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Definitions

p-fibred function: piecewise function on Zp , branches for all residue classes mod p

F : Zp → Zp

n 7→


F [0 ](n) − F [0 ](n) % p

p
if n ≡ 0 mod p
...

F [p−1](n) − F [p−1](n) % p
p

if n ≡ p − 1 mod p

where

• 2 ≤ p ∈ N (not necessarily prime)
• F [0], . . . ,F [p − 1] : Zp → Zp

Notation: write F = (F [0], . . . ,F [p − 1])

Example: FC = (x , 3x + 1)

Apply FC iteratively: 17
FC−→ 26

FC−→ 13
FC−→ 20

FC−→ 10
FC−→ 5

FC−→ 8
FC−→ 4

FC−→ 2
FC−→ 1

FC−→ 2
FC−→ 1

FC−→ . . .

Collatz conjecture: All orbits of n ∈ N under FC end up in the cycle (1, 2)

Notation: S (FC )[17] = (17, 26, 13, 20, 10, . . .): FC -sequence of 17

D(FC )[17] = (1 , 0 , 1 , 0 , 0 , . . .): FC -(digit) expansion of 17
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Definitions

What do FC = (x , 3x + 1) and F2 = (x , x − 1) have in common?

Tables of sequences:

1 1 0 0 0 · · ·
2 2 1 0 0 · · ·
3 3 1 0 0 · · ·
4 4 2 1 0 · · ·
5 5 2 1 0 · · ·
6 6 3 1 0 · · ·
7 7 3 1 0 · · ·
8 8 4 2 1 · · ·
9 9 4 2 1 · · ·

10 10 5 2 1 · · ·
11 11 5 2 1 · · ·
12 12 6 3 1 · · ·
13 13 6 3 1 · · ·
14 14 7 3 1 · · ·
15 15 7 3 1 · · ·
16 16 8 4 2 · · ·

...
...

...
...

...
. . .

S(F2) 0 1 2 3 · · ·

1 1 2 1 2 · · ·
2 2 1 2 1 · · ·
3 3 5 8 4 · · ·
4 4 2 1 2 · · ·
5 5 8 4 2 · · ·
6 6 3 5 8 · · ·
7 7 11 17 26 · · ·
8 8 4 2 1 · · ·
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p-fibred function: • piecewise function on Zp

• branches for all residue classes mod p
p-adic system: • block property
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Three and a half interpretations

p-adic systems

F = (F [0], . . . , F [p − 1]) (p-fibred function)

m ≡ n mod pk ⇔ F [r ](m) ≡ F [r ](n) mod pk

for all k ∈ N and m, n ∈ r + pZp

(⇔ F [r ] (p, r)-suitable for all r)

F = (x, 3x + 1)

ordinary functions with block property

f : Zp → Zp

m ≡ n mod pk ⇔ f (m) ≡ f (n) mod pk−1

for all k ∈ N and m, n ∈ Zp with m ≡ n mod p

f =
(
x even ? x

2 : 3x+1
2

)
p-digit tables with block property

D ∈ pZp×Nz (x := {0, . . . , x − 1})

D[n][0] = n % p

m ≡ n mod pk ⇔ D[m][k] = D[n][k]

for all k ∈ N and m, n ∈ Zp

1 1 0 1 0 1 0 1 0 · · ·

2 0 1 0 1 0 1 0 1 · · ·

3 1 1 0 0 0 1 0 1 · · ·
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.
.
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.
.
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.
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. . .

D 0 1 2 3 4 5 6 7 · · ·

p-adic permutations

π : Zp → Zp

π(n) ≡ n mod p

m ≡ n mod pk ⇔ π(m) ≡ π(n) mod pk

for all k ∈ N and m, n ∈ Zp

ψF : Zp → pN0 , ψF (n) = D(F )[n] (bijective)

πF,G := ψG
−1 ◦ ψF

π := π(x,3x+1),(x,x−1):

π(0) = 0, π(1) = −1/3, π(2) = −2/3

π(17) = −401/3, π(−19/9) = 17,

π(−23/31) = 975575385/8388607
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Examples: p-adic systems

f (p, r)-suitable ⇔ ∀ k ∈ N : ∀m, n ∈ r+pZp :
(
m ≡ n (pk )⇔ f (m) ≡ f (n) (pk )

)

Zp-polynomial p-adic systems: F [r ](x) ∈ Zp [x] for all r ∈ p

F [r ] (p, r)-suitable ⇔ gcd (p,F [r ]′(r)) = 1

• (x)p , (x , 3x + 1)

•
(
7x3 − 4x2 + x − 6, 3x7 − x + 1, x2 + 6x + 2

)
•
(

32
7
x2 + 5

3
x − 4, 13

11
x + 5, 1

17
x + 2, 3x2 + 7

19
x − 14

5

)
•
(
ix2 + x , 5ix4 − 2 + 7, x + 3,−9x3 + 12x + 7,−5ix2 + x + 1

)
where i2 = −1, i.e. i = . . . 2431212 or i = . . . 2013233

•
(∏p−1

i=0 (x − i)
)p

where p ∈ P

Qp-polynomial p-adic systems: F [r ](x) ∈ Qp [x] for all r ∈ p

F [r ] (p, r)-suitable ⇔ F [r ] (p, r)-suitable on a computable finite witness set

•
(

17
4
x6 + 37

16
x5 − 15

4
x3 + 3x − 2,−25x6 + 7

4
x5 − 49

2
x4 − 21

2
x3 + 5x2 + 79

4
x + 19

2

)
•
(
− 23

27
x3 + x − 2,−28x4 + 7

9
x3 + 29

3
x2 + 4

3
x + 11

9
,−2x4 − 29

9
x3 − 5

3
x2 − 11

3
x − 2

9

)
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F [r ] (p, r)-suitable ⇔ Pr − (F [r ](r) % p)Qr (p, r)-suitable (if p, Qr (r) coprime)

•
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1
3x+1

, 1
x

)
(inverse Collatz)

•
(

3x3−x
x−5

, 1
7x−2

, 2x−9
x−1

, 5x−7
x2−2

, −2x+1
x−3

, 5x2+x
x2−6

)
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Examples: p-digit tables with block property

Thue-Morse sequence: T = (0, 1, 1, 0, 1, 0, 0, 1, 1, 0, 0, 1, 0, 1, 1, 0, . . .)

Start with 0, successively append Boolean complement of

sequence obtained thus far

Set R := (0, 1) · T [4,∞] = (0, 1, 1, 0, 0, 1, 1, 0, 0, 1, 0, 1, 1, 0, . . .)

(T with modified beginning)

S := 1− T [2,∞] = (0, 1, 0, 1, 1, 0, 0, 1, 1, 0, 1, 0, 0, 1, . . .)

(truncated Boolean complement of T )

D, E the 2-digit tables:

(R, S = concatenation

of column periods of

D, E)

0 0 1 1 · · ·

1 1 0 0 · · ·

2 0 0 0 · · ·

3 1 1 1 · · ·

4 0 1 0 · · ·

5 1 0 1 · · ·

6 0 0 1 · · ·

7 1 1 0 · · ·
...

...
...

...
. . .

D 0 1 2 · · ·

0 0 0 0 · · ·

1 1 1 1 · · ·

2 0 1 1 · · ·

3 1 0 0 · · ·

4 0 1 1 · · ·

5 1 0 0 · · ·

6 0 0 0 · · ·

7 1 1 1 · · ·
...

...
...

...
. . .

E 0 1 2 · · ·

D, E have the block property

D = D(F ) for F := (x + 6− 2(x % 8), x + 3− 2(x % 8) + 2(x % 4))

E = D(G) for G := (x , x + 3− 2(x % 4))
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Examples: p-adic permutations

p-permutation polynomial: f ∈ Zp [x]

fk : Zp/p
kZp → Zp/p

kZp bijective for all k ∈ N (k =2)

x + pkZp 7→ f (x) + pkZp

f is a p-adic permutation ⇔ f1 is the identity on Zp/pZp

For every p-adic system G there is a unique p-adic system F such that f = πF ,G

• f (x) = 10x2 − 3x + 4

F =

(√
200x2−60x−71+3

10
,

√
200x2−60x−91+3

10

)
, G = (x , x)

• f (x) = −2x2 + 7x − 6

F =

(√
8x2−28x+25+7

2
,

√
8x2−28x+29+7

2

)
, G = (x , x)

• f (x) = −2x2 + 7x − 6

F =

(√
8x2−28x+22+3+7

2
,

√
3(8x2−28x+22)+3+7

2

)
, G = (x , 3x + 1)
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Applications of p-adic systems: generalizing Hensel’s Lemma

Theorem: If f : Zp → Zp is (p, r)-suitable and f (n) ≡ 0 mod p for all n ≡ r mod p,

then f has a unique root z ∈ Zp with z ≡ r mod p

Corollary: If P ∈ Zp [x] with P(r) ≡ 0 mod p and gcd (p,P′(r)) = 1,

then P has a unique root z ∈ Zp with z ≡ r mod p (Hensel’s Lemma)

Theorem: If F is a p-adic system satisfying “technical property 1”,

and d1, . . . , d` ∈ p with ` ∈ N,

then F [d`]
p
◦ · · · ◦ F [d1]

p
has a unique fixed point in Zp

Theorem: “technical property 1” can be verified with a computable finite witness set

for Zp-polynomial p-adic systems

Example: F [0](x) := 7x3 − 4x2 + x − 6

F [1](x) := 3x7 − x + 1

F [2](x) := 5x4 + 4x − 1

F is a 3-adic system satisfying “technical property 1”

5x4+4x−1
3

◦ 7x3−4x2+x−6
3

◦ 7x3−4x2+x−6
3

◦ 3x7−x+1
3

(n) = n

for a unique n ∈ Z3



Applications of p-adic systems: generalizing Hensel’s Lemma

Theorem: If f : Zp → Zp is (p, r)-suitable and f (n) ≡ 0 mod p for all n ≡ r mod p,

then f has a unique root z ∈ Zp with z ≡ r mod p

Corollary: If P ∈ Zp [x] with P(r) ≡ 0 mod p and gcd (p,P′(r)) = 1,

then P has a unique root z ∈ Zp with z ≡ r mod p (Hensel’s Lemma)

Theorem: If F is a p-adic system satisfying “technical property 1”,

and d1, . . . , d` ∈ p with ` ∈ N,

then F [d`]
p
◦ · · · ◦ F [d1]

p
has a unique fixed point in Zp

Theorem: “technical property 1” can be verified with a computable finite witness set

for Zp-polynomial p-adic systems

Example: F [0](x) := 7x3 − 4x2 + x − 6

F [1](x) := 3x7 − x + 1

F [2](x) := 5x4 + 4x − 1

F is a 3-adic system satisfying “technical property 1”

5x4+4x−1
3

◦ 7x3−4x2+x−6
3

◦ 7x3−4x2+x−6
3

◦ 3x7−x+1
3

(n) = n

for a unique n ∈ Z3



Applications of p-adic systems: generalizing Hensel’s Lemma

Theorem: If f : Zp → Zp is (p, r)-suitable and f (n) ≡ 0 mod p for all n ≡ r mod p,

then f has a unique root z ∈ Zp with z ≡ r mod p

Corollary: If P ∈ Zp [x] with P(r) ≡ 0 mod p and gcd (p,P′(r)) = 1,

then P has a unique root z ∈ Zp with z ≡ r mod p (Hensel’s Lemma)

Theorem: If F is a p-adic system satisfying “technical property 1”,

and d1, . . . , d` ∈ p with ` ∈ N,

then F [d`]
p
◦ · · · ◦ F [d1]

p
has a unique fixed point in Zp

Theorem: “technical property 1” can be verified with a computable finite witness set

for Zp-polynomial p-adic systems

Example: F [0](x) := 7x3 − 4x2 + x − 6

F [1](x) := 3x7 − x + 1

F [2](x) := 5x4 + 4x − 1

F is a 3-adic system satisfying “technical property 1”

5x4+4x−1
3

◦ 7x3−4x2+x−6
3

◦ 7x3−4x2+x−6
3

◦ 3x7−x+1
3

(n) = n

for a unique n ∈ Z3



Applications of p-adic systems: generalizing Hensel’s Lemma

Theorem: If f : Zp → Zp is (p, r)-suitable and f (n) ≡ 0 mod p for all n ≡ r mod p,

then f has a unique root z ∈ Zp with z ≡ r mod p

Corollary: If P ∈ Zp [x] with P(r) ≡ 0 mod p and gcd (p,P′(r)) = 1,

then P has a unique root z ∈ Zp with z ≡ r mod p (Hensel’s Lemma)

Theorem: If F is a p-adic system satisfying “technical property 1”,

and d1, . . . , d` ∈ p with ` ∈ N,

then F [d`]
p
◦ · · · ◦ F [d1]

p
has a unique fixed point in Zp

Theorem: “technical property 1” can be verified with a computable finite witness set

for Zp-polynomial p-adic systems

Example: F [0](x) := 7x3 − 4x2 + x − 6

F [1](x) := 3x7 − x + 1

F [2](x) := 5x4 + 4x − 1

F is a 3-adic system satisfying “technical property 1”

5x4+4x−1
3

◦ 7x3−4x2+x−6
3

◦ 7x3−4x2+x−6
3

◦ 3x7−x+1
3

(n) = n

for a unique n ∈ Z3



Applications of p-adic systems: generalizing Hensel’s Lemma

Theorem: If f : Zp → Zp is (p, r)-suitable and f (n) ≡ 0 mod p for all n ≡ r mod p,

then f has a unique root z ∈ Zp with z ≡ r mod p

Corollary: If P ∈ Zp [x] with P(r) ≡ 0 mod p and gcd (p,P′(r)) = 1,

then P has a unique root z ∈ Zp with z ≡ r mod p (Hensel’s Lemma)

Theorem: If F is a p-adic system satisfying “technical property 1”,

and d1, . . . , d` ∈ p with ` ∈ N,

then F [d`]
p
◦ · · · ◦ F [d1]

p
has a unique fixed point in Zp

Theorem: “technical property 1” can be verified with a computable finite witness set

for Zp-polynomial p-adic systems

Example: F [0](x) := 7x3 − 4x2 + x − 6

F [1](x) := 3x7 − x + 1

F [2](x) := 5x4 + 4x − 1

F is a 3-adic system satisfying “technical property 1”

5x4+4x−1
3

◦ 7x3−4x2+x−6
3

◦ 7x3−4x2+x−6
3

◦ 3x7−x+1
3

(n) = n

for a unique n ∈ Z3



Applications of p-adic systems: generalizing Hensel’s Lemma

Theorem: If f : Zp → Zp is (p, r)-suitable and f (n) ≡ 0 mod p for all n ≡ r mod p,

then f has a unique root z ∈ Zp with z ≡ r mod p

Corollary: If P ∈ Zp [x] with P(r) ≡ 0 mod p and gcd (p,P′(r)) = 1,

then P has a unique root z ∈ Zp with z ≡ r mod p (Hensel’s Lemma)

Theorem: If F is a p-adic system satisfying “technical property 1”,

and d1, . . . , d` ∈ p with ` ∈ N,

then F [d`]
p
◦ · · · ◦ F [d1]

p
has a unique fixed point in Zp

Theorem: “technical property 1” can be verified with a computable finite witness set

for Zp-polynomial p-adic systems

Example: F [0](x) := 7x3 − 4x2 + x − 6

F [1](x) := 3x7 − x + 1

F [2](x) := 5x4 + 4x − 1

F is a 3-adic system satisfying “technical property 1”

5x4+4x−1
3

◦ 7x3−4x2+x−6
3

◦ 7x3−4x2+x−6
3

◦ 3x7−x+1
3

(n) = n

for a unique n ∈ Z3



Applications of p-adic systems: generalizing Hensel’s Lemma

Theorem: If f : Zp → Zp is (p, r)-suitable and f (n) ≡ 0 mod p for all n ≡ r mod p,

then f has a unique root z ∈ Zp with z ≡ r mod p

Corollary: If P ∈ Zp [x] with P(r) ≡ 0 mod p and gcd (p,P′(r)) = 1,

then P has a unique root z ∈ Zp with z ≡ r mod p (Hensel’s Lemma)

Theorem: If F is a p-adic system satisfying “technical property 1”,

and d1, . . . , d` ∈ p with ` ∈ N,

then F [d`]
p
◦ · · · ◦ F [d1]

p
has a unique fixed point in Zp

Theorem: “technical property 1” can be verified with a computable finite witness set

for Zp-polynomial p-adic systems

Example: F [0](x) := 7x3 − 4x2 + x − 6

F [1](x) := 3x7 − x + 1

F [2](x) := 5x4 + 4x − 1

F is a 3-adic system satisfying “technical property 1”

5x4+4x−1
3

◦ 7x3−4x2+x−6
3

◦ 7x3−4x2+x−6
3

◦ 3x7−x+1
3

(n) = n

for a unique n ∈ Z3



Applications of p-adic systems: generalizing Hensel’s Lemma

Theorem: If f : Zp → Zp is (p, r)-suitable and f (n) ≡ 0 mod p for all n ≡ r mod p,

then f has a unique root z ∈ Zp with z ≡ r mod p

Corollary: If P ∈ Zp [x] with P(r) ≡ 0 mod p and gcd (p,P′(r)) = 1,

then P has a unique root z ∈ Zp with z ≡ r mod p (Hensel’s Lemma)

Theorem: If F is a p-adic system satisfying “technical property 1”,

and d1, . . . , d` ∈ p with ` ∈ N,

then F [d`]
p
◦ · · · ◦ F [d1]

p
has a unique fixed point in Zp

Theorem: “technical property 1” can be verified with a computable finite witness set

for Zp-polynomial p-adic systems

Example: F [0](x) := 7x3 − 4x2 + x − 6

F [1](x) := 3x7 − x + 1

F [2](x) := 5x4 + 4x − 1

F is a 3-adic system satisfying “technical property 1”

5x4+4x−1
3

◦ 7x3−4x2+x−6
3

◦ 7x3−4x2+x−6
3

◦ 3x7−x+1
3

(n) = n

for a unique n ∈ Z3



Applications of p-adic systems: generalizing Hensel’s Lemma

Theorem: If f : Zp → Zp is (p, r)-suitable and f (n) ≡ 0 mod p for all n ≡ r mod p,

then f has a unique root z ∈ Zp with z ≡ r mod p

Corollary: If P ∈ Zp [x] with P(r) ≡ 0 mod p and gcd (p,P′(r)) = 1,

then P has a unique root z ∈ Zp with z ≡ r mod p (Hensel’s Lemma)

Theorem: If F is a p-adic system satisfying “technical property 1”,

and d1, . . . , d` ∈ p with ` ∈ N,

then F [d`]
p
◦ · · · ◦ F [d1]

p
has a unique fixed point in Zp

Theorem: “technical property 1” can be verified with a computable finite witness set

for Zp-polynomial p-adic systems

Example: F [0](x) := 7x3 − 4x2 + x − 6

F [1](x) := 3x7 − x + 1

F [2](x) := 5x4 + 4x − 1

F is a 3-adic system satisfying “technical property 1”

5x4+4x−1
3

◦ 7x3−4x2+x−6
3

◦ 7x3−4x2+x−6
3

◦ 3x7−x+1
3

(n) = n

for a unique n ∈ Z3



Applications of p-adic systems: generalizing Hensel’s Lemma

Theorem: If f : Zp → Zp is (p, r)-suitable and f (n) ≡ 0 mod p for all n ≡ r mod p,

then f has a unique root z ∈ Zp with z ≡ r mod p

Corollary: If P ∈ Zp [x] with P(r) ≡ 0 mod p and gcd (p,P′(r)) = 1,

then P has a unique root z ∈ Zp with z ≡ r mod p (Hensel’s Lemma)

Theorem: If F is a p-adic system satisfying “technical property 1”,

and d1, . . . , d` ∈ p with ` ∈ N,

then F [d`]
p
◦ · · · ◦ F [d1]

p
has a unique fixed point in Zp

Theorem: “technical property 1” can be verified with a computable finite witness set

for Zp-polynomial p-adic systems

Example: F [0](x) := 7x3 − 4x2 + x − 6

F [1](x) := 3x7 − x + 1

F [2](x) := 5x4 + 4x − 1

F is a 3-adic system satisfying “technical property 1”

5x4+4x−1
3

◦ 7x3−4x2+x−6
3

◦ 7x3−4x2+x−6
3

◦ 3x7−x+1
3

(n) = n

for a unique n ∈ Z3



Applications of p-adic systems: generalizing Hensel’s Lemma

Theorem: If f : Zp → Zp is (p, r)-suitable and f (n) ≡ 0 mod p for all n ≡ r mod p,

then f has a unique root z ∈ Zp with z ≡ r mod p

Corollary: If P ∈ Zp [x] with P(r) ≡ 0 mod p and gcd (p,P′(r)) = 1,

then P has a unique root z ∈ Zp with z ≡ r mod p (Hensel’s Lemma)

Theorem: If F is a p-adic system satisfying “technical property 1”,

and d1, . . . , d` ∈ p with ` ∈ N,

then F [d`]
p
◦ · · · ◦ F [d1]

p
has a unique fixed point in Zp

Theorem: “technical property 1” can be verified with a computable finite witness set

for Zp-polynomial p-adic systems

Example: F [0](x) := 7x3 − 4x2 + x − 6

F [1](x) := 3x7 − x + 1

F [2](x) := 5x4 + 4x − 1

F is a 3-adic system satisfying “technical property 1”

5x4+4x−1
3

◦ 7x3−4x2+x−6
3

◦ 7x3−4x2+x−6
3

◦ 3x7−x+1
3

(n) = n

for a unique n ∈ Z3



Applications of p-adic systems: generalizing the Collatz conjecture

FC = (x , 3x + 1)

Known periods on Z
Digit period (D(FC )) Sequence period (S(FC ))

0
1, 0
1
1, 1, 0
1, 1, 1, 1, 0, 1, 1, 1, 0, 0, 0

0
1, 2
−1
−5,−7,−10
−17,−25,−37,−55,−82,−41,−61,−91,−136,−68,−34

Periods on Q
• Every ultimately periodic digit expansion comes from a rational number

• The rational number can be effectively computed from a given expansion

(1, 0, 0, 1) −→ (11/7, 20/7, 10/7, 5/7)

Open questions

• Do expansions of the integers admit other periods?

• Are there rational numbers that have aperiodic expansions?
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Applications of p-adic systems: generalizing the Collatz conjecture

Definition: n∈Zp periodic point of p-adic system F : D(F )[n] ultimately periodic

(⇔ S(F )[n] ultimately periodic)

PerP(F ): set of periodic points of F

Conjecture: If F is Zp-polynomial, A∈Zp the product of the leading coefficients, then:

PerP(F ) = Q∩Zp ⇔ F is (Q∩Zp)-linear polynomial, A ∈ Z, |A| < pp

Theorem: If F = (a0 + b0x , . . . , ap−1 + bp−1x) is (Q ∩ Zp)-linear polynomial,

then PerP(F ) ⊆ Q ∩ Zp

Theorem: The conjecture holds if:

• F not (Q ∩ Zp)-polynomial (any coefficient not in Q)

• all polynomials non-linear (all degrees ≥ 2)

• F is (Q ∩ Zp)-polynomial

abs. of all leading coefficients > p for all linear polynomials

• F is Z-linear polynomial

abs. of all leading coefficients < p

Conjecture open for: • (x2 + x , x − 1)

• (x2000000 + x , x − 1)

• (1000001x , x − 1)

• ((p + 1)x , x , . . . , x)
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Applications of p-adic permutations: generalized Collatz conjecture

Mathematica!



Applications of p-adic permutations: generalized Collatz conjecture

Theorem: If F = (a′0 + b0x , a′1 + b1x) and G = (a′′0 + b0x , a′′1 + b1x), then:

πF ,G (n) =
a′0a
′′
1 −a′1a

′′
0 +n((b0−2)a′′1 −(b1−2)a′′0 )

(b0−2)a′1−(b1−2)a′0
for all n ∈ Z2

Corollary: If a′0, a
′
1, a
′′
0 , a
′′
1 , b0, b1 ∈ Q ∩ Z2, then

πF ,G (Q ∩ Z2) = Q ∩ Z2 and thus PerP(F ) = Q ∩ Z2 ⇔ PerP(G) = Q ∩ Z2

The constant coefficients are irrelevant!

Theorem: If F = (b0x , 1 + b1x) and G = (b1x , 1 + b0x), then:

πF ,G (n)“=” 1+n(b1−2)
2−b0

for all n ∈ Z2 (“=”: small technical detail)

Corollary: If b0, b1 ∈ Q ∩ Z2, then
πF ,G (Q ∩ Z2) = Q ∩ Z2 and thus PerP(F ) = Q ∩ Z2 ⇔ PerP(G) = Q ∩ Z2

The order is irrelevant!

Open question: Also true for p ≥ 3?

Example: F1 := (5x + 4,−7x + 19), F2 := (5x ,−7x + 1),
F3 := (−7x , 5x + 1), F4 := (−7x − 12, 5x + 3)

πF1,F2
(n) = 4+3n

93
, πF2,F3

(n) = −1+9n
3

, πF3,F4
(n) = −12−9n

9
,

πF1,F4
(n) = πF3,F4

(n) ◦ πF2,F3
(n) ◦ πF1,F2

(n) = −35−3n
31

If m := 156065447
59288775

, n := − 847767822
612650675

, then −35−3m
31

= n and

F1(m) = (1, 0, 1, 0) · (1, 1, 0, 1, 0, 0, 0, 1)∞

F4(n ) = (0, 1, 0, 1) · (0, 0, 1, 0, 1, 1, 1, 0)∞
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Applications of p-adic permutations: group structure on p-adic systems

Fix p-adic system G and define group structure on set of all p-adic systems by:

F2 ◦G F1(n) = πG ,F1
(F2(πF1,G (n)))

Example: G := (x , x − 1), F1 := (x , 3x + 1), F2 := (5x , x + 1)

ψF1
(5) = (1, 0, 0) · (0, 1)∞ = ψG (−13/3), hence πF1,G (5) = −13/3

F2(−13/3) = −5/3

ψG (−5/3) = (1, 0) · (0, 1)∞ = ψF1
(7/3), hence πG ,F1

(−5/3) = 7/3

Thus, F2 ◦G F1(5) = 7/3

More examples of p-adic systems!
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Applications of p-adic permutations: tree of cycles

Definition: Tree of cycles (G(π), c(π)) of p-adic permutation π by example
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Theorem: G(π) is a directed, infinite, rooted tree with root (0, (0)).

The out-degrees
of all vertices are contained in {1, . . . , p} and the out-degree of the root is p. The
cycle decomposition of πk is given by the k-th layer of G(π) (vertices of distance k
from the root). c(π) defines an edge labeling of G(π). The labels of all outgoing
edges of a given vertex sum up to p and all edges going out of the root are labeled 1.
For every vertex of G(π) the length of the represented cycle coincides with the product
of all edge labels along the unique path connecting the vertex with the root.
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Theorem: If an edge labeled tree (G, c) satisfies the properties of the previous theorem,

then (G, c) = (G(π), c(π)) for some p-adic permutation π
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F (27) % 9 = (1, 0, 1, 5, 5, 0, 0, 1, 5, 7, 3, 7, 2, 2, 3, 3, 4, 2, 4, 6, 4, 8, 8, 6, 6, 7, 8)

(G, c) = (G(πF ,(x,x,x)), c(πF ,(x,x,x)))
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F (27) % 9 = (1, 0, 1, 5, 5, 0, 0, 1, 5, 7, 3, 7, 2, 2, 3, 3, 4, 2, 4, 6, 4, 8, 8, 6, 6, 7, 8)

(G, c) = (G(πF ,(x,x,x)), c(πF ,(x,x,x)))



Applications of p-adic permutations: tree of cycles

Theorem:

Sp,k :=
{

isom. class of T | F ,G Zp-polynomial p-adic systems

T full k-layer rooted subtree of (G(πF ,G ), c(πF ,G ))
}

Tp,k :=
{

isom. class of T | F ,G Zp-polynomial p-adic systems

T full k-layer rooted subtree of (G(πF ,G ), c(πF ,G ))

|σ| > 1 for root (`, σ) of T
}

Up,k :=
{

isom. class of T | f ∈ Zp [x] p-permutation polynomial

T full k-layer rooted subtree of (G(f ), c(f ))
}

Vp,k :=
{

isom. class of T | f ∈ Zp [x] p-permutation polynomial

T full k-layer rooted subtree of (G(f ), c(f ))

|σ| > 1 for root (`, σ) of T
}

Then,

|S2,2 | = 5 |S2,3 | = 20 |S2,4 | = 71

|T2,2| = 5 |T2,3| = 12 |T2,4| = 50

|U2,2| = 5 |U2,3| = 18 |U2,4| = 83

|V2,2| = 3 |V2,3| = 5 |V2,4| = 7

Sets on next slide
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Applications of p-adic permutations: tree of cycles

2-1 2-2 2-3 2-4 2-5 3-1 3-2 3-3 3-4 3-5 3-6 3-7 3-8 3-9 3-10 3-11 3-12

3-13 3-14 3-15 3-16 3-17 3-18 3-19 3-20 4-1 4-2 4-3 4-4 4-5 4-6 4-7 4-8 4-9

4-10 4-11 4-12 4-13 4-14 4-15 4-16 4-17 4-18 4-19 4-20 4-21 4-22 4-23 4-24 4-25 4-26

4-27 4-28 4-29 4-30 4-31 4-32 4-33 4-34 4-35 4-36 4-37 4-38 4-39 4-40 4-41 4-42 4-43

4-44 4-45 4-46 4-47 4-48 4-49 4-50 4-51 4-52 4-53 4-54 4-55 4-56 4-57 4-58 4-59 4-60

4-61 4-62 4-63 4-64 4-65 4-66 4-67 4-68 4-69 4-70 4-71 4-72 4-73 4-74 4-75 4-76 4-77

4-78 4-79 4-80 4-81 4-82 4-83 4-84 4-85 4-86 4-87 4-88 4-89 4-90 4-91 4-92 4-93 4-94

4-95 4-96 4-97 4-98 4-99 4-100 4-101 4-102 4-103 4-104 4-105 4-106 4-107 4-108 4-109 4-110 4-111

4-112 4-113 4-114 4-115 4-116 4-117 4-118 4-119 4-120 4-121 4-122 4-123 4-124 4-125 4-126 4-127 4-128

4-129 4-130 4-131 4-132 4-133 4-134 4-135 4-136 4-137 4-138 4-139 4-140 4-141 4-142 4-143 4-144 4-145

4-146 4-147 4-148 4-149 4-150 4-151 4-152 4-153 4-154 4-155 4-156 4-157 4-158 4-159 4-160 4-161 4-162

4-163 4-164 4-165 4-166 4-167 4-168 4-169 4-170 4-171 4-172 4-173 4-174 4-175 4-176 4-177 4-178 4-179

4-180 4-181 4-182 4-183 4-184 4-185 4-186 4-187 4-188 4-189 4-190 4-191 4-192 4-193 4-194 4-195 4-196

4-197 4-198 4-199 4-200 4-201 4-202 4-203 4-204 4-205 4-206 4-207 4-208 4-209 4-210 4-211 4-212 4-213

4-214 4-215 4-216 4-217 4-218 4-219 4-220 4-221 4-222 4-223 4-224 4-225 4-226 4-227 4-228 4-229 4-230



Applications of p-adic permutations: tree of cycles

Corollary: There are p-adic permutation polynomials that cannot be realized

by Zp-polynomial p-adic systems and vice versa

Corollary (“No Y property”):

3 - 2

Consequence: (G(π), c(π)) for π := π(7x,3x+1),(x−6,5x+9) completely described!

1 1

2 2

1 1 1 1

2 2 2 2

2 22 2

0

0 1

0 1

0 4 1 5

0 14 5

0 14 5
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Open problems

• Prove D((x2000000 + x , x − 1))[n] aperiodic for some concrete n ∈ Z

• Prove D((1000001x , x − 1))[n] aperiodic for some concrete n ∈ Z

• Prove PerP(((p + 1)x , x , . . . , x)) = Q ∩ Zp for some concrete 2 ≤ p ∈ N

• Prove “linear coefficients irrelevant” for p ≥ 3

• Prove “order irrelevant” for p ≥ 3

• Prove “sign irrelevant” for p ≥ 2

• What is {G (Q ∩ Zp)-polynomial 2-adic system | PerP(G) = PerP((x , 5x + 1))}?

• What is
{
G (Q ∩ Zp)-polynomial 2-adic system | PerP(G) = PerP((x2 + x , 3x2 + x))

}
?

• Study effect of group action on periodic points

• Can (x , 3x + 1) be written in terms of other 2-adic systems using the group structure?

• What is π(x,3x+1),(x,x−1)(
√

17)?

• Study relation between (G(πF ,G ), c(πF ,G )) and periodic points of F and G

• Study subgraphs of trees of cycles for p ≥ 3

Thank you!
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