (0)
d

=

(
2(d−1)(d−2)/2−2

d−2∑
j=0

d−2−j∑
k=0

(
(−1)d+k22d−2−2k−j

j!k!(d − 2− j − k)!

d−2−k−j∏
i=1

2 + (d − 2− i − 1)/2
3 + (2(d − 2)− i − 1)/2∏d−2−k

i=1 (1 + (d − 2− i)/2)
∏d−2−k−j

i=1 (1 + (d − 2− i)/2)∏d−2−k+d−2−k−j
i=1 (2 + (2(d − 2)− i − 1)/2)

1∏d−2−1
i=0

(2i+1
i

) ∫ 1

0

∫ 2
√

z

−2
√

z
y j(y + z + 1)k dy dz

))
/(

2d(d+1)/2

d !

1∏d−1
i=0

(2i+1
i

))



v (1)
d
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j=0

d−j−2∑
k=0
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(−1)d+k 1

2j+2k+3
d !

j!k!(d − j − k − 2)!

d−j−k−2∏
i=1

d − i + 1
2d − i + 1

∏d−k−2
i=1 (d − i)

∏d−j−k−2
i=1 (d − i)∏2d−j−2k−4

i=1 (2d − i − 1)

∏d−1
i=0

(2i+1
i

)∏d−3
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(2i+1
i
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√
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y j(y + z + 1)k dy dz
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d

v (0)
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j=0

d−j−2∑
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(−1)d+k 1

2j+2k+3
d !

j!k!(d − j − k − 2)!

d!
(j+k+2)!

(2d)!
(d+j+k+2)!

(d−1)!
(k+1)!

(d−1)!
(j+k+1)!

(2d−2)!
(j+2k+2)!

(2d − 3)!

(d − 2)!(d − 1)!

(2d − 1)!
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0
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√

z

−2
√

z
y j(y + z + 1)k dy dz
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v (1)
d

v (0)
d

=
d−2∑
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d−j−2∑
k=0
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(−1)d+k 1

2j+2k+5

(d + j + k + 2)!(j + 2k + 2)!

(d − j − k − 2)!j!(j + k + 2)!(j + k + 1)!(k + 1)!k!∫ 1

0
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z
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√

z
y j(y + z + 1)k dy dz
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Computation of
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Initial idea: Binomial theorem
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∫ 1

0

∫ 2
√

z

−2
√

z
y j(y + z + 1)k dy dz =

=
k∑

r=0

(
k
r

)∫ 1

0

∫ 2
√

z

−2
√

z
y r+j(z + 1)k−r dy dz

=
k∑

r=0

(
k
r

)
2j+r+1(1 + (−1)j+r )

j + r + 1

∫ 1

0
(z + 1)k−rz (j+r+1)/2 dz

=
k∑

r=0

(
k
r

)
2j+r+1(1 + (−1)j+r )

j + r + 1

k−r∑
s=0

(
k − r

s

)∫ 1

0
z (j+r+1)/2+s dz
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k∑

r=0

(
k
r

)
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k−r∑
s=0

(
k − r

s

)
2

j + r + 2s + 3

=
k∑
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s=0
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(j + r + 1)(j + r + 2s + 3)(k − r − s)!r !s!
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v (1)
d

v (0)
d

=
d−2∑
j=0

d−j−2∑
k=0

(
(−1)d+k 1

2j+2k+5

(d + j + k + 2)!(j + 2k + 2)!

(d − j − k − 2)!j!(j + k + 2)!(j + k + 1)!(k + 1)!k!
k∑

r=0

k−r∑
s=0

2j+r+2(1 + (−1)j+r )k!

(j + r + 1)(j + r + 2s + 3)(k − r − s)!r !s!

)

=
d−2∑
j=0

d−j−2∑
k=0

(
(−1)d−k

k∑
r=0

k−r∑
s=0

(
1 + (−1)j+r

2
1

22k−r+2

j + k + 2
j + r + 2s + 3

(
d + j + k + 2

d

)(
d

j + k + 2

)(
j + 2k + 2

k + 1

)
(

j + k + 1
k − r

)(
k − r

s

)(
j + r

j

)))



v (1)
d

v (0)
d
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d−2∑
j=0

d−j−2∑
k=0

(
(−1)d+k 1

2j+2k+5

(d + j + k + 2)!(j + 2k + 2)!

(d − j − k − 2)!j!(j + k + 2)!(j + k + 1)!(k + 1)!k!
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r=0

k−r∑
s=0

2j+r+2(1 + (−1)j+r )k!

(j + r + 1)(j + r + 2s + 3)(k − r − s)!r !s!
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=
d−2∑
j=0

d−j−2∑
k=0

(
(−1)d−k

k∑
r=0

k−r∑
s=0

(
1 + (−1)j+r

2
1

22k−r+2

j + k + 2
j + r + 2s + 3

(
d + j + k + 2

d

)(
d

j + k + 2

)(
j + 2k + 2

k + 1

)
(

j + k + 1
k − r

)(
k − r

s

)(
j + r

j

)))



f (d , j , k, r , s) := j+k+2
j+r+2s+3

(d+j+k+2
d

)( d
j+k+2

)(j+k+1
k−r

)(k−r
s

)

Show: νp(f (d , j , k, r , s)) ≥ 0 for all p ∈ P

Implies that 2n v (1)

d

v (0)

d

∈ Z for some n ∈ N0

Use Legendre’s theorem: νp(n!) =
∑∞

i=1

⌊
n
pi

⌋
for all n ∈ N and p ∈ P
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d
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νp(f (d , j , k, r , s)) =
∞∑
i=1

(⌊
j + r + 2s + 2

pi

⌋
−
⌊

j + r + 2s + 3
pi

⌋
+

⌊
j + k + 2

pi

⌋
−
⌊

j + k + 1
pi

⌋
+

⌊
d + j + k + 2

pi

⌋
−
⌊

d
pi

⌋
−
⌊

j + k + 2
pi

⌋
+

⌊
d
pi

⌋
−
⌊

j + k + 2
pi

⌋
−
⌊

d − j − k − 2
pi

⌋
+

⌊
j + k + 1

pi

⌋
−
⌊

k − r
pi

⌋
−
⌊

j + r + 1
pi

⌋
+

⌊
k − r

pi

⌋
−
⌊

s
pi

⌋
−
⌊

k − r − s
pi

⌋)



For q ∈ N define

n1(d , j , k, r , s, q) :=

⌊
j + r + 2s + 2

q

⌋
−
⌊

j + r + 2s + 3
q

⌋
n2(d , j , k, r , s, q) :=

⌊
j + k + 2

q

⌋
−
⌊

j + k + 1
q

⌋
n3(d , j , k, r , s, q) :=

⌊
d + j + k + 2

q

⌋
−
⌊

d
q

⌋
−
⌊

j + k + 2
q

⌋
n4(d , j , k, r , s, q) :=

⌊
d
q

⌋
−
⌊

j + k + 2
q

⌋
−
⌊

d − j − k − 2
q

⌋
n5(d , j , k, r , s, q) :=

⌊
j + k + 1

q

⌋
−
⌊

k − r
q

⌋
−
⌊

j + r + 1
q

⌋
n6(d , j , k, r , s, q) :=

⌊
k − r

q

⌋
−
⌊

s
q

⌋
−
⌊

k − r − s
q

⌋



We define [a]b := a mod b (remainder, not residue class!) and use the
identity

⌊ a
b

⌋
= a−[a]b

b to rearrange all mappings to involve only modulo
functions modulo q:

n1(d , j , k, r , s, q) =
−[j + r + 2s + 2]q + [j + r + 2s + 3]q − 1

q

n2(d , j , k, r , s, q) =
−[j + k + 2]q + [j + k + 1]q + 1

q

n3(d , j , k, r , s, q) =
−[d + j + k + 2]q + [d ]q + [j + k + 2]q

q

n4(d , j , k, r , s, q) =
−[d ]q + [j + k + 2]q + [d − j − k − 2]q

q

n5(d , j , k, r , s, q) =
−[j + k + 1]q + [k − r ]q + [j + r + 1]q

q

n6(d , j , k, r , s, q) =
−[k − r ]q + [s]q + [k − r − s]q

q



Then it is clear that
n1(d , j , k, r , s, q) ∈ {−1, 0} and
ni (d , j , k, r , s, q) ∈ {0, 1} for i ∈ {2, 3, 4, 5, 6}

Furthermore it is clear that the result of any of the mappings will be
invariant to addition of multiples of q to some or all arguments.

Therefore one can assume w.l.o.g. that
0 ≤ d < q, 0 ≤ j < q, 0 ≤ k < q, 0 ≤ r < q, 0 ≤ s < q.

If we define u := d
q , v := j

q , w := k
q , x := r

q , y := s
q , z := 1

q we get
0 ≤ u < 1, 0 ≤ v < 1, 0 ≤ w < 1, 0 ≤ x < 1,0 ≤ y < 1 and 0 < z ≤ 1
and:

n1(d , j , k, r , s, q) = bv + x + 2y + 2zc − bv + x + 2y + 3zc
n2(d , j , k, r , s, q) = bv + w + 2zc − bv + w + zc
n3(d , j , k, r , s, q) = bu + v + w + 2zc − buc − bv + w + 2zc
n4(d , j , k, r , s, q) = buc − bv + w + 2zc − bu − v − w − 2zc
n5(d , j , k, r , s, q) = bv + w + zc − bw − xc − bv + x + zc
n6(d , j , k, r , s, q) = bw − xc − byc − bw − x − yc
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It is possible to give explicit representations of these piecewise constant
functions under the given constraints for u, v , w , x , y , and z .

Using this explicit representations one can verify (by computer assistance)
that n1(d , j , k, r , s, q) can not be −1 when all other functions are 0.

This proves 2n v (1)
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d

∈ Z for some n ∈ N0

Similar idea is used in main reference to show that vd
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∈ Z
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Computation of
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z
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Another try: Repeated integration in parts
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Applying the transformations j + k + 2→ a and k + 1→ b one gets
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Since ρd satisfies the recursive formula

ρd(x) =(x + 2)ρd−1(x)− ρd−2(x)

ρ0(x) =0
ρ1(x) =x + 1

we get (−1)dρd(−4) = 2d + 1

Also Pd(−x) = (−1)dPd(x)

and therefore
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Since Pd satisfies the recursive formula

dPd(x) = (2d − 1)xPd−1(x)− (d − 1)Pd−2(x)
P0(x) = 1, P1(x) = x

we get that

(d + 1)
v (1)

d

v (0)

d

= 3(2d − 1)
v (1)

d−1

v (0)

d−1

− d
v (1)

d−2

v (0)

d−2

+ 2d(d + 1)

v (1)
0

v (0)
0

= 0, v (1)
1

v (0)
1

= 0



Since ρd satisfies the recursive formula

ρd(x) =(x + 2)ρd−1(x)− ρd−2(x)

ρ0(x) =0
ρ1(x) =x + 1

we get (−1)dρd(−4) = 2d + 1

Also Pd(−x) = (−1)dPd(x)

and therefore
v (1)

d

v (0)

d

= Pd (3)−2d−1
4

Since Pd satisfies the recursive formula

dPd(x) = (2d − 1)xPd−1(x)− (d − 1)Pd−2(x)
P0(x) = 1, P1(x) = x

we get that

(d + 1)
v (1)

d

v (0)

d

= 3(2d − 1)
v (1)

d−1

v (0)

d−1

− d
v (1)

d−2

v (0)

d−2

+ 2d(d + 1)

v (1)
0

v (0)
0

= 0, v (1)
1

v (0)
1

= 0



Since ρd satisfies the recursive formula

ρd(x) =(x + 2)ρd−1(x)− ρd−2(x)

ρ0(x) =0
ρ1(x) =x + 1

we get (−1)dρd(−4) = 2d + 1

Also Pd(−x) = (−1)dPd(x)

and therefore
v (1)

d

v (0)

d

= Pd (3)−2d−1
4

Since Pd satisfies the recursive formula

dPd(x) = (2d − 1)xPd−1(x)− (d − 1)Pd−2(x)
P0(x) = 1, P1(x) = x

we get that

(d + 1)
v (1)

d

v (0)

d

= 3(2d − 1)
v (1)

d−1

v (0)

d−1

− d
v (1)

d−2

v (0)

d−2

+ 2d(d + 1)

v (1)
0

v (0)
0

= 0, v (1)
1

v (0)
1

= 0



Since ρd satisfies the recursive formula

ρd(x) =(x + 2)ρd−1(x)− ρd−2(x)

ρ0(x) =0
ρ1(x) =x + 1

we get (−1)dρd(−4) = 2d + 1

Also Pd(−x) = (−1)dPd(x)

and therefore
v (1)

d

v (0)

d

= Pd (3)−2d−1
4

Since Pd satisfies the recursive formula

dPd(x) = (2d − 1)xPd−1(x)− (d − 1)Pd−2(x)
P0(x) = 1, P1(x) = x

we get that

(d + 1)
v (1)

d

v (0)

d

= 3(2d − 1)
v (1)

d−1

v (0)

d−1

− d
v (1)

d−2

v (0)

d−2

+ 2d(d + 1)

v (1)
0

v (0)
0

= 0, v (1)
1

v (0)
1

= 0




