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Definition
p-fibred function: e piecewise function on Z,

e branches for all residue classes mod p
p-adic system: e block property
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for all k € Nand m,n € r + pZ,

(< FIr] (p, r)-suitable for all r)

F=(x,3x+1)

Three and a half interpretations

ordinary functions with block property

f:Zp = Zp
m=n mod p* & f(m) = f(n) mod p~?!

for all k € Nand m,n € Z, with m=n mod p

f=(xeven? % : ¥f)

p-digit tables with block property
D¢ ph*Nz (x == {0,...,x—1})
DInllo] = n%p

m=n mod pX & D[m][k] = D[n][k]
forall k € Nand m,n € Z,
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T Lp — Lp

w(n) =n mod p

m=n mod pX & w(m) = w(n) mod p*

forall k € Nand m,n € Z,

Y Zp — PN, e(n) = D(F)[n] (bijective)



p-adic systems

F = (F[0],...,F[p —1]) (p-fibred function)
m=n mod p* & F[r](m) = F[r](n) mod p
for all k € Nand m,n € r + pZ,

(< FIr] (p, r)-suitable for all r)

F=(x,3x+1)

Three and a half interpretations

ordinary functions with block property

f:Zp = Zp
m=n mod p* & f(m) = f(n) mod p~?!

for all k € Nand m,n € Z, with m=n mod p

f=(xeven? % : ¥f)

p-digit tables with block property
D¢ ph*Nz (x == {0,...,x—1})
DInllo] = n%p

m=n mod pX & D[m][k] = D[n][k]
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p-adic permutations

T Lp — Lp

w(n) =n mod p

m=n mod pX & w(m) = w(n) mod p*
forall k € Nand m,n € Z,

Y Zp — PN, e(n) = D(F)[n] (bijective)
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p-adic systems

F = (F[0],...,F[p —1]) (p-fibred function)
m=n mod p* & F[r](m) = F[r](n) mod p
for all k € Nand m,n € r + pZ,

(< FIr] (p, r)-suitable for all r)

F=(x,3x+1)

Three and a half interpretations

ordinary functions with block property

f:Zp = Zp
m=n mod p* & f(m) = f(n) mod p~?!

for all k € Nand m,n € Z, with m=n mod p

f=(xeven? % : ¥f)

p-digit tables with block property
D¢ ph*Nz (x == {0,...,x—1})
DInllo] = n%p

m=n mod pX & D[m][k] = D[n][k]
forall k € Nand m,n € Z,
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p-adic permutations

T Lp — Lp

w(n) =n mod p

m=n mod pX & w(m) = w(n) mod p*
forall k € Nand m,n € Z,

Y Zp — PN, e(n) = D(F)[n] (bijective)
TFG6 = Y ' otF
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p-adic systems

F = (F[0],...,F[p —1]) (p-fibred function)
m=n mod p* & F[r](m) = F[r](n) mod p
for all k € Nand m,n € r + pZ,

(< FIr] (p, r)-suitable for all r)

F=(x,3x+1)

Three and a half interpretations

ordinary functions with block property

f:Zp = Zp
m=n mod p* & f(m) = f(n) mod p~?!

for all k € Nand m,n € Z, with m=n mod p

f=(xeven? % : ¥f)

p-digit tables with block property
D¢ ph*Nz (x == {0,...,x—1})
DInllo] = n%p

m=n mod pX & D[m][k] = D[n][k]
forall k € Nand m,n € Z,
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p-adic permutations

T Lp — Lp

w(n) =n mod p

m=n mod pX & w(m) = w(n) mod p*
forall k € Nand m,n € Z,

Y Zp — PN, e(n) = D(F)[n] (bijective)
TFG6 = Y ' otF
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w(0) =0, 7(1) = —1/3, w(2) = —2/3



p-adic systems

F = (F[0],...,F[p —1]) (p-fibred function)
m=n mod p* & F[r](m) = F[r](n) mod p
for all k € Nand m,n € r + pZ,

(< FIr] (p, r)-suitable for all r)

F=(x,3x+1)

Three and a half interpretations

ordinary functions with block property

f:Zp = Zp
m=n mod p* & f(m) = f(n) mod p~?!

for all k € Nand m,n € Z, with m=n mod p

f=(xeven? % : ¥f)

p-digit tables with block property
D¢ ph*Nz (x == {0,...,x—1})
DInllo] = n%p

m=n mod pX & D[m][k] = D[n][k]
forall k € Nand m,n € Z,
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p-adic permutations

T Lp — Lp

w(n) =n mod p

m=n mod pX & w(m) = w(n) mod p*
forall k € Nand m,n € Z,

Y Zp — PN, e(n) = D(F)[n] (bijective)
TFG6 = Y ' otF

T = T(x,3x+1),(x,x—1)*

w(0) =0, 7(1) = —1/3, w(2) = —2/3

w(17) = —401/3, ©(—19/9) = 17,



p-adic systems

F = (F[0],...,F[p —1]) (p-fibred function)
m=n mod p* & F[r](m) = F[r](n) mod p
for all k € Nand m,n € r + pZ,

(< FIr] (p, r)-suitable for all r)

F=(x,3x+1)

Three and a half interpretations

ordinary functions with block property

f:Zp = Zp
m=n mod p* & f(m) = f(n) mod p~?!

for all k € Nand m,n € Z, with m=n mod p

f=(xeven? % : ¥f)

p-digit tables with block property
D¢ ph*Nz (x == {0,...,x—1})
DInllo] = n%p

m=n mod pX & D[m][k] = D[n][k]
forall k € Nand m,n € Z,

1171 0 1 0 1 O 1 O
210 1 0 1 0 1 0 1
3|11 1 0 0 0 1 0 1
410 0 1 0 1 0 1 O
511 0 0 0 1 0 1 O
6|0 1 1 0 0 0 1 O
7|11 1 1 0 1 0 0 1
80 0 0 1 0 1 0 1
D|lo 1 2 3 4 5 6 7

p-adic permutations

T Lp — Lp

w(n) =n mod p

m=n mod pX & w(m) = w(n) mod p*
forall k € Nand m,n € Z,

Y Zp — PN, e(n) = D(F)[n] (bijective)
TFG6 = Y ' otF

T 1= T(x,3x41),(x,x—1)"

w(0) =0, 7(1) = —1/3, w(2) = —2/3
w(17) = —401/3, ©(—19/9) = 17,
m(—23/31) = 975575385/8388607



Examples: p-adic systems

f (p,r)-suitable < VkeN:Vm,n€r+pZy,: (m=n (p*) & f(m)=f(n) (p))
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f (p,r)-suitable < VkeN:Vm,n€r+pZy,: (m=n (p*) & f(m)=f(n) (p))
Zp-polynomial p-adic systems: F[r](x) € Zp[x] for all r € p

Fr] (p, r)-suitable < gcd(p, F[r]’(r)) =1

o (P, (x,3x+ 1)
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Examples: p-adic systems

f (p,r)-suitable < VkeN:Vm,n€r+pZy,: (m=n (p*) & f(m)=f(n) (p))

Zp-polynomial p-adic systems: F[r](x) € Zp[x] for all r € p
Fr] (p, r)-suitable < gcd(p, F[r]’(r)) =1

o« (x)P, (x,3x+ 1)
. (7X3—4x2+x—6,3x7—X+1,X2+6x+2)

2.2, 5, 4 13 1 2, 7, 14
o(7x +3x =4, 33X +5 5x+2,3x° + 5x — T



Examples: p-adic systems

f (p,r)-suitable < VkeN:Vm,n€r+pZy,: (m=n (p*) & f(m)=f(n) (p))

Zp-polynomial p-adic systems: F[r](x) € Zp[x] for all r € p
Fr] (p, r)-suitable < gcd(p, F[r]’(r)) =1

o (x)P, (x,3x+1)

0(7X3—4x2+x—6 3x7—x+1 X2+6x+2)
0(32 24 x—4,ﬁ’x+5,ﬁx+2 3x% + x—%
. (1X + x,5ix* —24+7,x+3,-9x3 +12x+7,—5ix2+x+1)

where i2 = —1, i.e. i =...2431212 or i = ...2013233



Examples: p-adic systems

f (p,r)-suitable < VkeN:Vm,n€r+pZy,: (m=n (p*) & f(m)=f(n) (p))
Zp-polynomial p-adic systems: F[r](x) € Zp[x] for all r € p

Fr] (p, r)-suitable < gcd(p, F[r]’(r)) =1

o (P, (x,3x+ 1)

. (7X3—4X2+X—6 3x7—x+1 X2+6x+2)

0(32 24 x—4,ﬁ’x+5,ﬁx+2 3x% + x—%
. (1X +X,51x —247,x+3,— —9x3 +12x+7,—5ix2+x+1)
where 2 = —1, i.e. i=...2431212 or i = ...2013233

o ([T05 (x = i))” where p € P



Examples: p-adic systems

f (p,r)-suitable < VkeN:Vm,n€r+pZy,: (m=n (p*) & f(m)=f(n) (p))

Zp-polynomial p-adic systems: F[r](x) € Zp[x] for all r € p
Fr] (p, r)-suitable < gcd(p, F[r]’(r)) =1

o (x)P, (x,3x+1)

0(7X3—4x2+x—6 3x7—x+1 X2+6x+2)

0(32 24 x—4,ﬁ’x+5,ﬁx+2 3x% + x—%

. (1X + x,5ix* —24+7,x+3,-9x3 +12x+7,—5ix2+x+1)
where i2 = —1, i.e. i =...2431212 or i = ...2013233

o ([T°7 (x = i))” where p € P
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Examples: p-adic systems

f (p,r)-suitable < VkeN:Vm,n€r+pZy,: (m=n (p*) & f(m)=f(n) (p))
Zp-polynomial p-adic systems: F[r](x) € Zp[x] for all r € p

Fr] (p, r)-suitable < gcd(p, F[r]’(r)) =1

o (P, (x,3x+ 1)
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Qp-polynomial p-adic systems: F[r](x) € Qp[x] for all r € p
F[r] (p, r)-suitable < F[r] (p, r)-suitable on a computable finite witness set



Examples: p-adic systems

f (p,r)-suitable < VkeN:Vm,n€r+pZy,: (m=n (p*) & f(m)=f(n) (p))
Zp-polynomial p-adic systems: F[r](x) € Zp[x] for all r € p

Fr] (p, r)-suitable < gcd(p, F[r]’(r)) =1

o (P, (x,3x+ 1)

. (7X3—4x2+x—6 3x7—x+1 X2+6x+2)

0(32 24 x—4,ﬁ’x+5,ﬁx+2 3x% + x—%
. (1X +X,51x —247,x+3,— —9x3 +12x+7,—5ix2+x+1)
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Examples: p-adic systems

f (p,r)-suitable < VkeN:Vm,n€r+pZy,: (m=n (p*) & f(m)=f(n) (p))
Zp-polynomial p-adic systems: F[r](x) € Zp[x] for all r € p

Fr] (p, r)-suitable < gcd(p, F[r]’(r)) =1

o (x)P, (x,3x + 1)

. (7X3—4x2+x—6 3x7—x+1 X2+6x+2)

. (32 245 3x—4 By+s —x+2 3x2 + 1 x— u

)11 » 17 5
o(lx +X,51x —247,x+3,— —9x3 +12x+7,—5ix2+x+1)
where i2 = —1, j.e. i=...2431212 or i = ...2013233

o ([T°7 (x = i))” where p € P
Qp-polynomial p-adic systems: F[r](x) € Qp[x] for all r € p
F[r] (p, r)-suitable < F[r] (p, r)-suitable on a computable finite witness set

.(17 6+375 15 3+3X72725X+7X5 49 4 _ 21 3+5X+79X+19)

2
o (—Bx8 +x—2—28x +7X3+ x2+ X+ 2X—%3—%X2—%X—%)



Examples: p-adic systems

f (p,r)-suitable < VkeN:Vm,n€r+pZy,: (m=n (p*) & f(m)=f(n) (p))
Zp-polynomial p-adic systems: F[r](x) € Zp[x] for all r € p

Fr] (p, r)-suitable < gcd(p, F[r]’(r)) =1

o (x)P, (x,3x + 1)

. (7X3—4x2+x—6 3x7—x+1 X2+6x+2)

. (32 245 3x—4 By+s —x+2 3x2 + 1 x— %

)11 » 17
. (1X +X,51x —247,x+3,— —9x3 +12x+7,—5ix2+x+1)
where i2 = —1, j.e. i=...2431212 or i = ...2013233

o ([T°7 (x = i))” where p € P

Qp-polynomial p-adic systems: F[r](x) € Qp[x] for all r € p

F[r] (p, r)-suitable < F[r] (p, r)-suitable on a computable finite witness set
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o(—fx +x—2—28x +7X3+ x2+ X+ —2x4 —%3—%X2—131X %)

Zp-rational p-adic systems: F[r] = P;/Q, with P,(x), Qr(x) € Zp[x] for all r € p



Examples: p-adic systems

f (p,r)-suitable < VkeN:Vm,n€r+pZy,: (m=n (p*) & f(m)=f(n) (p))
Zp-polynomial p-adic systems: F[r](x) € Zp[x] for all r € p

Fr] (p, r)-suitable < gcd(p, F[r]’(r)) =1
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o ([T°7 (x = i))” where p € P

Qp-polynomial p-adic systems: F[r](x) € Qp[x] for all r € p
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. (U 6+37 5 _ 15 X3 4 3x — 2, —25x6 4 1x5 — 429x4 21 X3 + Bx2 Jr79X+19)
o(—fx +x—2—28x +7X3+ x2+ X+ —2x4 —%3—%X2—131X %)

Zp-rational p-adic systems: F[r] = P;/Q, with P,(x), Qr(x) € Zp[x] for all r € p
F[r] (p, r)-suitable < P, — (F[r](r) % p)Qr (p, r)-suitable (if p, Q,(r) coprime)



Examples: p-adic systems

f (p,r)-suitable < VkeN:Vm,n€r+pZy,: (m=n (p*) & f(m)=f(n) (p))
Zp-polynomial p-adic systems: F[r](x) € Zp[x] for all r € p

Fr] (p, r)-suitable < gcd(p, F[r]’(r)) =1

o (x)P, (x,3x + 1)

. (7X3—4x2+x—6 3x7—x+1 X2+6x+2)

0(322+ 2x —4 x+5—x+23x+ x—%

) 11 )17
. (1X + x,5ix* —2+7,x + 3, —9x3 +12x+7,—5ix2+x+1)
where i2 = —1, j.e. i=...2431212 or i = ...2013233

o ([T°7 (x = i))” where p € P

Qp-polynomial p-adic systems: F[r](x) € Qp[x] for all r € p

F[r] (p, r)-suitable < F[r] (p, r)-suitable on a computable finite witness set

. (U 6+37 5 _ 15 X3 4 3x — 2, —25x6 4 1x5 — 429x4 21 X3 + Bx2 Jr79X+19)
o(—fx +x—2—28x +7X3+ x2+ X+ —2x4 —%3—%X2—131X %)

Zp-rational p-adic systems: F[r] = P;/Q, with P,(x), Qr(x) € Zp[x] for all r € p
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. (m, ;) (inverse Collatz)



Examples: p-adic systems

f (p,r)-suitable < VkeN:Vm,n€r+pZy,: (m=n (p*) & f(m)=f(n) (p))
Zp-polynomial p-adic systems: F[r](x) € Zp[x] for all r € p

Fr] (p, r)-suitable < gcd(p, F[r]’(r)) =1

o (x)P, (x,3x+1)

. (7X3—4x2+x—6 3x7—x+1 X2+6x+2)
0(322+ 2x —4 x+5—x+23x+ x—H

) 11 )17 5
o(lx + x,5ix* —2+7,x + 3, —9x3 +12x+7,—5ix2+x+1)
where i2 = —1, j.e. i=...2431212 or i = ...2013233

o ([T°7 (x = i))” where p € P
Qp-polynomial p-adic systems: F[r](x) € Qp[x] for all r € p
F[r] (p, r)-suitable < F[r] (p, r)-suitable on a computable finite witness set

.(17 6+37 5 _ 15 X3 4 3x — 2, —25x5 +7X5 429X4 21 X3 + Bx2 Jr79X+19)

o (—Bx8 +x—2—28x +7X3+ x2+ X+ —2x* —%3—%X2—131X %)
Zp-rational p-adic systems: F[r] = P;/Q, with P,(x), Qr(x) € Zp[x] for all r € p
F[r] (p, r)-suitable < P, — (F[r](r) % p)Qr (p, r)-suitable (if p, Q,(r) coprime)
. (ﬁ, %) (inverse Collatz)

. <3x37x 1 2x—9 5x—7 —2x+l1 5x2+x>

x—5 7 7x—27 x—1"x2-2" x—3 ’ x2—6




Examples: p-digit tables with block property

Thue-Morse sequence: T =(0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,...)
Start with 0, successively append Boolean complement of

sequence obtained thus far
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Thue-Morse sequence: T =(0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,...)
Start with 0, successively append Boolean complement of
sequence obtained thus far
Set R := (0,1)- T[4,] = (0,1,1,0,0,1,1,0,0,1,0,1,1,0,...)
(T with modified beginning)



Examples: p-digit tables with block property

Thue-Morse sequence: T =(0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,...)
Start with 0, successively append Boolean complement of
sequence obtained thus far
Set R := (0,1)- T[4,] = (0,1,1,0,0,1,1,0,0,1,0,1,1,0,...)
(T with modified beginning)
S := 1-T[2,00] =(0,1,0,1,1,0,0,1,1,0,1,0,0,1,...)

(truncated Boolean complement of T)



Examples: p-digit tables with block property

Thue-Morse sequence: T =(0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,...)
Start with 0, successively append Boolean complement of
sequence obtained thus far
Set R := (0,1)- T[4,] = (0,1,1,0,0,1,1,0,0,1,0,1,1,0,...)
(T with modified beginning)
S := 1-T[2,00] =(0,1,0,1,1,0,0,1,1,0,1,0,0,1,...)

(truncated Boolean complement of T)

0|0 1 1 0|0 0 O

111 0 O 111 1 1

D, E the 2-digit tables: 2 (0 0 O 210 1 1
301 1 1 311 0 0

(R, S = concatenation 410 1 O 410 1 1
. 511 0 1 511 0 0

of column periods of 6|0 0 1 6/0 0 O
D, E) [ [
D|0 1 2 E|O 2




Examples: p-digit tables with block property
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Examples: p-adic permutations

p-permutation polynomial: f € Zp[x]
fi : Zp/P*Zp — 7,/ p*Z, bijective for all k € N (k=2)
x4 pKZy = F(x) + p¥Zp

f is a p-adic permutation < fi is the identity on Z,/pZp

For every p-adic system G there is a unique p-adic system F such that f = ¢ ¢
o f(x) =10x>—3x+4
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o f(x)=—-2x2+7x—6
F— (\/8x2—28;<+22+3+77 \/3(8X2*282X+22)+3+7>, G=(x,3x+1)
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and di,...,dy € pwith £ € N,
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“technical property 1" can be verified with a computable finite witness set
for Zp-polynomial p-adic systems

F[0](x) := 7x3 —4x> 4+ x—6

F[1](x) = 3x" —x+1

F[2](x) = 5x* +4x —1

F is a 3-adic system satisfying “technical property 1”

Sxttax—1 _ 7x3—4xP4x—6 | 7x3—4xP4x—6 _ 3x'—x+1 _
3 o 5 o s o 3 (n)=n

for a unique n € Z3
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Known periods on Z
Digit period (D(F¢)) ‘ Sequence period (S(F¢))

0 0
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1,1,0 —5,-7,—-10

1,1,1,1,0,1,1,1,0,0,0 | —17,—25, —37, —55, 82, —41, —61, —91, —136, —68, —34

Periods on Q

e Every ultimately periodic digit expansion comes from a rational number

e The rational number can be effectively computed from a given expansion
(1,0,0,1) — (11/7,20/7,10/7,5/7)

Open questions

e Do expansions of the integers admit other periods?

e Are there rational numbers that have aperiodic expansions?
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PerP(F): set of periodic points of F

Conjecture: If F is Zp-polynomial, A€Z, the product of the leading coefficients, then:
PerP(F) =QNZ, < Fis(QNZp)-linear polynomial, A € Z, |A| < pP

Theorem: If F = (ap + box,...,ap—1 + bp—1x) is (Q N Zp)-linear polynomial,
then PerP(F) CQNZp
Theorem: The conjecture holds if:
e F not (QNZp)-polynomial (any coefficient not in Q)
e all polynomials non-linear (all degrees > 2)
e Fis (Q N Zp)-polynomial
abs. of all leading coefficients > p for all linear polynomials
e F is Z-linear polynomial
abs. of all leading coefficients < p
Conjecture open for: o (x% 4+ x,x — 1)
o (x2000000 4 1)
e (1000001x, x — 1)
o ((pP+1)x,x,...,x)
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Mathematica!
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Theorem: If F = (a) + box, a] + bi1x) and G = (ay + box, a + b1x), then:

a,a/,—a/a,,+n((b0—2)3”—(b —2).;”)
me6(n) = A e, forallne Z

Corollary: If a}, aj, a)f,a}, bo, b1 € QN Zy, then
mF,6(QNZ2) = QN Zy and thus PerP(F) = QN Zy < PerP(G) = QN Z,
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Theorem: If F = (box,1+ bi1x) and G = (b1x, 1+ byx), then:
wF,g(n)"=" %})0—2) for all n € Zy (“=": small technical detail)

Corollary: If by, by € QN Zy, then
7F,c(QNZz) = QN Zy and thus PerP(F) = QN Z, <> PerP(G) = QN Zo
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Theorem: If F = (a) + box, a] + bi1x) and G = (ay + box, a + b1x), then:
agay’ —ajaf +n((bg—2)ay’ — (b1 —2)a}’)

mF,c(n) = (bo—2)a —(b1 ~2)2] for all n € Z»

Corollary: If a}, aj, a)f,a}, bo, b1 € QN Zy, then
mF,6(QNZ2) = QN Zy and thus PerP(F) = QN Zy < PerP(G) = QN Z,

The constant coefficients are irrelevant!

Theorem: If F = (box,1+ bi1x) and G = (b1x, 1+ byx), then:

wF,g(n)"=" %})0—2) for all n € Zy (“=": small technical detail)

Corollary: If by, by € QN Zy, then
7F,6(QNZz) = QN Zy and thus PerP(F) = QN Z, < PerP(G) = QN Z,

The order is irrelevant!
Open question: Also true for p > 37
Example: F; := (5x+4,—7x+19), F> = (5x,—7x+ 1),

F3 = (=7x,5x+ 1), Fy := (—=7x —12,5x + 3)

443 —149 —12—-9
Th.R(N) = G0 TR, R(n) = =570 7R, (n) = =550,
7r, R (1) = 7r R (n) 0 TR, R (n) 0 TRy Ry () = %



Applications of p-adic permutations: generalized Collatz conjecture

Theorem: If F = (a) + box, a] + bi1x) and G = (ay + box, a + b1x), then:

a,a/,—a/a,,+n((b0—2)3”—(b —2).;”)
me6(n) = A e, forallne Z

Corollary: If a}, aj, a)f,a}, bo, b1 € QN Zy, then
mF,6(QNZ2) = QN Zy and thus PerP(F) = QN Zy < PerP(G) = QN Z,

The constant coefficients are irrelevant!

Theorem: If F = (box,1+ bi1x) and G = (b1x, 1+ byx), then:
wF,g(n)"=" %})0—2) for all n € Zy (“=": small technical detail)

Corollary: If by, by € QN Zy, then
7F,6(QNZz) = QN Zy and thus PerP(F) = QN Z, < PerP(G) = QN Z,

The order is irrelevant!
Open question: Also true for p > 37
Example: F; := (5x+4,—7x+19), F> = (5x,—7x+ 1),

F3 = (=7x,5x+ 1), Fy := (—=7x —12,5x + 3)

__ 443n _ —149n _ —12—9n
mF,R(N) = 03 ' 7"’:27’:3(”) =3 7rF3,F4(”) = 9
7 F (1) = Ty 7y () 0 T, 7y (n) 0 TR Ry (n) = =570

. 156065447 I 847767822 —35—3m __
If'm = ‘ooserrs + M = —Gizesoers them —3r = nand

Fi(m) = (1,0,1,0) - (1,1,0,1,0,0,0,1)>
F4(n ) = (07 170» 1) : (0’07 170’ 17 17 1’0)00
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Fix p-adic system G and define group structure on set of all p-adic systems by:
F2 06 Fi(n) = mg,F (F2(7r,6(n)))
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Fix p-adic system G and define group structure on set of all p-adic systems by:
F2 06 Fi(n) = mg,F (F2(mr,6(n)))
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¥F (5) = (1,0,0) - (0,1)> = ¢hg(—13/3), hence 7f, ¢(5) = —13/3
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Fix p-adic system G and define group structure on set of all p-adic systems by:
F2 06 Fi(n) = 76 F (F2(7F,6(n)))
Example: G := (x,x—1), Fi := (x,3x+1), F> == (5x,x+1)
¥r (5) = (1,0,0) - (0,1)*° = ¢g(—13/3), hence 7r 6(5) = —13/3
F>(—13/3) = -5/3
¥6(—5/3) = (1,0) - (0,1)>° = ¢F, (7/3), hence 7,/ (—5/3) = 7/3



Applications of p-adic permutations: group structure on p-adic systems

Fix p-adic system G and define group structure on set of all p-adic systems by:
F2 06 Fi(n) = 76 F (F2(7F,6(n)))
Example: G := (x,x—1), Fi := (x,3x+1), F> == (5x,x+1)
¥r (5) = (1,0,0) - (0,1)*° = ¢g(—13/3), hence 7r 6(5) = —13/3
F>(—13/3) = -5/3
¥6(~5/3) = (1,0) - (0,1)> = v, (7/3), hence 76,7, (~5/3) = 7/3
Thus, F2 0¢ F1(5) =7/3



Applications of p-adic permutations: group structure on p-adic systems

Fix p-adic system G and define group structure on set of all p-adic systems by:
F2 06 Fi(n) = 76 F (F2(7F,6(n)))
Example: G := (x,x—1), Fi := (x,3x+1), F> == (5x,x+1)
¥ (5) = (1,0,0) - (0,1)% = 6(~13/3), hence 7, 6(5) = —13/3
F>(—13/3) = -5/3
¥6(~5/3) = (1,0) - (0,1)> = v, (7/3), hence 76,7, (~5/3) = 7/3
Thus, F2 0¢ F1(5) =7/3

More examples of p-adic systems!
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Definition: Tree of cycles (G(m), c(7)) of p-adic permutation m by example
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Applications of p-adic permutations: tree of cycles

Definition: Tree of cycles (G(m), c(7)) of p-adic permutation m by example

T 1= T(x,3x+1),(5x+18,x—7)

Z(mo) = (0)



Applications of p-adic permutations: tree of cycles

Definition: Tree of cycles (G(m), c(7)) of p-adic permutation m by example

T 1= T(x,3x+1),(5x+18,x—7)

Z(mo) = (0)
(m): (0), (1)



Applications of p-adic permutations: tree of cycles

Definition: Tree of cycles (G(m), c(7)) of p-adic permutation m by example

T 1= T(x,3x+1),(5x+18,x—7)
(mo) = (0)

(m): (0), (1)
2(772): (072)7 (173)



Applications of p-adic permutations: tree of cycles

Definition: Tree of cycles (G(m), c(7)) of p-adic permutation m by example

T 1= T(x,3x+1),(5x+18,x—7)

X(mo) : (0)

X(m): (0), (1)

2(71'2) : (072)7 (173)

2(7'('3)3 (072347 6)7 (177)7 (573)



Applications of p-adic permutations: tree of cycles

Definition: Tree of cycles (G(m), c(7)) of p-adic permutation m by example

T 1= T(x,3x+1),(5x+18,x—7)

X(mo): (0)

X(m): (0), (1)

(m): (0,2), (1,3)

(m): (0,2,4,6), (1,7), (5,3)

Y(m): (0,10,4,14), (8,2,12,6), (1,15,9,7), (5,11), (13,3)
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Definition: Tree of cycles (G(m), c(7)) of p-adic permutation m by example
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Applications of p-adic permutations: tree of cycles

Definition: Tree of cycles (G(m), c(7)) of p-adic permutation m by example

T 1= T(x,3x+1),(5x+18,x—7)

(mo) = (0)

(m): (0), (1)

2(71'2) : (072)7 (173)

¥(m3): (0,2,4,6), (1,7), (5,3)

¥(ms): (0,10,4,14), (8,2,12,6), (1,15,9,7), (5,11), (13,3)

¥(ms): (0,26,4,14,16,10,20,30), (8,2,28,22,24,18,12,6), (1,31,25,23),

(17,15,9,7), (5,11), (21,27), (13,3,29,19)

(m = 7"(—5x—3,5x+1,—x+5),(—4x+3,—x+1,_2x+4))



Applications of p-adic permutations: tree of cycles
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Theorem: G() is a directed, infinite, rooted tree with root (0, (0)).
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[0]
[0]
Q
[o] [8]
[o] (o] [2] [20] [8]

] [3] ] 2] @ 9 [E]

[0 [° ][=0[i98][36 A7) = ][ 2 |[32 |[tos][28 |[:20][t36][55] [ 2 |[rio][25 |[20][ & |[zo][89]

Theorem: G() is a directed, infinite, rooted tree with root (0, (0)). The out-degrees
of all vertices are contained in {1,...,p} and the out-degree of the root is p. The
cycle decomposition of 7y is given by the k-th layer of G(7) (vertices of distance k
from the root). c(7) defines an edge labeling of G(7). The labels of all outgoing
edges of a given vertex sum up to p and all edges going out of the root are labeled 1.



Applications of p-adic permutations: tree of cycles

[0]
[0]
Q
[o] [8]
[o] (o] [2] [20] [8]

] [3] ] 2] @ 9 [E]

[0 [° ][=0[i98][36 A7) = ][ 2 |[32 |[tos][28 |[:20][t36][55] [ 2 |[rio][25 |[20][ & |[zo][89]

Theorem: G() is a directed, infinite, rooted tree with root (0, (0)). The out-degrees
of all vertices are contained in {1,...,p} and the out-degree of the root is p. The
cycle decomposition of 7y is given by the k-th layer of G(7) (vertices of distance k
from the root). c(7) defines an edge labeling of G(7). The labels of all outgoing
edges of a given vertex sum up to p and all edges going out of the root are labeled 1.
For every vertex of G() the length of the represented cycle coincides with the product
of all edge labels along the unique path connecting the vertex with the root.
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Theorem: If an edge labeled tree (G, c) satisfies the properties of the previous theorem,
then (G, ¢) = (G(r), c(w)) for some p-adic permutation 7
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Theorem: If an edge labeled tree (G, c) satisfies the properties of the previous theorem,
then (G, ¢) = (G(r), c(w)) for some p-adic permutation 7
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Applications of p-adic permutations: tree of cycles

Theorem: If an edge labeled tree (G, c) satisfies the properties of the previous theorem,
then (G, ¢) = (G(r), c(w)) for some p-adic permutation 7

000000000011111111112222222
012345678901234567890123456
012012012012012012012012012
000111222000111222000111222

DO - - -

| |
\ \ ...
[ [ R
! ! 0| 010
| 000000000111111111222222222 | 1101
1 ] 3|20
1|120
; S|
| | 7|110
z 5 o|om
10| 102
‘ 0Bl
6 — 13|21
7 12202
8 15| 002
| 16| 112
17| 221
9 001 11222 0 001112220 %3 %
10 |1 2 0 120 20 2
11 00 o0  21|022
12 1k EE 1221 33(38%
130 1 1 2 2 0 o11220 23| f80
14 0 0 %|222
15 1 1
16 2
|

2
I 010001100121112221202220012

F(27)%9 = (1,0,1,5,5,0,0,1,5,7,3,7,2,2,3,3,4,2,4,6,4,8,8,6,6,7,8)
(g7 C) = (g(ﬂ—F,(x,x,x))z C(’”’F,(x,x,x)))



Applications of p-adic permutations: tree of cycles

Theorem:
S = {isom. class of T | F, G Zp-polynomial p-adic systems
T full k-layer rooted subtree of (G(r,c), c(7F,c))}
Tok = {isom. class of T | F, G Zp-polynomial p-adic systems
T full k-layer rooted subtree of (G(7r ), c(7F,G))
lo| > 1 for root (¢,0) of T}
Up i = {isom. class of T | f € Zp[x] p-permutation polynomial
T full k-layer rooted subtree of (G(f), c(f))}
Vo = {isom. class of T | f € Zp[x] p-permutation polynomial

T full k-layer rooted subtree of (G(f), c(f))
|o| > 1 for root (¢,0) of T}



Theorem:

S = {isom.
Tok = {isom.
Upk = {isom.
Vok = {isom.
Then,

|52,2 | =5

| T2 =5
[U22| =5
[Voo| =3

Applications of p-adic permutations: tree of cycles

class of T | F, G Zp-polynomial p-adic systems
T full k-layer rooted subtree of (G(7F ¢), C(ﬂ’[:’c))}
class of T | F, G Zp-polynomial p-adic systems
T full k-layer rooted subtree of (G(7r ), c(7F,G))
lo| > 1 for root (¢,0) of T}
class of T | f € Zp[x] p-permutation polynomial
T full k-layer rooted subtree of (G(f), c(f))}
class of T | f € Zp[x] p-permutation polynomial
T full k-layer rooted subtree of (G(f), c(f))
|o| > 1 for root (¢,0) of T}
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|Tos| = 12 | Taa| = 50
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|Vaos| =5 Vol =7
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Corollary: There are p-adic permutation polynomials that cannot be realized

by Zp-polynomial p-adic systems and vice versa

Corollary (“No Y property”):

3-2

[ I==]=]

Consequence: (G(7), c(m)) for m 1= (7, 311, (x—6,5x+9) completely described!
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Thank you!



