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0 (\xyz.xyz)ab
0/ (\xyz.xyz)ab!
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A crash course in A-calculus

7 Mode: 0 | Cursor: 0,13 | ttem: 13,0 | Nodes Count: 140000 -
ol% Create \-terms by 3 rules (set of A-terms: A
oy evar: a b c, X, y, 2 ... ;‘j’et of variables: V)
0z M/Nin' K "= ( n A
0 a ® 3l XinV. MinA = (AX.M)ln/\
o b A=V (AN ] (AV.A)
0 .
oy B-reduction: (AX.M)N) — g M[X := N]
0 xyZ Notation (guided by Currying of multivariate functlons)
0 \z.%yz . drop outermost parenthesis: MN = (MN
0 \yz.xyz Ieft associative:
0 \Xyz.Xyz a s right associative, only one A: Axy I\7)/
ol (Sv2hyz)n . A e o e A A = (>\ )
0 (\xyz.xyz)ab
0/ (\xyz.xyz)a
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A crash course in A-calculus

51 Mode: 0 | Cursor: 00,14 | tem: 140 | Nodes Count: 200,00
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(\xyz.xyz)@
(\xyz.xyz)ab
(\xyz.xyz)a
(\yz.ayz)bc

Create \-terms by 3 rules (set of A-terms: A
evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
> |

® a Xin V., Min A
AZV (AN ] (AV.A)
B-reduction: ((AX.M)N) —g M[X = N]
Notation (guided by Currying of multivariate functlons)
$ drop outermost parenthesis: MN = (MN

a s r|p1<t associative, only one A: Axy
o app. ta

n A
= HUAX M) in A

. left associative:

es precedence over abs.: Ax MN = (>\ I\7)/N
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A crash course in A-calculus

51 Mode: 0 | Cursor: 00,14 | tem: 140 | Nodes Count: 200,00
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0Te N X
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xyZ

\Z.Xyz
\YZ.XyZ
\XyZ.xyz
(\xyz.xyz)@
(\xyz.xyz)ab
(\xyz.xyz)a
(\yz.ayz)b

Create \-terms by 3 rules (set of A-terms: A
evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
> |

® a Xin V., Min A
AZV (AN ] (AV.A)
B-reduction: ((AX.M)N) —g M[X = N]
Notation (guided by Currying of multivariate functlons)
$ drop outermost parenthesis: MN = (MN

a s r|p1<t associative, only one A: Axy
o app. ta

n A
= HUAX M) in A

. left associative:

es precedence over abs.: Ax MN = (>\ I\7)/N




A crash course in A-calculus

51 Mode: 0 | Cursor: 00,15 | tem: 150 | Nodes Count: 240,000
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0Te N X

xy

xyZ

\Z.Xyz
\YZ.XyZ
\XyZ.xyz
(\xyz.xyz)@
(\xyz.xyz)ab
(\xyz.xyz)a
(\yz.ayz)b
(\z.abz)k

Create \-terms by 3 rules (set of A-terms: A
evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
> |

n A
= HUAX M) in A

e a Xin V., Min A
A=V [ (AN) | (AV.A)
B-reduction: ((AX.M)N) —g M[X = N]
Notation (guided by Currying of multivariate functlons)
. drop outermost parenthesis: MN = (MN
Ieft associative:

a 5 right associative, only one A: Axy

o app. t§1<es precedence over abs.: Ax MN = (>\ I\7)/N
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A crash course in A-calculus

51 Mode: 0 | Cursor: 00,16 | tem: 16 | Nodes Count: 250,000
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\YZ.XyZ
\XyZ.xyz
(\xyz.xyz)@
(\xyz.xyz)ab
(\xyz.xyz)a
(\yz.ayz)b
(\z.abz)l
abc

Create \-terms by 3 rules (set of A-terms: A
evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
> |

n A
= HUAX M) in A

e a Xin V., Min A
A=V [ (AN) | (AV.A)
B-reduction: ((AX.M)N) —g M[X = N]
Notation (guided by Currying of multivariate functlons)
. drop outermost parenthesis: MN = (M,
Ieft associative:

a 5 right associative, only one A: Axy

o app. t§1<es precedence over abs.: Ax MN = (>\ I\7)/N
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A crash course in A-calculus

51 Mode: 0 | Curson 005 | em: 5,0 | Nodes Count: 60000
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Create \-terms by 3 rules (set of A-terms: A
evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
> |

n A
= HUAX M) in A

e a Xin V., Min A
A=V [ (AN) | (AV.A)
B-reduction: ((AX.M)N) —g M[X = N]
Notation (guided by Currying of multivariate functlons)
. drop outermost parenthesis: MN = (MN
Ieft associative:

a 5 right associative, only one A: Axy

o app. t§1<es precedence over abs.: Ax MN = (>\ I\7)/N




A crash course in A-calculus

&7 Mode: O | Cursor: 006 | em: 60 | Nodes Count: 700,00 -

var. ol Create A-terms by 3 rules (set of A-terms: A
var. oy evar: a b c, X, y, 2 ... ;‘j’et of variables: V)
var. oz M/Nin' K "= ( n A
var. o a ® 3l XinV. MinA = (AX.M) in A
var. o b A=V (AN ] (AV.A)

app. 176 o= B-reduction: (AX.M)N) =g MIX := N]

Notation (guided by Currying of multivariate functlons)
. drop outermost parenthesis: MN = (MN
. left associative:
a 5 r|p1<t associative, only one A: Axy 1\7)/
o app. takes precedence over abs.: Ax MN = (>\ IN))
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A crash course in A-calculus

&7 Mode: O | Cursor: 007 | em: 70 | Nodes Count: 30000
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yx
N\z.yx

Create \-terms by 3 rules (set of A-terms: A
evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
> |

n A
= HUAX M) in A

e a Xin V., Min A
A=V [ (AN) | (AV.A)
B-reduction: ((AX.M)N) —g M[X = N]
Notation (guided by Currying of multivariate functlons)
. drop outermost parenthesis: MN = (MN
Ieft associative:

a 5 right associative, only one A: Axy

o app. t§1<es precedence over abs.: Ax MN = (>\ I\7)/N




A crash course in A-calculus

51 Mode: 0 | Cursor 008 | em:£0 | Nodes Count: 0000
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Create \-terms by 3 rules (set of A-terms: A
evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
> |

® a Xin V., Min A
AZV (AN ] (AV.A)
B-reduction: ((AX.M)N) —g M[X = N]
Notation (guided by Currying of multivariate functlons)
$ drop outermost parenthesis: MN = (M,

a s r|p1<t associative, only one A: Axy
o app. ta

= HUAX M) in A

. left associative:

es precedence over abs.: Ax MN = (>\ I\7)/N
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A crash course in A-calculus

&7 Mode: O | Cursor: 009 | tem: 0 | Nodes Count: 100000
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(\z.yx)Z
Nx. (\z.yx)E

Create \-terms by 3 rules (set of A-terms: A
evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
> |

® a Xin V., Min A
AZV (AN ] (AV.A)
B-reduction: ((AX.M)N) —g M[X = N]
Notation (guided by Currying of multivariate functlons)
$ drop outermost parenthesis: MN = (MN

a s r|p1<t associative, only one A: Axy
o app. ta

n A
= HUAX M) in A

. left associative:

es precedence over abs.: Ax MN = (>\ I\7)/N




A crash course in A-calculus

51 Mode:0 | Cursor 00,10 | hem: 100 | Nodes Count 11,0000 =

var ol Create A-terms by 3 rules (set of A-terms: A

var. oy evar: a b c, X, y, 2 ... ;‘j’et of variables: V)

var. oz M/Nin' K "= ( n A

var. o a ® 3l XinV. MinA = (AX.M) in A

var. o b A=V | (AN) | (AV.A)

var. [ . X
app. 1.0 otz B-reduction: ((AX.M)N) —g M[X = N]

s. 2, 6 0 \zi¥x Notation (guided by Currying of multivariate functlons)
app. 7,2 o (Nz.yX)& . drop outermost parenthesis: MN = (M,
abs. 0, 8 0/ N\x. (\z.yx)Z Ieft associative:
app. 9, 3 0 (A\x.(\z.yx)%)a a 5 right associative, only one A: Axy
o app. t§1<es precedence over abs.: Ax MN = (>\ I\7)/N
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A crash course in A-calculus

51 Mode: 0 | Cursor: 00,11 | tem: 11,0 | Nodes Count: 140,000 =

Create \-terms by 3 rules (set of A-terms: A
evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
> |

n A
= HUAX M) in A

® a Xin V., Min A
A=V (AN ] (AV.A)
B-reduction: ((AX.M)N) —g M[X = N]
\z.yx Notation (guided by Currying of multivariate functlons)
(\z.yx)Z . drop outermost parenthesis: MN = (M,

\x. (\z.yx)2 Ieft associative:

(\x. (\z.yx)Z)d a 5 right associative, only one X: Axy
(N2 B . A e o e A A = (>\ /\771\1
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A crash course in A-calculus

&7 Mode: O | Cursor: 00,12 | tem: 120 | Nodes Count: 140000 =

Create \-terms by 3 rules (set of A-terms: A
evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
> |

n A
= HUAX M) in A

® a Xin V., Min A
A=V (AN ] (AV.A)
B-reduction: ((AX.M)N) —g M[X = N]
\z.yx Notation (guided by Currying of multivariate functlons)
(\z.yx)Z . drop outermost parenthesis: MN = (M,

\x. (\z.yx)2 Ieft associative:

(\x. (\z.yx)Z)d a 5 right associative, only one X: Axy
o . A e o e A A = (>\ /\771\1
ya
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A crash course in A-calculus

51 Mode: 0 | Cursor: 00,13 | tem: 130 | Nodes Count: 140,000
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(\x. (\z.yx)2)&
(\z.ya)z

ya
(XL (Nz.yx)Z)a

Create \-terms by 3 rules (set of A-terms: A
evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
> |

n A
= HUAX M) in A

e a Xin V., Min A
A=V [ (AN) | (AV.A)
B-reduction: ((AX.M)N) —g M[X = N]
Notation (guided by Currying of multivariate functlons)
. drop outermost parenthesis: MN = (M,
Ieft associative:

a 5 right associative, only one A: Axy

o app. t§1<es precedence over abs.: Ax MN = (>\ I\7)/N




A crash course in A-calculus

51 Mode: 0 | Cursor: 00,13 | tem: 130 | Nodes Count: 140,000
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(\x. (\z.yx)2)&
(\z.ya)z
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Create \-terms by 3 rules (set of A-terms: A
evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
> |

= HUAX M) in A

e a Xin V., Min A
A=V [ (AN) | (AV.A)
B-reduction: ((AX.M)N) —g M[X N]
Notation (guided by Currying of multivariate functlons)
. drop outermost parenthesis: MN = (M,
Ieft associative:

a 5 right associative, only one A: Axy

o app. t§1<es precedence over abs.: Ax MN = (>\ I\7)/N




A crash course in A-calculus

51 Mode: 0 | Cursor: 00,13 | tem: 130 | Nodes Count: 140,000
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\x. (\z.yx)2
(\x. (\z.yx)2)&
(\z.ya)z
ya
(Nzigx)2

Create \-terms by 3 rules (set of A-terms: A
evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
> |

n A
= HUAX M) in A

e a Xin V., Min A
A=V [ (AN) | (AV.A)
B-reduction: ((AX.M)N) —g M[X = N]
Notation (guided by Currying of multivariate functlons)
. drop outermost parenthesis: MN = (M,
Ieft associative:

a 5 right associative, only one A: Axy

o app. t§1<es precedence over abs.: Ax MN = (>\ I\7)/N




A crash course in A-calculus

57 Mode: 0 | Cursor: 0,14 | Item: 140 | Nodes Count: 160000 -
ol% Create \-terms by 3 rules (set of A-terms: A
oy evar:a b c X, y, 2 ... ;‘j’et of variables: V)
0z M/Nin' K "= ( n A
0 a ® 3l XinV. MinA = (AX.M)m/\
o b A=V T (A) ] (AVLA)
ol¥= B-reduction: (AX.M)N) =g MIX := N]
0 Nz yx Notation (guided by Currying of multivariate functlons)
0 (N\z.yx)Z . drop outermost parenthesis: MN = (M,
0/ \x. (\z.yx)& Ieft associative:
0 (\x.(\z.yx)Z)a a 5 right associative, only one X: Axy I\7)/
ol RZiga)B . A e o e A A = (>\ )
0 ya
0 (\z.¥x)2
o (\x.yx)a
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A crash course in A-calculus

51 Mode: 0 | Cursor: 00,15 | tem: 150 | Nodes Count: 170,000
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Create \-terms by 3 rules (set of A-terms: A
evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
> |

n A
= HUAX M) in A

e a Xin V., Min A
A=V [ (AN) | (AV.A)
B-reduction: ((AX.M)N) —g M[X = N]
Notation (guided by Currying of multivariate functlons)
. drop outermost parenthesis: MN = (M,
Ieft associative:

a 5 right associative, only one A: Axy

o app. t§1<es precedence over abs.: Ax MN = (>\ I\7)/N
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A crash course in A-calculus

&7 Mode: 0 | Cursor: 0024 | tem: 21,0 | Nodes Count: 1390000

0 0Ny (NKUy (xx) ) (NZY (%x) ) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710/ Nfx.x Notation (guided by Currying of multlvanate functions)
810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{
100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/
110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))
120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh

)) (n(Nmfx.m(N\gh.h(gf)) (Nu.x) (\u.u) )m(\xxy.y) (\xy.x))
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\x. X (\Xy.X)
\x.x (\xy.Y)

,_.
©
coo

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)




Y-combinator
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A crash course in A-calculus

&7 Mode: O | Cursor: 0024 | Item: 210 | Nodes Count: 140
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

\xy . xx°

N fB-reduction: (AX.M)N) —g M[X := N]

\fx.x Notation (guided by Currying of multlvanate functions)

\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K
\mnfx.mf (nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

Nx.x(\xy . x)

A\x. x (\xy

(\mfx. f(mfx) ) (NEx x)




Y-combinator

false
not
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ifte

mod

alr
pfst

succ zero, ﬂxl

A crash course in A-calculus

&7 Mode: O | Cursor: 0024 | tem: 21,0 | Nodes Count: 1440000

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

12|10 \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

1410 \mn.n(\mfx.m(Ngh.h(gf)) (Nuix) (Natu) )m(Nsxyly) (Ngyix)

1510 \mn.n(\mfx.m(\Ngh.h(gf)) (\u.x) (Nu.u) )m(\xxy.y) (\xy.x) (m(\mfxm(Nghth (gf) ) (Nuix) (N\ulu) )n (\exyly) (\xy"
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (\x.y (xx) ) (\X.y (xx) ) ) (Nfmn. (\xuv.xuv) ( (\mn.n (\mf3xim(Nghih (gf) ) (Navx) (Natu) )m (Nseys y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)m)

1810/ \fsx.xfs

1910/ \x. x(\xy x)

200/ \x.x (\Xy.y)

21]0/ Nfx. £(|\fx x)fx)
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alr
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succ zero, ﬂxZ

A crash course in A-calculus

&7 Mode: O | Cursor: 0024 | Item: 210 | Nodes Count: 143,
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh

)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

Nfx. f((Nx.x)x)




Y-combinator

false
not
and
or
ifte

mod

alr
pfst

succ zero, ﬂx3

A crash course in A-calculus

&7 Mode: 0 | Cursor: 0024 | tem: 21,0 | Nodes Count: 1920000

Create \-terms by 3 rules (set of A-terms:
evar:a b c X, y, 2 ... ;‘j’et of variables
® 3 MNmA > ( n A
® 3 = (AX.M) inA
/\:V|(/\/\) | (>\V/\)
B-reduction: ((AX.M)N) —g M[X = N]
Notation (guided by Currying of multlvanate functions)
® drop outermost parenthesis:

MNK (MN)K

. a p left associative: 2\
® abs. g1<t associative, only one \: )\xy (Ax ( I\7)/
. app takes precedence over abs.:  AX IN))

)
Nmn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (N\uix) (N\uiu) )n (\&xy.y) (\xy!

0] Oy (NRUy (xx) ) (N&hy (%x))

1]0 \xy.x

2|0 \xy.y

310 N\z.z(N\XY.y) (\Xy.X)

4]0/ \xy.xyx

510/ \xy.xxy

610 \xuv.xuv

710 Nfx.x

8|0/ \mfx. f(m

9]0 \mfx. ml\gh h(gf)) (Nuux) (Navu)

10|0 \mnfx.mf (nfx

11|10 N\mn.n(\mfx.m(Nghih(gf)) (\aix) (Xdiu) )m

120/ \mnfx.m(nf)x

1310 N\z.z (\xxy.y) (NKY %)

140 \mn.n(\mfx.m(N\gh.h(gf)) (Nurx) (Nuiu) )m(Nexy.y) (\gy

15]0

610 )) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

16]

1710
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

200/ \X. X (\NXy.Y)

2110 \fx. fx

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

10

41

12

43

14

15

16

(Ny. (\x.y (xx) ) (\x.y (xx) ) ) (NEmn . (\xuv. xuv) ( (\mn. n (\m30m (Nghith (g) ) (Nuux) (Nutu) )m(\sxy y)(\xy %) )am) (|
(Nmnfx.mf (nfx)) ((\mfx. f(mfx)) (\fx.x)) (£((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\fx
(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|




Y-combinator
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A crash course in A-calculus

51 Mode:0 | Cursor 0024 | hem: 21,0 | Nodes Count: 1420000 =

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xY.Y)

2110 \fx. fx

22

23

24

25

26

27

28

29

30

31

32
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34

35

36

37

38

39

10

41

12
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Y-combinator
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succ one

A crash course in A-calculus

&7 Mode: O | Cursor: 0025 | tem: 220 | Nodes Count: 143,
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

Nfx. fx

(NmEx. £ (mEx) ) (NEXTEx)




Y-combinator
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A crash course in A-calculus

51 Mode:0 | Cursor 0025 | hem: 220 | Nodes Count: 1470000 =

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

210 N\fx. fx

2210 Nfx. f( (Nfxifx)fx)
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A crash course in A-calculus
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

\xy . xx°

N fB-reduction: (AX.M)N) —g M[X := N]

\fx.x Notation (guided by Currying of multlvanate functions)

\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K
\mnfx.mf (nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

Nfx. fx

Nfx. £ ( (N0 fx)x)
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A crash course in A-calculus

&7 Mode: O | Cursor: 0025 | tem: 220 | Nodes Count: 146
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

\xy . xx°

N fB-reduction: (AX.M)N) —g M[X := N]

\fx.x Notation (guided by Currying of multlvanate functions)

\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K
\mnfx.mf (nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

Nfx. fx

Nfx. f(£x)
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A crash course in A-calculus

&7 Mode: O | Cursor: 0025 | tem: 220 | Nodes Count: 146
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ccoccococcoocoooo000

=

ccooco

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

\fx. fx

Nfx. f(£x)
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succ two

A crash course in A-calculus

& Mode: 0 | Cursor: 0026 | tem: 230 | Nodes Count: 1470000

0 0Ny (NKUy (xx) ) (NZY (%x) ) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

12|10 \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

1410 \mn.n(\mfx.m(Ngh.h(gf)) (Nuix) (Natu) )m(Nsxyly) (Ngyix)

1510 \mn.n(\mfx.m(\Ngh.h(gf)) (\u.x) (Nu.u) )m(\xxy.y) (\xy.x) (m(\mfxm(Nghth (gf) ) (Nuix) (N\ulu) )n (\exyly) (\xy"
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (\x.y (xx) ) (\X.y (xx) ) ) (Nfmn. (\xuv.xuv) ( (\mn.n (\mf3xim(Nghih (gf) ) (Navx) (Natu) )m (Nseys y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)m)

1810/ \fsx.xfs

1910/ \x. x (\xyx)

2010/ \x. X (\xy.Y)

2110/ Nfx. fx

2210/ Nfx. £ (§x)

230 (\mfx. f(mfx)) (NExf(£x))
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A crash course in A-calculus

1 Mode:0 | Cursor 0026 | hem: 230 | Nodes Count: 1510000 =

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710/ Nfx.x Notation (guided by Currying of multlvanate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

2310 Nfx. f((NfxLf(£x)) fx)

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

10

41

12

43

14

15

16
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succ two, Bx2

A crash course in A-calculus
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

\fx. fx

Nfx. f(£x)

NEx. f ((NxCE(£x))X)




Y-combinator
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succ two, Bx3

A crash course in A-calculus

&7 Mode: 0 | Cursor: 0026 | tem: 230 | Nodes Count: 51,0000

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

12|10 \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

1410 \mn.n(\mfx.m(Ngh.h(gf)) (Nuix) (Natu) )m(Nsxyly) (Ngyix)

1510 \mn.n(\mfx.m(\Ngh.h(gf)) (\u.x) (Nu.u) )m(\xxy.y) (\xy.x) (m(\mfxm(Nghth (gf) ) (Nuix) (N\ulu) )n (\exyly) (\xy"
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (\x.y (xx) ) (\X.y (xx) ) ) (Nfmn. (\xuv.xuv) ( (\mn.n (\mf3xim(Nghih (gf) ) (Navx) (Natu) )m (Nseys y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)m)

1810/ \fsx.xfs

1910/ \x. x (\xyx)

2010/ \x. X (\xy.Y)

2110/ Nfx. fx

2210/ NEx. £ (fx)

2310 Nfx. f(£(fx))

24

25

26

27

28

29

30
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35

36

37

38

39

10

41

12

43

44
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46




Y-combinator

false
not
and
or
ifte

A crash course in A-calculus

&7 Mode: 0 | Cursor: 0026 | tem: 230 | Nodes Count: 51,0000

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

12|10 \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

1410 \mn.n(\mfx.m(Ngh.h(gf)) (Nuix) (Natu) )m(Nsxyly) (Ngyix)

1510 \mn.n(\mfx.m(\Ngh.h(gf)) (\u.x) (Nu.u) )m(\xxy.y) (\xy.x) (m(\mfxm(Nghth (gf) ) (Nuix) (N\ulu) )n (\exyly) (\xy"
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (\x.y (xx) ) (\X.y (xx) ) ) (Nfmn. (\xuv.xuv) ( (\mn.n (\mf3xim(Nghih (gf) ) (Navx) (Natu) )m (Nseys y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)m)

1810/ \fsx.xfs

1910/ \x. x (\xyx)

2010/ \x. X (\xy.Y)

2110/ Nfx. fx

2210/ NEx. £ (fx)

2310 Nfx. f(£(fx))

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

10

41
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A crash course in A-calculus
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

\xy . xx°

N fB-reduction: (AX.M)N) —g M[X := N]

\fx.x Notation (guided by Currying of multlvanate functions)

\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K
\mnfx.mf(nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

Nfx. fx

Nfx. f(£x)

Nfx. f (f(fx))

(\mnfx.mf (nfx)) (N £ (£x))
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A crash course in A-calculus

&7 Mode: O | Cursor: 0027 | Item: 240 | Nodes Count: 153,
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ccococooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf(nfx) @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

\fx. fx

Nfx. f(£x)

Nfx. f (f(fx))

(\mnfxx.mf (nfx) ) (NExof (£x) ) (NExUE (£(£x)))




Y-combinator

false
not
and
or
ifte

three
add two three, Bx1

A crash course in A-calculus

&7 Mode: O | Cursor: 0027 | tem: 240 | Nodes Count: 1570000

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

12|10 \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

1410 \mn.n(\mfx.m(Ngh.h(gf)) (Nuix) (Natu) )m(Nsxyly) (Ngyix)

1510 \mn.n(\mfx.m(\Ngh.h(gf)) (\u.x) (Nu.u) )m(\xxy.y) (\xy.x) (m(\mfxm(Nghth (gf) ) (Nuix) (N\ulu) )n (\exyly) (\xy"
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (\x.y (xx) ) (\X.y (xx) ) ) (Nfmn. (\xuv.xuv) ( (\mn.n (\mf3xim(Nghih (gf) ) (Navx) (Natu) )m (Nseys y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)m)

1810/ \fsx.xfs

1910/ \x. x (\xyx)

2010/ \x. X (\xy.Y)

2110/ Nfx. fx

220/ NEx. £ (§x)

23|0 Nfx. f(f(fx))

2410 (\nfx. (Nfx.f(£x)) £ (nfx) ) (NExUE (£ (£x)))

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

10

41

12

43

44

45

46




Y-combinator

false
not
and
or
ifte

three
add two three, Bx2

A crash course in A-calculus

51 Mode:0 | Cursor 0027 | hem: 240 | Nodes Count: 1570000 -

0 0Ny (NKUy (xx) ) (NZY (%x) ) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

12|10 \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

1410 \mn.n(\mfx.m(Ngh.h(gf)) (Nuix) (Natu) )m(Nsxyly) (Ngyix)

1510 \mn.n(\mfx.m(\Ngh.h(gf)) (\u.x) (Nu.u) )m(\xxy.y) (\xy.x) (m(\mfxm(Nghth (gf) ) (Nuix) (N\ulu) )n (\exyly) (\xy"
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (\x.y (xx) ) (\X.y (xx) ) ) (Nfmn. (\xuv.xuv) ( (\mn.n (\mf3xim(Nghih (gf) ) (Navx) (Natu) )m (Nseys y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)m)

1810/ \fsx.xfs

1910/ \x. x (\xyx)

2010/ \x. X (\xy.Y)

2110/ Nfx. fx

220/ NEx. £ (§x)

230 Nfx. £(£(fx))

2410 Nfx. (Nfx. £ (fx) ) ((NEUE (£ (£x) ) ) Ex)

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

10

41

12

43

44

45

46




Y-combinator

false
not
and
or
ifte

three
add two three, 3x3

A crash course in A-calculus

&7 Mode: O | Cursor: 0027 | tem: 240 | Nodes Count: 1590000 =

0
1
2
3
1
5
6
7
8
9

10

11

12

13

14

15

o

ccoccococcoocoooo000

=

ccococooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

\xy . xx°

N fB-reduction: (AX.M)N) —g M[X := N]

\fx.x Notation (guided by Currying of multlvanate functions)

\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K
\mnfx.mf(nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

Nfx. fx

Nfx. f(£x)

Nfx. f (f(fx))

Nfx. (N £ (£x) ) (NExUE (£ (£x) ) ) Ex)




Y-combinator

false
not
and
or
ifte

three
add two three, Bx4

A crash course in A-calculus

51 Mode:0 | Cursor 0027 | hem: 240 | Nodes Count: 1570000 -

0 0Ny (NKUy (xx) ) (NZY (%x) ) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one A: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

23|0 Nfx. f(f(fx))

240 Nfx. f (£ (NEx0E (£(£x))) £x))

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

10

41

12

43

14

15

16




Y-combinator

false
not
and
or
ifte

three
add two three, Bx5

A crash course in A-calculus

&7 Mode: O | Cursor: 027 | tem: 240 | Nodes Count: 160,

0
1
2
3
1
5
6
7
8
9

10

11

12

13

14

15

o

ccoccococcoocoooo000

=

ccococooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh

)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (\x.y (xx) ) (\x.y (xx) ) ) (NEmn . (\xuv. xuv) ( (\mn. n (\m30m (Nghith (g) ) (Nuux) (Nutu) )m(\sxy y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)

Nfsx.xfs

\x. X (\XY . X)

\X. X (\XY.Y)

Nfx. fx

Nfx. f(fx)

Nfx. f(£(fx))

N, £ (£ (N E (£ (£x)))%) )




Y-combinator

false
not
and
or
ifte

three
add two three, 3x6

A crash course in A-calculus

&7 Mode: O | Cursor: 027 | tem: 240 | Nodes Count: 158

0
1
2
3
1
5
6
7
8
9

10

11

12

13

14

15

o

ccoccococcoocoooo000

=

ccococooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

\xy . xx°

N fB-reduction: (AX.M)N) —g M[X := N]

\fx.x Notation (guided by Currying of multlvanate functions)

\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K
\mnfx.mf(nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

Nfx. fx

Nfx. f(£x)

Nfx. f(f(fx))

Nfx £ (£(E£(E(Ex))))




Y-combinator

false
not
and
or
ifte

A crash course in A-calculus

&7 Mode: O | Cursor: 027 | tem: 240 | Nodes Count: 158

0
1
2
3
1
5
6
7
8
9

10

11

12

13

14

15

o

ccoccococcoocoooo000

=

ccococooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

\xy . xx°

N fB-reduction: (AX.M)N) —g M[X := N]

\fx.x Notation (guided by Currying of multlvanate functions)

\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K
\mnfx.mf(nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

Nfx. fx

Nfx. f(£x)

Nfx. f(f(fx))

Nfx £ (£(E£(E(Ex))))




Y-combinator

false
not
and
or
ifte

ve
mul three

A crash course in A-calculus

&1 Mode: O | Cursor: 0026 | Item: 250 | Nodes Count: 1590000

0 0Ny (NKUy (xx) ) (NZY (%x) ) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

23|0 Nfx. f(f(fx))

240 Nfx. £(£(£(£(fx))))

25]0 (Nmnfx.m(nf)x) (Nfx.f(f(£fx)))

26

27

28

29

30

31

32

33

34

35

36

37

38

39

10

41

12

43

14

15

16




Y-combinator

false
not
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ifte
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mul three five

A crash course in A-calculus

&7 Mode: O | Cursor: 0028 | tem: 250 | Nodes Count: 160,
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=

ccocococooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

\xy . xx°

N fB-reduction: (AX.M)N) —g M[X := N]

\fx.x Notation (guided by Currying of multlvanate functions)

\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K
\mnfx.mf(nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

Nfx. fx

Nfx. f(£x)

Nfx. f(f(fx))

Nfx £ (£(£(£(fx))))

(Nmnfx.m(nf)x) (NEx £ (f(fx))) (NExUE(E(E(E(£x)))))




Y-combinator

false
not
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ifte

X ve
mul three five, Sx1

A crash course in A-calculus

&7 Mode: O | Cursor: 0026 | Item: 250 | Nodes Count: 1620000 =
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=

ccocococooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh

)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (

(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|

£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)

Nfsx.xfs

\x. X (\XY . X)

\X. X (\XY.Y)

Nfx. fx

Nfx. f(fx)

Nfx. £(£(fx))

Nfx. f(£(£(£(fx))
CECE(E

-

))
x))) (nf)x) (NEXUE (£(£(£(£x)))))




Y-combinator

false
not
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ifte

ve
mul three five, 3x2

A crash course in A-calculus

&7 Mode: O | Cursor: 0028 | tem: 250 | Nodes Count: 163,
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=

ccocococooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/
\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A
N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA
\xy . xyx A=V | (/\/\) | (>\V /\)
\xy . xx°
N fB-reduction: (AX.M)N) —g M[X := N]
\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:
\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K
\mnfx.mf (nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x
N\Z. Z (NXXy . ¥) (\Xy . X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)
Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))
(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx
(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)
\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
fx. fx
Nfx. f(£x)
Nfx. f(f(fx))
Nfx £(£(£(£(fx))))
NEx. (NExCE(F (%)) ((NExXUE(E(E(E(£x))))) )x




Y-combinator

false
not
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mul three five, 3x3

A crash course in A-calculus
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0
1
2
3
1
5
6
7
8
9

10

11

12

13

14

15

o

ccoccococcoocoooo000

=

ccocococooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/
\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A
N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA
\xy . xyx A=V | (/\/\) | (>\V /\)
\xy . xx°
N fB-reduction: (AX.M)N) —g M[X := N]
\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(m ® drop outermost parenthesis:
\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{
\mnfx.mf (nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x
N\Z. Z (NXXy . ¥) (\Xy . X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)
Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))
(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx
(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)
\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
fx. fx
Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £(£(£(£(fx))))
NEx. (N (NExCE(E(E(E(Ex))) ) EC(NEXCE(ECECE(£x))) ) EC(NEXUE(E(E(£(Ex)))) ) x)))x




Y-combinator
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not
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mul three five, x4

A crash course in A-calculus

&7 Mode: O | Cursor: 0026 | Item: 250 | Nodes Count: 1620000 =
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ccocococooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/
\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A
N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA
\xy . xyx A=V | (/\/\) | (>\V /\)
\xy . xx°
N fB-reduction: (AX.M)N) —g M[X := N]
\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:
\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K
\mnfx.mf (nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x
N\Z. Z (NXXy . ¥) (\Xy . X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)
Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))
(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx
(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)
\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
fx. fx
Nfx. f(£x)
Nfx. f(f(fx))
Nfx f(£(£(£(fx))))
NEx (NExCE(ECECE(£x))) ) EC(NEXUE (ECE(E(£x))))) EC(NEXVE(E(E(£(£x))))) Ex))
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false
not
and
or
ifte

X ve
mul three five, x5

A crash course in A-calculus
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh

)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (\x.y (xx) ) (\x.y (xx) ) ) (NEmn . (\xuv. xuv) ( (\mn. n (\m30m (Nghith (g) ) (Nuux) (Nutu) )m(\sxy y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)

Nfsx.xfs

\x. X (\XY . X)

\X. X (\XY.Y)

£

.
x

Nfx. £ (£x
Nfx. £ (£ (
Nix. £ (£(

1))
NEx. (\x. £0Ex))))) CNEXCE(CECECE(Ex))) ) ) EC(NEXCE (£(E(E(Ex)))) ) Ex))
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A crash course in A-calculus
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/
\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A
N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA
\xy . xyx A=V | (/\/\) | (>\V /\)
\xy . xx°
N fB-reduction: (AX.M)N) —g M[X := N]
\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(m ® drop outermost parenthesis:
\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{
\mnfx.mf (nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x
N\Z. Z (NXXy . ¥) (\Xy . X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)
Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))
(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx
(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)
\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
f: =
Nfx. f(£x)
Nfx. f(f(fx))
Nfx £ (£(£(£(Ex))))
NEXCE CECECECECNEXCE(ECECE(Ex) ) D ECNEXCECECE(E(EX)))))Ex))))))




Y-combinator
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mul three five, 3x7

A crash course in A-calculus

51 Mode:0 | Cursor 0028 | hem: 250 | Nodes Count: 1740000 =

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710/ Nfx.x Notation (guided by Currying of multlvanate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

23|0 Nfx. f(f(fx))

240 Nfx. £(£(£(£(fx))))

2510 NExCf(ECECECECONRCE(CECE(E(Ex))))) ((NEXCE(E(E(E(£x)))))Ex))))))

26

27
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30
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37

38

39

10

41

12

43
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Y-combinator
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X ve
mul three five, 3x8

A crash course in A-calculus

51 Mode:0 | Cursor 0028 | hem: 250 | Nodes Count 1720000 =

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710/ Nfx.x Notation (guided by Currying of multlvanate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

23|0 Nfx. f(f(fx))

240 Nfx. £(£(£(£(fx))))

2510 NExCE(ECECECE(ECECECECEC(NEXCE(E(E(E(£%)))))Ex))))))))))
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Y-combinator

false
not
and
or
ifte

X ve
mul three five, 3x9

A crash course in A-calculus

51 Mode:0 | Cursor 0028 | hem: 250 | Nodes Count: 1770000 =

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710/ Nfx.x Notation (guided by Currying of multlvanate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

23|0 Nfx. f(f(fx))

240 Nfx. £(£(£(£(fx))))

2510 NEXCE(E(E(E(CE(CECECECECECONXCECECECECEX)))))%))))))))))

26

27
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29
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Y-combinator

false
not
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ve
mul three five, 3x10

A crash course in A-calculus

&7 Mode: O | Cursor: 028 | Item: 250 | Nodes Count: 175,
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=

ccocococooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh

)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) )

(Ny. (\x.y (xx) ) (\x.y (xx) ) ) (NEmn . (\xuv. xuv) ( (\mn. n (\m30m (Nghith (g) ) (Nuux) (Nutu) )m(\sxy y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)

Nfsx.xfs
N\x.x (\xy.x)
XX (\xY.Y)
fx. fx
Nfx. f(£x)
Nfx. £(£(fx))
Nfx. £(£(£(£(fx))))
NExCE(ECECECECECECECECECECECE(E(EX))))))))))))))




Y-combinator

false
not
and
or
ifte

_five
fifteen

A crash course in A-calculus

&7 Mode: O | Cursor: 028 | Item: 250 | Nodes Count: 175,
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ccoccococcoocoooo000

=

ccocococooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(m ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K/{
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh

)) (n(Nmfx.m(N\gh.h(gf)) (Nu.x) (\u.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx)) (N\x.y (xx) ) ) (NEmn . (Nxtuv.xuv) ( (\mn.n (\mfxm (N\ghth (gf) )
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx
(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\fmn . (\xuv.xuv) ( (\mn.n (\mfx.m(Nghth(gf)) (Nuix) (\u.u)
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)

Nfsx.xfs
N\x.x (\xy.x)
XX (\xY.Y)
fx. fx
Nfx. f(£x)
Nfx. £(£(fx))
Nfx. £(£(£(£(fx))))
NExCE(ECECECECECECECECECECECE(E(EX))))))))))))))

(Nu.x) (Nu.u) )m(\xxy. y)(\xy x))nm) (

Jm(\xxy. y)(\xv x) )nm)




Y-combinator
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ifte

mul zero

A crash course in A-calculus

&7 Mode: O | Cursor: 002 | Item: 260 | Nodes Count: 176
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

\fx. fx
Nfx. f(£
Nfx. f(f
Nfx. f(f
NEx. f(f

1)
FCECECECECECEC(ECEX)))))))))ID)
fx.x)




Y-combinator

false
not
and
or
ifte

fifte
mul zero five

A crash course in A-calculus

&7 Mode: 0 | Cursor: 0029 | Item: 260 | Nodes Count: 1770000 =
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ccococococooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

\xy . xx°

N fB-reduction: (AX.M)N) —g M[X := N]

\fx.x Notation (guided by Currying of multlvanate functions)

\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K
\mnfx.mf(nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

Nfx. fx

Nfx. f(£x)

Nfx. f(f(fx))

Nfx. £(£(£(£(fx))))

Nfx f(E(E(E(ECECECE(CE(ECECECE(E(EX))) ]))]))]))

(Mmnfx.m(nf)x) (Nfx.x) (NEx £ (£(£(£(£x)))))




Y-combinator
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not
and
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ifte
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iszero (mul zero five)

A crash course in A-calculus
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ccococococooo

AV (ALY (xx) ) (NXLY (XX) )
N\xy.x

\xy.y

NZ.z(NXY.y) (N\Xy.X)

\xy . xyx

\xy . xxy

N\xuv. xuv

Nfx.x

mfx. f(m

\mfx. ml\gh h(gf)) (Nuux) (Navu)
\mnfx.mf (nfx
\mn.n(\mfx.m(Nghth(gf)) (\ux) (N\uu) )m
N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)

Create A-terms by 3 rules
evar:a b c X, y, 2 ...
® 3 M, N in /\ >

LS AN VA
B-reduction: ((AX.M)N) —g M[X N]

Notation (guided by Currying of multlvanate functions)
® drop outermost parenthesis:

. a p left associative: MNK (MN)K;\

¢ abs. right associative, only one A: A/ M (Ax (My
. app takes precedence over abs.:  AX IN))

(set of A-terms:
;‘j’et of variables:
(

n A
= HUAX M) in A

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (Nu.u) )m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (Nuix) (Nusu) )n (\xxy.y) (\xy"
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|

£((\mn.n(\mfx.m(\ghh(gf)) (\u.x) (\u.u))m)mn)n)m)

Nfsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

fx. fx

Nfx. f(£x)

Nfx. £(£(fx))

Nfx. f(£(£(£(fx)))

\fx.f(f(f[f(f(f(f (ECECECECE(E(Ex))))))))))))))

(Nz.z(\xxy.y) (\gy.x) ) ((\mnfx.m(nf)x) (Nfxx) (NEx £ (£ (£ (£(£x))))))




Y-combinator
r
false

not
and

or

ifte

fift
iszero (mul zero fiv
copy

n
5

A crash course in A-calculus
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

N\xy.x ;‘j’et of variables: V)

\xy.y ape: ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

\xy . xyx A=V | (/\/\) 1'(AV.A)

\xy . xx° .

N fB-reduction: (AX.M)N) —g M[X := N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax IN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

\x. X (\Xy.X)

\x.x (\xy.Y)

\fx. fx

Nfx. f(fx)

Nfx. f(f(fx))

Nfx. f(£(£(£(£x))))

Nfx f(E(CECE(E(ECECE(CECECECECE(E(EX))))))))))))))

(Nz.z(\¥xy.y) (\xy.x) ) ((\mnfx.m(nf)x) (NEx.x) (NEx. £ (£ (£(£(£x))))))
(Nz.z(\xxy.y) (\xy.x) ) ((\mnfx.m(nf)x) (Nfx.x) (Nfx. £(£(£(£(£x))))))




Y-combinator
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. fifteen
iszero (mul zero ﬁvez

copy 26, Bx

A crash course in A-calculus
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/
\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A
N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA
\xy . xyx A=V | (/\/\) | (>\V /\)
\xy . xx°
N fB-reduction: (AX.M)N) —g M[X := N]
\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:
\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K
\mnfx.mf(nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x
N\Z. Z (NXXy . ¥) (\Xy . X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)
Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))
(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx
(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)
\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
fx. fx
Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £(£(£(£(fx))))
\fx.f(f(f[f(f(f(f(f[f(f(f(f(f[f(fx)l)))]))]))]))
(Nz.z(\xxy.y) (\ )) ((Nmnfx.m(nf)x) (Nfx.x) (Nfx. £(£(£(f(£x))))))
(N\mnfx.m(nf)x) (Nix.x) (N, £(£(£(£(£x))))) (N y) (\xy.x)




Y-combinator

false
not
and
or
ifte

fe n
iszero mul zero five
opy 26, Bx.

A crash course in A-calculus

0
1
2
3
1
5
6
7
8
9

10

11

12

13

14

15

51 Mode:0 | Cursor: 0030 | hem: 270 | Nodes Count: 185 =
Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/
\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A
N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA
\xy . xyx A=V | (/\/\) | (>\V /\)
\xy . xx°
N fB-reduction: (AX.M)N) —g M[X := N]
\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:
\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K
\mnfx.mf(nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x
N\Z. Z (NXXy . ¥) (\Xy . X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)
Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))
(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx
(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)
\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
fx. fx
Nfx. f(£x)
Nfx. f(f(fx
NEx £ (E(E( ))i)
NEx. f(E(ECECE( FOECECECE(E(E(£X%))))))))))))))
(\Z.z(\xxy.y)(\xy x)) ((\mnfx.m(nf)x) (NEx.x) (NEx. f(f(f(flfx])))))
(Nnfx. (Nfx.x) (nf)x) (NEx. £(£(£(£(£x))))) (\xxy.y) (\x

o
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/
\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A
N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA
\xy . xyx A=V | (/\/\) | (>\V /\)
\xy . xx°
N fB-reduction: (AX.M)N) —g M[X := N]
\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:
\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K
\mnfx.mf (nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x
N\Z. Z (NXXy . ¥) (\Xy . X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)
Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))
(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx
(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)
\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
fx. fx
Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £(£(£(£(fx))))
\fx.f(f(f[f(f(f(f(f[f(f(f(f(f[f(fx)l)))]))]))]))
(Nz.z (\Exy.y) (\Xy.x) ) ( (\mnfx.m(nf)x) (Nx.x) (NEx. f(f(f(flfx])))))
(NEx. (NExx) (N £ (E(E(£(£x))))) E)x) (Naexy.y) (\xy.x
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AV (ALY (xx) ) (NXLY (XX) )
N\xy.x

\xy.y

NZ.z(NXY.y) (N\Xy.X)

\xy . xyx

\xy . xxy

N\xuv. xuv

Nfx.x

mfx. f(m

\mfx. ml\gh h(gf)) (Nuux) (Navu)
\mnfx.mf (nfx
\mn.n(\mfx.m(Nghth(gf)) (\ux) (N\uu) )m
N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)

Create A-terms by 3 rules
evar:a b c X, y, 2 ...
® 3 M, N in /\ >

LS AN VA
B-reduction: ((AX.M)N) —g M[X N]

Notation (guided by Currying of multlvanate functions)
® drop outermost parenthesis:

. a p left associative: MNK (MN)K;\

¢ abs. right associative, only one A: A/ M (Ax (My
. app takes precedence over abs.:  AX IN))

(set of A-terms:
;‘j’et of variables:
(

n A
= HUAX M) in A

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (Nu.u) )m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (Nuix) (Nusu) )n (\xxy.y) (\xy"
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)

\fsx.xfs

\x. X (\Xy.X)

\x.x (\xy.Y)

\fx. fx

Nfx. f(fx)

Nfx. f(f(fx))

NEx f(E(E(E(£x))))
Nfx . f(ECECECE(E(

(\x.

(ECECECECE(E(Ex))))))))))))))
(\Z.Z(\xxy.y)(\xy.x])([\mnfx.m(nf)x)(\fx.x](\(x.f(f(f(f[fx])))))
£OE(E

(£x))))) (Nxxy.y) )x) (\xXY.X)
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&1 Mode: O | Cursor: 0030 | tem: 270 | Nodes Count: 1610000

0 0Ny (NKUy (xx) ) (NZY (%x) ) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

12|10 \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

1410 \mn.n(\mfx.m(Ngh.h(gf)) (Nuix) (Natu) )m(Nsxyly) (Ngyix)

1510 \mn.n(\mfx.m(\Ngh.h(gf)) (\u.x) (Nu.u) )m(\xxy.y) (\xy.x) (m(\mfxm(Nghth (gf) ) (Nuix) (N\ulu) )n (\exyly) (\xy"
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (\x.y (xx) ) (\X.y (xx) ) ) (Nfmn. (\xuv.xuv) ( (\mn.n (\mf3xim(Nghih (gf) ) (Navx) (Natu) )m (Nseys y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)m)

1810/ \fsx.xfs

1910/ \x. x (\xyx)

2010/ \x. X (\xy.Y)

2110/ Nfx. fx

220/ NEx. £ (§x)

2310 Nfx. f(£(fx))

2410/ NEx.£(£(£(£(£x))))

2510 Nfx. F(ECE(ECE(ECECE(CECECECECECE(EX)))))))))ID)))

260 (Nz.z(\xxy.y) (\x¥y.x)) ((\mnfx.m(nf)x) (Nfx.x) (NEx. £ (£(£(£(Ex))))))

27100 (NEx.x) ((NEx. £ (E(E(E(£x))))) (\xxy.y) ) (\xy.x
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&1 Mode: 0 | Cursor: 0030 | tem: 270 | Nodes Count: 1790000

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK ((MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

12|10 \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

1410 \mn.n(\mfx.m(Ngh.h(gf)) (Nuix) (Natu) )m(Nsxyly) (Ngyix)

1510 \mn.n(\mfx.m(\Ngh.h(gf)) (\u.x) (Nu.u) )m(\xxy.y) (\xy.x) (m(\mfxm(Nghth (gf) ) (Nuix) (N\ulu) )n (\exyly) (\xy"
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (\x.y (xx) ) (\X.y (xx) ) ) (Nfmn. (\xuv.xuv) ( (\mn.n (\mf3xim(Nghih (gf) ) (Navx) (Natu) )m (Nseys y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)m)

1810/ \fsx.xfs

1910/ \x. x (\xyx)

2010/ \x. X (\xy.Y)

2110/ Nfx. fx

220/ NEx. £ (§x)

2310 Nfx. f(£(fx))

2410/ NEx.£(£(£(£(£x))))

2510 Nfx. F(ECE(ECE(ECECE(CECECECECECE(EX)))))))))ID)))

26100 (Nz.z(\xxy.y) (\xy.x) ) ((\mnfx.m(nf)x) (NEx.x) (NExL £ (£ (E(E(£x))))))

2710 (\x.x) (\Ry.X)

28

29

30

31

32

33

34

35

36

37

38

39

10

41

12

43

44

45
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copy 26, Bx
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AV (ALY (xx) ) (NXLY (XX) )
N\xy.x

\xy.y

NZ.z(NXY.y) (N\Xy.X)

\xy . xyx

\xy . xxy

N\xuv. xuv

Nfx.x

mfx. f(m

\mfx. ml\gh h(gf)) (Nuux) (Navu)
\mnfx.mf (nfx
\mn.n(\mfx.m(Nghth(gf)) (\ux) (N\uu) )m
N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)

Create A-terms by 3 rules
evar:a b c X, y, 2 ...
® 3 M, N in /\ >

LS AN VA
B-reduction: ((AX.M)N) —g M[X N]

Notation (guided by Currying of multlvanate functions)
® drop outermost parenthesis:

. a p left associative: MNK (MN)K;\

¢ abs. right associative, only one A: A/ M (Ax (My
. app takes precedence over abs.:  AX IN))

(set of A-terms:
;‘j’et of variables:
(

n A
= HUAX M) in A

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (Nu.u) )m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (Nuix) (Nusu) )n (\xxy.y) (\xy"
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|

£((\mn.n(\mfx.m(\ghh(gf)) (\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

\x. X (\Xy.X)
\x.x(\xy.y)
fx

Nfx.
Nfx.
Nfx.
Nfx.
(Nz.
\xy.

KNA»—«»»—«;-'.
=y

fE(f(£(£x))))))))
mnfx.m(nf)x) (Nfx.x) (Nfx

)
JE(ECE(E(Ex))))))
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AV (ALY (xx) ) (NXLY (XX) )
N\xy.x

\xy.y

NZ.z(NXY.y) (N\Xy.X)

\xy . xyx

\xy . xxy

N\xuv. xuv

Nfx.x

mfx. f(m

\mfx. ml\gh h(gf)) (Nuux) (Navu)
\mnfx.mf (nfx
\mn.n(\mfx.m(Nghth(gf)) (\ux) (N\uu) )m
N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)

Create A-terms by 3 rules
evar:a b c X, y, 2 ...
® 3 M, N in /\ >

LS AN VA
B-reduction: ((AX.M)N) —g M[X N]

Notation (guided by Currying of multlvanate functions)
® drop outermost parenthesis:

. a p left associative: MNK (MN)K;\

¢ abs. right associative, only one A: A/ M (Ax (My
. app takes precedence over abs.:  AX IN))

(set of A-terms:
;‘j’et of variables:
(

n A
= HUAX M) in A

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (Nu.u) )m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (Nuix) (Nusu) )n (\xxy.y) (\xy"
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|

£((\mn.n(\mfx.m(\ghh(gf)) (\u.x) (\u.u))m)mn)n)m)

Nfsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

fx. fx

Nfx. f(£x)

Nfx. £(£(fx))

Nfx. f(£(£(£(fx)))

\fx.f(f(f[f(f(f(f (ECECECECE(E(Ex))))))))))))))

(Nz.z(\xxy.y) (\gy.x) ) ((\mnfx.m(nf)x) (Nfxx) (NEx £ (£ (£ (£(£x))))))




Y-combinator
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A crash course in A-calculus

&1 Mode: O | Cursor: 0029 | Item: 260 | Nodes Count: 1790000

0 0Ny (NKUy (xx) ) (NZY (%x) ) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

23|0 Nfx. f(f(fx))

240 Nfx. £(£(£(£(fx))))

2510 Nfx. f(E(E(E(E(ECECECECECECECECE(EX)))))))))ID))

260 (\xuv.xuv) ((\z.z(Nxxy.y) (\xy.x) ) ( (\mnfx.m(nf)x) (NExix) (NEx0E (£ (£(£(£x)))))))

27

28 ifte (iszero (mul zero five))

29

30

31

32

33

34

35

36

37

38

39

10

41

12

43

14

15
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A crash course in A-calculus

&7 Mode: O | Cursor: 0029 | Item: 260 | Nodes Count: 180,
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ccoccococcoocoooo000

=

ccococococooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh

)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (\x.y (xx) ) (\x.y (xx) ) ) (NEmn . (\xuv. xuv) ( (\mn. n (\m30m (Nghith (g) ) (Nuux) (Nutu) )m(\sxy y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)

Nfsx.xfs

\x. X (\XY . X)

\X. X (\XY.Y)

Nfx. fx

Nfx. f(fx)

Nfx. £(£(fx))
Nfx. £(£(£(E(Ex))))

Nfx f(E(ECE(ECECECE(ECECECECE(E(E%))))))))))))))

(Nxuv.xuv) ( (Nz.z (\xxy.y) (\y.x) ) ((N\mnfx.m(nf)x) (NExix) (NExUE (£(E(E(Ex)))))) ) (NExUE (x) )

ifte (iszero (mul zero five)) two
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A crash course in A-calculus

&7 Mode: O | Cursor: 0029 | Item: 260 | Nodes Count: 1610000 =
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ccococococooo

Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

N\xy.x ;‘j’et of variables: V)

\xy.y ape: ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

\xy . xyx A=V | (/\/\) 1'(AV.A)

\xy . xx° .

N fB-reduction: (AX.M)N) —g M[X := N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax IN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

\fx. fx

Nfx. f(£x)

Nfx. f(f(fx))
Nfx. £(£(£(£(fx))))

Nfx f(E(ECE(ECECECE(ECECECECE(E(E%))))))))))))))

(\xuvi.xuv) ((NZ.z (\xxy.y) (\xy.x)) ((\mnfx.m(nf)x) (NExix) (NEXUE (ECECE(£x))))))) (NEXUE (£x) ) (NExUEx)

ifte (iszero (mul zero five)) two one
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A crash course in A-calculus

&7 Mode: 0 | Cursor: 0029 | tem: 260 | Nodes Count: 1820000

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710/ Nfx.x Notation (guided by Currying of multlvanate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one A: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210/ Nfx.

230/ Nfx.

240/ \fx.

25|10 Nfx. FOECECECE(E(E(E%))))))))))))))

260 (\uv (\xy.x)) ( (M\mnfax.m(nf)x) (NExix) (NEUE (£ (E(£(£x))))) ) uv) (NExUE (£x) ) (NExUEx)

27

28 ifte (iszero (mul zero five)) two one, Bx1

29

30

31

32

33

34

35

36

37

38

39

10

41

12

43

14

15

16
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A crash course in A-calculus

& Mode: 0 | Cursor: 0029 | Item: 260 | Nodes Count: 1820000

00PNy (NX.y (xx)) (NXUY (XX) ) Create \-terms by 3 rules (set of A-terms:

110 \xy.x evar: a b, c, x,y, 2 ... ;‘j’et of variables:

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

8]0 \mfx. f (m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Nuix) (Natu) . a p Ieft associative: MNK

100 \mnfx.mf(nfx ® abs. ht associative, only one A: )\xy

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Nx.y(xx)) (\Nx.y(xx)) ) (\fmn . (\xuv.xuv) ((\mn.n (\mf%:m(Nghth(gf))
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

1710 (Ny. (\x.y(xx)) (Nx.y(xx) ) ) (\fmn . (\xuv.xuv) ((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u)
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

2310 Nfx. f(£(fx))

240 Nfx. £(£(£(£(fx))))

2510 Nfx. f(E(E(ECE(ECE(ECECE(ECE(E(E(£X)))))))))I))

260 (A\v. (Nz.z(\xxy.y) (\¥y.x) ) ((\mnfx.m(nf)x) (Nfx.x) (NExUE (£(£(E(Ex)))))) (NExUE (£x) )v) (NExix)

27

28 ifte (iszero (mul zero five)) two one, Bx2

29

30

31

32

33

34

35

36

37

38

39

10

41

12

43

14

15

16

<<MN

— X ‘&IVYN

(Nu.x) (Nu.u) )m(\xxy. y)(\xy x))nm) (

Jm(\xxy. y)(\xv x) )nm)




Y-combinator
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A crash course in A-calculus

&7 Mode: O | Cursor: 0029 | Item: 260 | Nodes Count: 180,
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ccococococooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh

)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (\x.y (xx) ) (\x.y (xx) ) ) (NEmn . (\xuv. xuv) ( (\mn. n (\m30m (Nghith (g) ) (Nuux) (Nutu) )m(\sxy y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)

Nfsx.xfs

\x. X (\XY . X)

\X. X (\XY.Y)

fx. fx

Nfx. f(fx)

Nfx. £(£(fx))

Nfx. £(£(£(E(Ex))))

Nfx f(E(CECE(E(ECECE(CECECECECE(E(EX))))))))))))))

(\z.z(\exy.y) (\¥y.x) ) ((\mnfx.m(nf)x) (NExx) (NEE (£ (£ (£(£x)))) ) ) (NEUE (£x) ) (NExUEx)

ifte (iszero (mul zero five)) two one, Bx3
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A crash course in A-calculus

&7 Mode: O | Cursor: 0029 | Item: 260 | Nodes Count: 1610000 =
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ccococococooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh

)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) )

(Ny. (\x.y (xx) ) (\x.y (xx) ) ) (NEmn . (\xuv. xuv) ( (\mn. n (\m30m (Nghith (g) ) (Nuux) (Nutu) )m(\sxy y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)

Nfsx.xfs

\x. X (\XY . X)

\X. X (\XY.Y)

Nfx. fx
Nfx. £(fx
Nfx. f(£(
Nfx. £(£( )
NEx. f(f( (ECECECEC
x.x) (NEx.

)
Nxxy.y) (N\xy.x) (Nfx. £ (£x) ) (NExLx)
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A crash course in A-calculus

&7 Mode: O | Cursor: 0029 | Item: 260 | Nodes Count: 185
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh

)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

\fx. fx

Nfx. f(£x)
Nfx. f (f(fx)
Nfx. f(£(f(F
Nfx. f(E(E(E
(Nnfx. (Nfx

Naeylix) (NExUE (£x) ) (NExUx)

™
X
o

ifte (iszero (mul zero five)) two one
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh

)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))
(Ny. (\x.y (xx) ) (\x.y (xx) ) ) (NEmn . (\xuv. xuv) ( (\mn. n (\m30m (Nghith (g) ) (Nuux) (Nutu) )m(\sxy y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx
(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)
Nfsx.xfs
\x. X (\XY . X)
\X. X (\XY.Y)
Nfx. fx
Nfx. f(fx)
NEx. £ (£(F
Nfx. £(£(f
NEx. f(f(f 1))))

(NE Sy) (N\xy.x) (NEx. £ (£x) ) (NEx. £x)
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A crash course in A-calculus

& Mode: 0 | Cursor: 0029 | Item: 260 | Nodes Count: 1820000

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710/ Nfx.x Notation (guided by Currying of multlvanate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

2310 Nfx. f(£(fx))

240 Nfx. £(£(£(£(fx))))

2510 Nfx. f(E(E(ECE(ECECE(ECECECE(ECE(EX))))))))NIDD))

260 (Nx. (NEx.x) ((NMExCE(E(ECE(£x))))) (NxxyLy) )x) (Nxylx) (NExUE (£x) ) (NExUEx)

27

28 ifte (iszero (mul zero five)) two one, Bx7

29

30

31
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35

36

37

38

39

10

41

12

43
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15
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh

)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) )

(Ny. (\x.y (xx) ) (\x.y (xx) ) ) (NEmn . (\xuv. xuv) ( (\mn. n (\m30m (Nghith (g) ) (Nuux) (Nutu) )m(\sxy y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)

Nfsx.xfs

N\x.x (\xy.x)

XX (\xY.Y)

Nfx. fx

Nfx. f(£x)

Nfx. £(£(fx))

Nfx. £(£(£(£(fx))))

Nfx . f(E(ECE(ECE(CECE(ECECECECE(E(EX))))))))))))))

(NxLx) ((NExCE(E(E(£(£x))))) (Rxxy.y) ) (Nxy.x) (NExUE (£x) ) (NExUfx)

ifte (iszero (mul zero five)) two one, 3x8
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AV (NXLY (xx) ) (NXLY (xXx))

N\xy.x

\xy.y

NZ.z(NXY.y) (N\Xy.X)

\xy . xyx

\xy . xxy

N\xuv. xuv

Nfx.x

mfx. f(m

\mfx. ml\gh h(gf)) (Nuux) (Navu)
N\mnfx.mf (nfx

\mn.n (\mfx.m(Nghth(gf)) (Nuux) (Suu) )m
N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nu.x) (Nuu) )m(Nxxy.y) (\xy x

)
Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))
(Ny. (Nx.y (xx)) (N\x.y (xx) ) ) (NEmn . (Nxtuv.xuv) ( (\mn.n (\mfxm (N\ghth (gf) )
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx
(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\fmn . (\xuv.xuv) ( (\mn.n (\mfx.m(Nghth(gf)) (Nuix) (\u.u)
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

Nfsx.xfs
N\x.x (\xy.x)
XX (\xY.Y)
fx. fx
Nfx. f(£x)
Nfx. £(£(fx))
Nfx. £(£(£(£(fx))))
NEx f(E(E(E(E(E(ECE(ECECECE
(Nx.x) (Nxy.x) (NEx. £ (£x) ) (Nx

ifte (iszero (mul zero five)) two one, 3x9

Create A-terms by 3 rules
evar:a b c X, y, 2 ...
® 3| M, N in /\ :>
ea
/\:V|(/\/\) | (>\V/\)
B-reduction: ((AX.M)N) —g M[X = N]
Notation (guided by Currying of multlvanate functions)
® drop outermost parenthesis:

MNK (MN)K.

. a p left associative: 2\
® abs. g1<t associative, only one \: )\xy (Ax ( I\7)/
. app takes precedence over abs.:  AX IN))

(set of A-terms:
;‘j’et of variables:
(

n A
= HUAX M) in A

(f[f(fx)])))]))]))]))

(Nu.x) (Nu.u) )m(\xxy. y)(\xy x))nm) (

Jm(\xxy. y)(\xv x) )nm)
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A crash course in A-calculus

&7 Mode: 0 | Cursor: 0029 | Item: 260 | Nodes Count: 1770000

0 0Ny (NKUy (xx) ) (NZY (%x) ) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

23|0 Nfx. f(f(fx))

240 Nfx. £(£(£(£(fx))))

2510 Nfx. f(E(E(ECE(ECECECECECECECECECEX)))) )N

260 (\xy.x) (Nfx. £ (£x)) (Nx. fx)

27 N

28 ifte (iszero (mul zero five)) two one, 3x10

29

30

31

32

33

34

35

36

37

38

39

10

41

12

43

14

15
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A crash course in A-calculus

&7 Mode: 0 | Cursor: 0029 | Item: 260 | Nodes Count: 1770000

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710/ Nfx.x Notation (guided by Currying of multlvanate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one A: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

23|0 Nfx. f(f(fx))

240 Nfx. £(£(£(£(fx))))

250 Nfx. f(E(E(ECE(CECECE(CECECECECECECEX)))) )N

2610 (Nyfx.f(fx))(NEx.fx)

27

28 ifte (iszero (mul zero five)) two one, Bx11

29

30

31

32

33

34

35

36

37

38

39

10

41

12

43

14

15

16
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh

)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (\x.y (xx) ) (\x.y (xx) ) ) (NEmn . (\xuv. xuv) ( (\mn. n (\m30m (Nghith (g) ) (Nuux) (Nutu) )m(\sxy y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)

Nfsx.xfs

\x. X (\XY . X)

\x.x(\xy.y)

£

\fx.t((x)
Nfx f(£(E
Nix. £(£(f
Nfx. f(£(F
Nfx. f(£x)

FOECECECECECECEX))))))))))N) )

ifte (iszero (mul zero five)) two one, Bx12
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

\xy . xx°

N fB-reduction: (AX.M)N) —g M[X := N]

\fx.x Notation (guided by Currying of multlvanate functions)

\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K
\mnfx.mf(nfx ® abs. g1<t associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app takes precedence over abs.. AX IN))
N\mnfx.m(nf)x

N\Z. Z (NXXy . ¥) (\Xy . X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

Nfx. fx

Nfx. f(£x)

Nfx. f(f(fx))

Nfx £ (£(E£(E(Ex))))
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A crash course in A-calculus

&1 Mode: O | Cursor: 0026 | Item: 250 | Nodes Count: 1590000

Create \-terms by 3 rules (set of A-terms:
evar:a b c X, y, 2 ... ;‘j’et of variables
® 3 M, N in /\ > ( n A
® 3 = (AX.M) inA
/\:V|(/\/\) | (>\V/\)
B-reduction: ((AX.M)N) —g M[X = N]
Notation (guided by Currying of multlvanate functions)
® drop outermost parenthesis:

MNK (MN)K

. a p left associative: 2\
® abs. g1<t associative, only one \: )\xy (Ax ( I\7)/
. app takes precedence over abs.:  AX IN))

)
Nmn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (N\uix) (N\uiu) )n (\&xy.y) (\xy!

0] Oy (NRUy (xx) ) (N&hy (%x))

1]0 \xy.x

2|0 \xy.y

310 N\z.z(N\XY.y) (\Xy.X)

4]0/ \xy.xyx

510/ \xy.xxy

610 \xuv.xuv

710 Nfx.x

8|0/ \mfx. f(m

9]0 \mfx. ml\gh h(gf)) (Nuux) (Navu)

10|0 \mnfx.mf (nfx

11|10 N\mn.n(\mfx.m(Nghih(gf)) (\aix) (Xdiu) )m

120/ \mnfx.m(nf)x

1310 N\z.z (\xxy.y) (NKY %)

140 \mn.n(\mfx.m(N\gh.h(gf)) (Nurx) (Nuiu) )m(Nexy.y) (\gy

15]0

610 )) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

16]

1710
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\NXy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

23|0 Nfx. f(f(fx))

240 Nfx. £(£(£(£(Ex))))

25[0 £

26

27

28

29

30

31

32

33

34

35

36

37

38

39

10

41

12

43

14

15

16

(Ny. (\x.y (xx) ) (\x.y (xx) ) ) (NEmn . (\xuv. xuv) ( (\mn. n (\m30m (Nghith (g) ) (Nuux) (Nutu) )m(\sxy y)(\xy %) )am) (|
(Nmnfx.mf (nfx)) ((\mfx. f(mfx)) (\fx.x)) (£((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\fx
(\y. (\x.y (xx)) (N&.y(xx) ) ) (Nfmn . (\xuv.xuv) ( (\mn’n(\mfx.m(N\ghi.h(gf) ) (Nu.x) (Nu.u) )m(\xxy. y)(\xy %) )am) (|
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

\fx. fx
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A crash course in A-calculus

&1 Mode: O | Cursor: 0030 | tem: 270 | Nodes Count: 1610000

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

12|10 \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

1410 \mn.n(\mfx.m(Ngh.h(gf)) (Nuix) (Natu) )m(Nsxyly) (Ngyix)

1510 \mn.n(\mfx.m(\Ngh.h(gf)) (\u.x) (Nu.u) )m(\xxy.y) (\xy.x) (m(\mfxm(Nghth (gf) ) (Nuix) (N\ulu) )n (\exyly) (\xy"
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (\x.y (xx) ) (\X.y (xx) ) ) (Nfmn. (\xuv.xuv) ( (\mn.n (\mf3xim(Nghih (gf) ) (Navx) (Natu) )m (Nseys y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)m)

1810/ \fsx.xfs

1910/ \x. x (\xyx)

2010/ \x. X (\xy.Y)

2110/ Nfx. fx

220/ NEx. £ (§x)

2310 Nfx. f(£(fx))

2410/ NEx. £ (£(£(£(£x))))

2510 £

2610 n

2710 (Nziz (\xxyly) (\gyix) )|

28

29

30

31

32

33

34

35

36

37

38

39

10

41

12

43

44

45

46
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51 Mode:0 | Cursor: 0031 | hem: 230 | Nodes Count 1820000 =

00PNy (NX.y (xx)) (NXUY (XX) ) Create A-terms by 3 rules (set of A-terms: A

1]0/ \xy.x ;‘j’et of variables: V)

210 \xy.y ( n A

310 N\z.z (\XyLy) (\XyL.X) E inA = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v A)

510 \Xy.xx .

HE e fB-reduction: (AX.M)N) —g M[X := N]

710/ Nfx.x Notation (guided by Currying of multlvanate functions)

8]0/ \mfx. f(mfx) ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y (xx)) (\x.y(xx) ) ) (\fmn. (\xuv.xuv) ((\mn.n(\mfx.m(Nghth(gf)) (Nu.x) (Nu.u) Jm(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

23|0 Nfx. f(f(fx))

240 Nfx. £(£(£(£(Ex))))

2510 t

26]0

2710 (\z z (Naxy |y ) (Nxylx) )il

280 (\mfx.m(\gh.h(gf)) (Nu.x) (Nuu))f

29

30

31

32

33

34

35

36

37

38

39

10

41

12

43

14

15
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A crash course in A-calculus
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AV (ALY (xx) ) (NXLY (XX) )
N\xy.x

\xy.y

NZ.z(NXY.y) (N\Xy.X)

\xy . xyx

\xy . xxy

N\xuv. xuv

Nfx.x

mfx. f(m

\mfx. ml\gh h(gf)) (Nuux) (Navu)
\mnfx.mf (nfx
\mn.n(\mfx.m(Nghth(gf)) (\ux) (N\uu) )m
N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)

Create A-terms by 3 rules
evar:a b c X, y, 2 ...
® 3 M, N in /\ >

LS AN VA
B-reduction: ((AX.M)N) —g M[X N]

Notation (guided by Currying of multlvanate functions)
® drop outermost parenthesis:

. a p left associative: MNK (MN)K;\

¢ abs. right associative, only one A: A/ M (Ax (My
. app takes precedence over abs.:  AX IN))

(set of A-terms:
;‘j’et of variables:
(

n A
= HUAX M) in A

Nmn.n (\mEx.m(Ngh-h (g£)) (NEF) (NaTu) ) m (SR Ty) (NRyix)
Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx)) (N\x.y (xx) ) ) (NEmn . (Nxtuv.xuv) ( (\mn.n (\mfxm (N\ghth (gf) )
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx
(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\fmn . (\xuv.xuv) ( (\mn.n (\mfx.m(Nghth(gf)) (Nuix) (\u.u)
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)

\fsx.xfs
\x. X (\Xy.X)
\x.x (\xy.Y)
\fx. fx

(Nziz (\&xyly) (\gy'x) )l
£((\mfx.m(N\ghlh(gf)) (Nuix) (Nuiu))H)

(Nu.x) (Nu.u) )m(\xxy. y)(\xy x))nm) (

Jm(\xxy. y)(\xv x) )nm)
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A crash course in A-calculus

&1 Mode: O | Cursor: 0032 | tem: 290 | Nodes Count: 1620000

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710 \Nfx.x Notation (guided by Currying of multivariate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

12|10 \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

1410 \mn.n(\mfx.m(Ngh.h(gf)) (Nuix) (Natu) )m(Nsxyly) (Ngyix)

1510 \mn.n(\mfx.m(\Ngh.h(gf)) (\u.x) (Nu.u) )m(\xxy.y) (\xy.x) (m(\mfxm(Nghth (gf) ) (Nuix) (N\ulu) )n (\exyly) (\xy"
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (\x.y (xx) ) (\X.y (xx) ) ) (Nfmn. (\xuv.xuv) ( (\mn.n (\mf3xim(Nghih (gf) ) (Navx) (Natu) )m (Nseys y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)m)

1810/ \fsx.xfs

1910/ \x. x (\xyx)

2010/ \x. X (\xy.Y)

2110/ Nfx. fx

220/ NEx. £ (§x)

2310 Nfx. f(£(fx))

2410/ NEx. £ (£(£(£(£x))))

2510 £

2610 n

2710 (Nziz (\sxyly) (\gyix) )|

28| 0 #( (\mfx.m(N\gh.h(gf)) (\ux) (\au) ) H)

290 (\mnfx.m(nf)x)n

30

31

32

33

34

35

36

37

38

39

10

41

12

43

44

45

46
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AV (ALY (xx) ) (NXLY (XX) )
N\xy.x

\xy.y

NZ.z(NXY.y) (N\Xy.X)

\xy . xyx

\xy . xxy

N\xuv. xuv

Nfx.x

mfx. f(m

\mfx. ml\gh h(gf)) (Nuux) (Navu)
\mnfx.mf (nfx
\mn.n(\mfx.m(Nghth(gf)) (\ux) (N\uu) )m
N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)

Create A-terms by 3 rules
evar:a b c X, y, 2 ...
® 3 M, N in /\ >

® al

/\:V|(/\/\) | (>\V/\)
B-reduction: ((AX.M)N) —g M[X
Notation (guid.
® drop outermost parenthesis:

. a p Ieft associative: MNK
e abs. right associative, only one A: )\xy
. app t§1<es precedence over abs.:  AX

(set of A-terms:
;‘j’et of variables:
(

n A
(AX:M) in A

=

N

ed by Currying of multlvanate functions)

<<MN

— X ‘&IVYN

\mn. n (\mfx.m(Ngh-h(gf)) (Nurx) (NuTu) )m(\seeyry ) (Neyix

)
Nmn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (N\uix) (N\uiu) )n (\&xy.y) (\xy!

)) (n(Nmfx.m(N\gh.h(gf)) (Nu.x) (\u.u) )m(\xxy.y) (\xy.x))

(Ny. (\x.y (xx)) (\x.y (xx) ) ) (NEmn . (\xuv.xuv) ( (\mn.n (\mf5:m(Nghih(gf))
(Nmnfx.mf (nfx)) ((\mfx. f(mfx)) (\fx.x)) (£((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\fx
(\y. (\x.y (xx)) (N&.y(xx) ) ) (\Nfmn. (\xuv.xuv) ( (\mn.n (\mfx.m(\ghi.h(gf) ) (Nu-x) (Nu.u)

£((\mn.n(\mfx.m(\ghh(gf)) (\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
\x. X (\Xy.X)
\x.x (\xy.Y)
\fx. fx

(Nziz (\&xyly) (\gy'x) )l
£((\mfx.m(N\ghlh(gf)) (\ux) (\Xuu))f

m)
(\Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))d))

(Nu.x) (Nu.u) )m(\xxy. y)(\xy x))nm) (

Jm(\xxy. y)(\xv x) )nm)
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mul n (F [(.)red n)
ifte (iszero n

A crash course in A-calculus
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

\fx. fx

(Nzlz (Nxxy ' y) (\xy.x))i
((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)
(Nmnfx.m(nf)x)n(E( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))d))
(Nxuv.xuv) ((Nz.z (\xxy.y) (\xy.x))n)




Y-combinator

false
not
and
or
ifte

lszero n

f (pre
ol p )

A crash course in A-calculus

&1 Mode: O | Cursor: 0033 | tem: 300 | Nodes Count: 1670000

0
1
2
3
1
5
6
7
8
9

10

11

12

13

14

15

o

© ccocococcocococococoooo

ccocccocococoooo

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(m ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K/{
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

\mnfx.m(nf)x

\Z.Z (\XXy.y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nu.x) (Nuu) )m(Nxxy.y) (\xy x

)
Nmn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (N\uix) (N\uiu) )n (\&xy.y) (\xy!

)) (n(Nmfx.m(N\gh.h(gf)) (Nu.x) (\u.u) )m(\xxy.y) (\xy.x))

(Ny. (\x.y (xx)) (\x.y (xx) ) ) (NEmn . (\xuv.xuv) ( (\mn.n (\mf5:m(Nghih(gf))
(Nmnfx.mf (nfx)) ((\mfx. f(mfx)) (\fx.x)) (£((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\fx
(\y. (\x.y (xx)) (N&.y(xx) ) ) (\Nfmn. (\xuv.xuv) ( (\mn.n (\mfx.m(\ghi.h(gf) ) (Nu-x) (Nu.u)

£((\mn.n(\mfx.m(\ghh(gf)) (\u.x) (\u.u))m)mn)n)m)
\fsx.xfs

\x. X (\Xy.X)

\x.x (\xy.Y)

\fx. fx

(Nziz (Nsexyly) (Neeyox) )i
£ ((\mfx.m(\ghlh(gf)) (\uix) (Nuu
(Nmnfx.m(nf)x)n(((\mfx.m(\gh.h

))m)
(gf))(\u X)l\u u))m))
(Nxuv.xuv) ((Nz.z (N\xxy.y) (\xy.x))Rn) (N

(Nutx) (Ndiu) )m(\xxy. y)(\xy x))nm) (|

Jm(\xxy. y)(\xv x) )nm)




Y-combinator
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A !
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

\fx. fx

(Nziz (\&xyly) (\gy'x) )l

£((\mfx.m(N\ghl.h(gf)) (Nux) (NXuiu))f)

(N\mnfx.m(nf)x)n(£((\mfx.m(\gh.h(gf)
)

(Nuix) (\utu
(Nxuv.xuv) ((\NZ.2 (\xxy.y) (\XY.X) ]

) ))m))
Nfx. £x) ((N\mnfx.m(nf)x)H (£ ( (\mfx.m(Xghth(gf)) (Nuix) (Nuiu))i)))

ifte (iszero n) one (mul n (f (pred n)))
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iszero n

f (pred
A !

A crash course in A-calculus
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

\fx. fx

(Nzhz (\xxy.y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(E( (\mfx.m(Ngh.h(gf)) (\aix) (Natu))f))

Nn. (\xuv.xuv) ( (Nz.z (\xxy.y) (\Xy.x) )n) (Nx. £x) ( (\mnfxim(nf)x)n (8 (\mfxim(Nghth(gf) ) (Nuvx) (\diu) )n)))

An.ifte (iszero n) one (mul n (f (pred n)))
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

\fx. fx

(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(E( (\mfx.m(\Ngh.h(gf)) (Naix) (Natu))f))

Nfn. (\xuv.xuv) ((\z.z (\Nxxy.y) (\€y.x) )n) (NEx. £x) ((N\mnfxim (nf)%)n (f ( (\mfxm (Sghivh (g ) ) (Naix) (Nuu) )n)))

Afn.ifte (iszero n) one (mul n ( (pred n)))




Y-combinator

false
not
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ifte

iszero n

f (pred
A !

A crash course in A-calculus

51 Mode:0 | Cursor 0033 | hem: 300 | Nodes Count: 1710000 -

0 0Ny (NKUy (xx) ) (NZY (%x) ) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210 \xy.y ® 3 M,Nm/\ > ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl =7 | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710/ Nfx.x Notation (guided by Currying of multlvanate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one A: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

23|0 Nfx. f(f(fx))

240 Nfx. £(£(£(£(Ex))))

2510 £

260/ n

2710 (Nziz(\sexyy) (Nyix) )|

280 #((\mfx.m(\gh.h(gf)) (Nu:x) (Nu-u))f)

2910 (Nmnfx.m(nf)x)n(E( (\mfx.m(X\gh.h(gf)) (Nuix) (Navu))i))

3010 (Ny. (NX.y (xx)) (Nx.y (xx) ) ) (NEn. (\xuvixuv) ((Nz.z (Nexy.y) (8Ryix) )n) (NExUEx) ( (NmnExim (nf)x) n ( ( (NmEsim (
gh.h(gf)) (\u.x) (\u.u))n))))

31

32 fac = Y(Afn.ifte (iszero n) one (mul n (f (pred n))))

33

34

35

36

37

38

39

40

11

42

43

14

45




Y-combinator

false
not
and
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ifte

iszero n

f d
A !
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,Nm/\ > ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

\fx. fx

(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.
gh.h(gf))(\u.x)(\u.u))n))))




Y-combinator
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not
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iszero n

f (pred n

mul n (F (pred n)
fac

fac five

A crash course in A-calculus
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

N\xy.x ;‘j’et of variables: V)
\xy.y ape: ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

\xy . xyx A=V | (/\/\) 1'(AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx
Nfx. f(£x)
Nfx. f (f(fx)
Nfx. f(£(f
f

)
(£x))))

n
(Nziz (\&xyly) (\gy'x) )l

£((\mfx.m(N\ghl.h(gf)) (Nux) (NXuiu))f)

(N\mnfx.m(nf)x)n(E((\mfx.m(Ngh.h(gf)) (\ux) (\avu))f))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.
gh.h(gf)) (\u.x) (\u.u))n))))

(\y. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEnd (\RuVixuv) ((N20z (\Sxyly) (SRyix) )n) (NExUfx) ((Nmnfxim (nf)x)n (£ ( (NmE%m
ghih(gf)) (Nu.x) (Nu.u))n))) ) (NExCE(E(E(E(Ex)))))




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, Bx1
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

N\xy.x ;‘j’et of variables: V)
\xy.y ape: ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

\xy . xyx A=V | (/\/\) 1'(AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx
Nfx. f(£x)
Nfx. f (f(fx)
Nfx. f(£(f
f

)
(£x))))

n
(Nziz (\&xyly) (\gy'x) )l

£((\mfx.m(N\ghl.h(gf)) (Nux) (NXuiu))f)

(N\mnfx.m(nf)x)n(E((\mfx.m(Ngh.h(gf)) (\ux) (\avu))f))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.
gh.h(gf)) (\u.x) (\u.u))n))))

(\x. (Nfn' (\xuv. xuv)[(\z z (\xxy1y) (\&yix) )n) (NExT fx) ( (\mnfxim(nf)x)n (£ ((\mfxm(Nghth(gf)) (Nux) (Nuvu)
1n)))) (%x) ) (N&. (NEnL (Nxuv. xuv) ((Nz.z (Nxxy.y) (\xy.x) )n) (M. £x) ( (N\mnfx.m(nf)x)n (£( (\mEx.m(Ngh.h(gf)) (
Nu.x) (Nu. “))nl))i(xx))(\fx £CE(E(£(£x)))))




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, Bx2
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

N\xy.x ;‘j’et of variables: V)
\xy.y ape: ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

\xy . xyx A=V | (/\/\) 1'(AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx
Nfx. f(£x)
Nfx. f (f(fx)
Nfx. f(£(f
f

)
(£x))))

n

(Nziz (Nsexyly) (Neeyox) )i

£((\mfx.m(N\ghl.h(gf)) (Nux) (NXuiu))f)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

(\y. (\x.y (xx) ) (Nx.y (xx) ) ) (Nn. (\Nxuvixuv) ((Nz.z (Nxxy.y) (\xyix) )n) (NEx0fx) (\mnfxim(nf)x)n (£( (N\mfxim(

gh.h(gf))(\u.x)(\u.u))n))))

(NEn. (\stuv. xuv) ((Nz.z (\xxy.y) (\&yx) )n) (NEx fx) ((Nmnfxim(nf)x)n (£ ((Nmfom(Nghith(gf)) (Nuix) (\atu))n))

1) ((Nx. (N (\xuv.xuv) ((Nz.z (\xxy.y) (NXy.x) )n) (Nfx. fx) ((M\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (\y
))n)))) (xx)) (Nx. (NEnl (Nxuv. xuv) ((Nz.z (\xxy.y) (\xy.x))n) (\fx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(qgf|

1) (Nuix) (Nuiu))n) ) ) ) (xx))) (NExCE(E(E(E(Ex)))))




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, Bx3

A crash course in A-calculus

1 Mode:0 | Cursor: 0035 | hem: 31,0 | Nodes Count: 1790000 -

0 0Ny (NKUy (xx) ) (NZY (%x) ) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210/ \xy.y ® 2 M,Nm/\ ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710/ Nfx.x Notation (guided by Currying of multlvanate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one A: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

23|0 Nfx. f(f(fx))

240 Nfx. £(£(£(£(Ex))))

2510 £

260/ n

2710 (Nziz(\sexyy) (Nyix) )|

280 #((\mfx.m(\gh.h(gf)) (Nu:x) (Nu-u))f)

2910 (Nmnfx.m(nf)x)n(E( (\mfx.m(X\gh.h(gf)) (Nuix) (Nawu))i))

30100 (Ny. (NX.y (xx) ) (NX.y (xx) ) ) (NEn. (Nxuvixuv) (Nz.z (Nxxy.y) (\Xyeix) )n) (NExUEx) ((Nmnfxim (nf)x)n (F ( (SmExm (
gh.h(gf))(N\u.x)(N\u.u))n))))

3110 (Nn. (Nxuv.xuv) ((Nz.z(Naxy.y) (\&y'ix) )n) (N2 £x) ((Nmnfxim (nf)3x)n ( (N0 (NEnT (Nstuvixuv) ((Nz0z (Nsexyny ) (Nxy|
.x))n) (\Nfx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx) ) (\x. (Nfn. (\xuv.xuv) ( (\z.z (|
\xxy.y) (\xy.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n(£((\mfx.m(\gh.h(gf)) (Nu.x) (N\u.u))n)))) (xx)) ((\mfx.m(\Ngh.h |
gf)) (NuLx) (Nutu))n)))) (NEx £ (£(E(£(£x)))))

32

33

34

35

36

37

38

39

10

41

42
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ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, Bx4
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°

Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

N\xy.x ;‘j’et of variables: V)
\xy.y ape: ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

\xy . xyx A=V | (/\/\) 1'(AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx
Nfx. f(£x)
Nfx. f (f(fx)
Nfx. f(£(f
f

)
(£x))))

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.
gh.h(gf))(\u.x)(\u.u))n))))

(N\xuv.xuv) ((Nz.z (\xxy.y) (\Xy.x) ) (NEx. £(£(£(£(£x)))))) (NEx. £x) ((Nmnfx.m(nf)x) (NEx. £(£(£(£(£x)))))((\H
S (NEn. (Nxuv. xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\fx. £x) ((\mnfx.m(nf)x)n (£ ( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)
))) (xx) ) (N (N0l (Nxuv.xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (\fx. £x) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (\u.
x) (Nu.u))n)))) (xx)) ((Nmix.m(Ngh.h(gf)) (Nuox) (Nuwu)) (NExCE(E(E(E(EX))))))))




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, Bx5
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

N\xy.x ;‘j’et of variables: V)

\xy.y ape: ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

\xy . xyx A=V | (/\/\) 1'(AV.A)

\xy . xx° .

N fB-reduction: (AX.M)N) —g M[X := N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax IN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx
Nfx. f(£x)
Nfx. f (f(fx)
Nfx. f(£(f

f

)
(£x))))

n
(Nzhz (\xxy.y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.
gh.h(gf))(\u.x)(\u.u))n))))

(Nuv. (\z.z (\xxy.y) (\Xy.x) ) (NExU £ (£(£(£(x)))))uv) (NEx: £x) ((NmnExim(nf)x) (NExUE(E(E(E(Ex))))) (N2 (N
n. (\xuv.xuv) ( (Nz.z(\xxy.y) (\&y.x) )n) (Nfx. fx) ((\mnfx.m(nf)x)n(f((\mfx.m(\Ngh.h(gf)) (Nu.x) (N\u.u))n)))) (
xx) ) (N (NEDL (Nxeuv.xuv) (Nz.z (Nxxy.y) (Nxy.x) )n) (Nx. £x) ( (\mnfxc.m(nf)x)n (£ ((\mfx.m(\Ngh.h(gf)) (Nu.x) (
u.u))n)))) (xx)) ((Mmfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) ) (NExCE(E(£(E(£x))))))))




Y-combinator
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not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, Bx6
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AV (ALY (xx) ) (NXLY (XX) )
N\xy.x

\xy.y
\z.z (\Xy.y) (\NXy.X)

\xy. XXy
\Xuv.xuv

N\mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m

\fx.x Notation (guided by Currying of multlvanate functions)
mfx. f(m ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K/{
\mnfx.mf(nfx (Ax (IV)/N

Create A-terms by 3 rules

36e;
\xy . xyx A=
B-reduction: ((AX.M)N) — g M[X

® abs. g1<
. app takes precedence over abs.:

(set of Aterms: A
;‘j’et of variables: V)
(

n A
= HUAX M) in A
N

M in A
ARG RKEVAN

t associative, only one A: dxy M.

N\mnfx.m(nf)x
\Z.Z (\XXy.y) (\Xy.X)

Nmn.n(\mfx.m(N\gh.h(gf)) (Nuix) (Naiu) )m(Nsxy y) (\xy"
\mn.n(\mfx.m(\gh.h(gf)) (N\u.x) (\Nu.u) )m(\xxy.y) (\XY .
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) )

(Ny. (\x.y (xx)) (\x.y (xx) ) ) (NEmn . (\xuv.xuv) ( (\mn.n (\mf5:m(Nghih(gf))
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx
(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\fmn . (\xuv.xuv) ( (\mn.n (\mfx.m(Nghth(gf)) (Nuix) (\u.u)

£((\mn.n(\mfx.m(\ghh(gf)) (\u.x) (\u.u))m)mn)n)m)
\fsx.xfs

\x. X (\Xy.X)

\x.x (\xy.Y)

\fx. fx

Nfx.
Nfx.
Nfx.
f

£(fx)
£(£(fx))

fOECE(E(EX))))

n

(Nzhz (\xxy.y) (\xy.x))i
((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)
(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))

gh.h(gf))(Nu.x)(\u.u))n))))

(\v. (Nz.z (\xxy .y ) (Nxy.x) ) (NExUE (£ (£(£(£x)))) ) (NExs
(Nxuv.xuv) ((Nz.z(\xxy.y) (\®y.x))n) (Nfx. fx) ((\mnfx.
)) (Nx. (Nfnl (Nxuv. xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (Nx.
u))n)))) (xx)) ((\mx.m(Ngh.h(gf)) (Nu.x) (\u.u)) (NEx.

m))
Ny (NxLy (xx) ) (NXLy (xx) ) (NEnL (Nxuvixuv) (Nz.z (Nxxy.y) (\Xyex) )n) (NExL £x) (Nmnfxim(nf)x)n (£ ( (\mExm(

x)
x) (m(\m . m(Nghth (gf)) (Nux) (Nuu) ) n (\xxyly) (\xy"

(Nu.x) (Nu.u) )m(\xxy. y)(\xy x))nm) (

Jm(\xxy. y)(\xv x) )nm)

£x)v) ((Nmnfacim (nf)x) (NExo £ (£ (£(£(£x))))) ( (Ns2d (NEnl
m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (x:
f£x) ((\mnfx.m(nf)x)n(£( (\mnfx.m(\gh.h(gf)) (\u.x) (\u.
F(E(E(E(Ex))))))))




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, Bx7
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°

Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

N\xy.x ;‘j’et of variables: V)

\xy.y ape: ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

\xy . xyx A=V | (/\/\) 1'(AV.A)

\xy . xx° .

N fB-reduction: (AX.M)N) —g M[X := N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax IN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx
Nfx. f(£x)
Nfx. f (f(fx)
Nfx. f(£(f
f

)
(£x))))

n
(Nzhz (\xxy.y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.
gh.h(gf))(\u.x)(\u.u))n))))

(Nz.z (\xxy.y) (\xy.x) ) (NEx. £ (£ (£(£(£x))))) (NExL£x) ((Nmnfxim(nf)x) (NExo £ (£(£(£(£x))))) (N (NEnL (Nxuv:
xuv) ((Nz.z (\N&xy.y) (\&y. %) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((\mfx.m(\Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x.
(NEnl. (\xtuv. xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (£((\mfx.m(\Ngh.h(gf)) (\u.x) (\u.u))n))
1) (xx)) ((Nmfx.m(Ngh.h(gf)) (Nuux) (Nuou) ) (NExCE(E(E(E(EX))))))))




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, Bx8
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°

Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

N\xy.x ;‘j’et of variables: V)

\xy.y ape: ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

\xy . xyx A=V | (/\/\) 1'(AV.A)

\xy . xx° .

N fB-reduction: (AX.M)N) —g M[X := N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (IV)/
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax IN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx
Nfx. f(£x)
Nfx. f (f(fx)
Nfx. f(£(f
f

)
(£x))))

n
(Nzhz (\xxy.y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.

gh.h(gf))(\u.x)(\u.u))n))))

(NExL E(E(E(E(Ex))))) (Nxxy.y) (NXyox) (NExL £x) ((Nmnfxim(nf)x) (NEx0 £ (£ (£ (£ (£x))))) ((Nsed (NEnl (Nxuvixuv) (
N\z.z (\Nxxy.y) (\xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n (£((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (\NEnl |
Nxuv.xuv) ((Nz.z (\sexy.y) (\xy.x) )n) (Nx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (\u.x) (Nu.u))n))) ) (xx)|
) ((\mfx.m(Ngh.h(gf)) (Nux) (Nuvu) ) (NExL £ (£(E(£(£x))))))))




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, Bx9
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

N\xy.x ;‘j’et of variables: V)
\xy.y ape: ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

\xy . xyx A=V | (/\/\) 1'(AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx
Nfx. f(£x)
Nfx. f (f(fx)
Nfx. f(£(f
f

)
(£x))))

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.
gh.h(gf))(\u.x)(\u.u))n))))

Nz (Nxexy - y) ((Nxxy . y) ((Nxxy.y) (Nxxy.y) ((Nxxy.y)x)))) ) (NXy.x) (NEx. £x) ((Nmnfx.m(nf)x) (NExL £ (£ (£ (£(fx)
)))) ((\x. (NEn (\xuv.xuv) ((Nz.z (Nxxy.y) (\Xy.x) )n) (NEx. fx) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (\u.x) (
Nu.u))n)))) (xx)) (\x. (NEn' (Nxuv. xuv) ((Nz.z (\exy.y) (\xy.x) )n) (Nx. £x) ((\mnfx.m(nf)x)n (£( (\mfx.m(\gh.h(
gf)) (Nu.x) (Nucu))n)))) (xx)) ((N\mEx.m(Nghth(gf)) (Nu.x) (Nucu) ) (NExCE(ECE(E(Ex))))))))




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, Bx10
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Ny- (NTy (xx)) (RXy (%x) ) Create \-terms by 3 rules (set of A-terms: 1/
\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,N.n/\ ( n A
N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA
\xy . xyx A=V | (/\/\) | (>\V /\)
CH B-reduction: (AX.M)N) =g M[X = N]
\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:
\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf(nfx ® abs. right associative, only one X: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N
N\mnfx.m(nf)x
N\Z. Z (NXXy . ¥) (\Xy . X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)
Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))
(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx
(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)
Nfsx.xfs
N\x.x (\xy.x)
XX (\xY.Y)
Nfx. fx
Nfx. f(£x)
Nfx. £(£(fx))
Nfx £ (£(E£(E(Ex))))
£
n
(Nziz (Nsexyly) (Neeyox) )i
((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)
(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))
Ny (NX.y (%x) ) (NXLy (xx) ) ) (NEnL (NxuvLxuv) (8202 (NexyLy) (\Ryex) )n) (N £x) ((Nmnifscim (n ) %) n (F ( (NmExim (
gh.h(gf)) (\u.x)(\u.u))n))))
(Nxxy . y) (Nxxy.y) ((N\xxy.y) (Nxxy.y) ((Nxxy.y) (\xy.x)))) ) (NEx. £x) ((Nmnfx.m(nf)x) (NEx E(E(E(E(Ex))))) (
Nx. (Nnl (Nxuv. xuv) ((Nz.z (\xxy.y) (\¥y.x) )n) (Nfx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x) (\u.u) )|
n)))) (xx)) (Nx. (NEnl (Nxuv.xuv) ( (Nz.z (\xxy.y) (\xy.x) )n) (Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (
u.x) (Nusu))n)))) (xx)) ((N\mEx.m(Nghih(gf)) (Nu.x) (Nutu) ) (NEXCE(E(E(E(Ex))))))))
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°




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, Bx11

A crash course in A-calculus

1 Mode:0 | Cursor 0035 | hem: 31.0 | Nodes Count: 1800000 -

0 0Ny (NKUy (xx) ) (NZY (%x) ) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210/ \xy.y ® 2 M,Nm/\ ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710/ Nfx.x Notation (guided by Currying of multlvanate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one A: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

23|0 Nfx. f(f(fx))

240 Nfx. £(£(£(£(Ex))))

2510 £

260/ n

2710 (Nziz(\sexyy) (Nyix) )|

280 #((\mfx.m(\gh.h(gf)) (Nu:x) (Nu-u))f)

2910 (Nmnfx.m(nf)x)n(E( (\mfx.m(X\gh.h(gf)) (Nuix) (Nawu))i))

30100 (Ny. (NX.y (xx) ) (NX.y (xx) ) ) (NEn. (Nxuvixuv) (Nz.z (Nxxy.y) (\Xyeix) )n) (NExUEx) ((Nmnfxim (nf)x)n (F ( (SmExm (
gh.h(gf))(N\u.x)(\u.u))n))))

3110 (Nxy.y) (Nfx. fx) ( (\mnfx.m(nf)x) (NEx0 £ (£ (£ (£ (£x)))) ) (N0 (NEnl (\suvixuv ) ((Nz0z (\sedyty ) (\styix) )n) (NEx!
%) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (N\u.x) (\u.u))n)))) (xx) ) (NK. (NEL (Nxuv.xuv) ((Nz.2 (\&xY.y) (\KY .
x))n) (Nfx. £x) ( (\mnfx.m(nf)x)n (£ ((\mfx.m(\Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(\Ngh.h(gf)) (Nu.x) (
u.u)) (NExCE(E(E(E(EX))))))))
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,N.n/\ ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(m ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K/{
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

\fx. fx

(Nzhz (\xxy.y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.
gh.h(gf))(\u.x)(\u.u))n))))

(\y.y) ((N\mnfx.m(nf)x) (NEx. £ (£(£(£(£x))))) (N (NEnl (\xuvixuv) ((NZiz (\xxy.y) (\xy %) )n) (NEx! £x) ( (N\unE
.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx) ) (\x. (NEn. (N\xuv.xuv) ( (Nz.z (\xxy.y) (\¥y.x))n) (\f
. fx) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u) ) (\£
CECE(E(E(£x))))))))
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fac
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A crash course in A-calculus

51 Mode:0 | Cursor 0035 | hem: 31,0 | Nodes Count: 1760000 -

0 0Ny (NKUy (xx) ) (NZY (%x) ) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210/ \xy.y ® 2 M,Nm/\ ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710/ Nfx.x Notation (guided by Currying of multlvanate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

23|0 Nfx. f(f(fx))

240 Nfx. £(£(£(£(Ex))))

2510 £

260/ n

2710 (Nziz(\sexyy) (Nyix) )|

280 #((\mfx.m(\gh.h(gf)) (Nu:x) (Nu-u))f)

2910 (Nmnfx.m(nf)x)n(E( (\mfx.m(X\gh.h(gf)) (Nuix) (Nawu))i))

30100 (Ny. (NX.y (xx)) (Nx.y (xx) ) ) (NEn. (\xuvixuv) ((Nz.z (Nexy.y) (8Ryix) )n) (NExUEx) ( (NmnExim (nf)x) n (F ( (NmEsim (
gh.h(gf)) (\u.x) (\u.u))n))))

3110 (Nmnfx.m(nf)x) (Nfx. £(£(£(£(£x))))) ( (N (NEnl (\seuvixuv) ((Nziz (\sxyiy ) (Nyix) )n) (NEx3 £x) ( (Nmnfxim(nf)
)n(£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (Nnl. (Nxuv. xuv) ((N\z.z (\xxy.y) (\xy.x))n) (Nx. £x) ((
mnfx.m(nf)x)n(£( (\mfx.m(N\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) ( (\mfx.m(Xgh.h(gf)) (\u.x) (\Nu-u) ) (NEx. £ (£(£(]
£(£x)))))))
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A crash course in A-calculus

51 Mode:0 | Cursor 0035 | hem: 31,0 | Nodes Count: 1820000 -

0 0Ny (NKUy (xx) ) (NZY (%x) ) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210/ \xy.y ® 2 M,Nm/\ ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1| of Rl A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710/ Nfx.x Notation (guided by Currying of multlvanate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one A: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

23|0 Nfx. f(f(fx))

240 Nfx. £(£(£(£(Ex))))

2510 £

260/ n

2710 (Nziz(\sexyy) (Nyix) )|

280 #((\mfx.m(\gh.h(gf)) (Nu:x) (Nu-u))f)

2910 (Nmnfx.m(nf)x)n(E( (\mfx.m(X\gh.h(gf)) (Nuix) (Nawu))i))

30100 (Ny. (NX.y (xx) ) (NX.y (xx) ) ) (NEn. (Nxuvixuv) (Nz.z (Nxxy.y) (\Xyeix) )n) (NExUEx) ((Nmnfxim (nf)x)n (F ( (SmExm (
gh.h(gf)) (\u.x) (\u.u))n))))

3110 (Nnfx. (Nfax. £(£(£(£(£x))))) (nf)x) ( (N (NEn (Nseuvixuv) (Nziz (Nsadyty ) (Nxyix) )n) (NEx £x) ( (Nmnfim(nf)x)n
(£((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (Nn. (Nxuv. xuv) ((\z.z(\xxy.y) (\xy.x))n) (\Nfx. £x) ((\mn|
fx.m(nf)x)n(£((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u) ) (Nfax. £ (£(£(£(
£x)))))))
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not
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f (pred n

mul n (F (pred n)
fac
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A crash course in A-calculus

&1 Mode: O | Cursor: 0035 | Item: 31,0 | Nodes Count: 1610000

00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: 1/

1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)

210/ \xy.y ® 2 M,Nm/\ ( n A

310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA

1]0/ Natyxyx A=V | (/\/\) | (>\v /\)

510 \Xy.xx

HE e fB-reduction: (AX.M)N) —g M[X := N]

710/ Nfx.x Notation (guided by Currying of multlvanate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

120/ \mnfx.m(nf)x

130/ \z.z (\xxy.y) (NKy %)

140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)

1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

2010/ \x. X (\xy.Y)

2110 N\fx. fx

2210 Nfx. f(fx)

2310 Nfx. f(£(fx))

240 Nfx. £(£(£(£(Ex))))

2510 £

260/ n

2710 (Nziz(\sexyy) (Nyix) )|

28] 0 E((\mfx.m(\gh.h(gf)) (\ux) (\uu))f)

2910 (Nmnfx.m(nf)x)n(E( (\mfx.m(X\gh.h(gf)) (Nuix) (Nawu))i))

30100 (Ny. (NX.y (xx)) (Nx.y (xx) ) ) (NEn. (\xuvixuv) ((Nz.z (Nexy.y) (8Ryix) )n) (NExUEx) ( (NmnExim (nf)x) n (F ( (NmEsim (
gh.h(gf)) (N\u.x) (\u.u))n))))

3100 Nfx. (N f (£(£(£(£x))))) ((Nser (NEnL (Nstuvixuv) ((Nziz (\sexyy ) (\xyix) )n) (N fx) ( (Nmnfxim (nf)x)n (f ((\mfx
.m(Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx) ) (\x. (NEn. (Nxuv.xuv) ( (Nz.z (\xxy.y) (\xy.x) )n) (Nx. £x) ( (\mnfx.m(nf)|
x)n(£((\mfx.m(\gh.h(gf))(Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu-u)) (Nx. £ (£(£(£(£x)))))))
£)x
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A crash course in A-calculus
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

N\xy.x ;‘j’et of variables: V)
\xy.y ape: ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

\xy . xyx A=V | (/\/\) 1'(AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:
wkmh@hmﬂﬂwx”wm) .apb&xmmWe MNK (MN)K
\mnfx.mf (n @ abs. right associative, only one \: )\xy (Ax (
\mn.n(\mfx. m[\gh h(gf)) (Nuix) (Nutu))m . app tag1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
N E(E(E(E(Ex))))
f

n
(Nzhz (\xxy.y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.

gh.h(gf))(\u.x)(\u.u))n))))

Nfx. (Nx. (\x. (Nn. (\xuv.xuv) ((N20z (NexyLy) (\Ry-x) )n) (NExL £x) ((N\mofx m(nf)x)n (£ ( (\mfx.m(Nghih(gf)) (\u.
%) (Nu.u))n)))) (xx)) (\x. (NEn' (\xuv.xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (NEx. £x) ( (\mnfx.m(nf)x)n (£ ( (\mfx.m(\gh
.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) ) (NEx. £ (£(£(£(£x)))))) £( (N (NEn. (\xuv.
xuv) ((Nz.z (\xxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (£((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx) ) (\x.
(NEnl. (\xuv. xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n))
1) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(E(E(E£(£x))))))E((Nx. (NEn. (\xuv.xuv) ( (Nz.z (\xxy.Y) (\XY.
x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\Nx. (NEnl. (\xuv. xuv) ((\Nz.z(

xxy.y) (\xy.x) )n) (Nx. £x) ((\mnfx.m(nf)x)n(f( (\nfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx)) ( (\mfx.m(Xgh.h (g
£)) (NuLx) (Nutu)) (NEx. £ (FCE(E(£x)))))) E((N%. (NEnL (\xuv. xuv) ( (Nz.z (\xxy.y) (\xy.%) )n) (Nfx. £x) ( (\mnfx.m(
nf)x)n(£( (\mfx.m(N\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx) ) (\x. (\NEn. (\xuv.xuv) ( (\Nz.z (\xxy.y) (\xy.x) )n) (\Nfx. f

) ((\mnfx.m(nf)x)n(f( (MNmEx.m(\gh.h(gf)) (\u.x)(\u.u))n))))(xx)) ((Mfx.m(Ngh.h(gf)) (\u.x)(\u.u)) (\fx. £(
£OE(£(£x))))) )£ (Nx. (NEn. (\xuv.xuv) ((Nz.z (\&xy.y) (N&y.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(
gf)) (Nu.x) (Nu.u))n)))) (xx)) (Nx. (NEn. (Nxuv. xuv) ( (Nz.z (Nxxy.y) (\xy.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (£( (\nl
fx.m(N\gh.h(gf)) (\u.x) (\u.u))n)))) (xx)) ((Mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) (NEx. £(£(£(£(£x))))))Ex))))IxX




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

N\xy.x ;‘j’et of variables: V)

\xy.y ape: ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

\xy . xyx A=V | (/\/\) 1'(AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx.m(\gh. h[gf))(\u.x)(\u.u) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (n @ abs. right associative, only one \: )\xy (Ax (
\mn.n(\mfx. m[\gh h(gf)) (Nuix) (Nutu))m . app tag1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
N E(E(E(E(Ex))))
f

n
(Nzlz (Nxxy ' y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.
gh.h(gf))(\u.x)(\u.u))n))))

Nfx. (\x. (Nfn. (\xuv.xuv) ( (Nziz (Nxxy.y) (\xy.x) )n) (NEx. fx) ((\mnfx m(nf)x)n(f( (\mfx.m(Nghth(gf)) (Nu:x)(
u.u))n)))) (xx)) (\x. (Nnl (Nxuv. xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h (g|
£)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(£(£(£x)))))) £( (N (Mn. (\xuv. xuv)
((NzZ.z(\xxy.y) (NXy.x))n) (Nfx. £x) ((Nmnfx.m(nf)x)n(f((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (Nx. (\Nfn
J(Nxuv.xuv) ((\Nz.z (\xxy.y) (\gy.x) )n) (Nx. £x) ( (\mnfx.m(nf)x)n (f( (\mfx.m(\gh.h(gf)) (\u.x) (Nu.u))n))))(
x)) ((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) (Nfx. £(£(£(£(£x))))))f((\x. (Nfn. (\xuv.xuv) ((\z.z(\xxy.y) (\xy.x))n
) (Nfx. £x) ((N\mnfx.m(nf)x)n (£ ( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (Nnl. (Nxuv. xuv) ((\z.z (\xxy.
y) (\xy.x))n) (NEx. £x) ((\mnfx.m(nf)x)n (£ ( (\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ( (\mfx.m(\gh. hlgf))(
NuLx) (Nu.u)) (NEx. £ (E(ECE(Ex)))))) £ (A% (NMn. (\xuv.xuv) ((Nz.z (\xxy.y) (\xy.x))n) (Nfx. fx) ((\mnfx.m(n
)n(£( (\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (NEn. (\xuv. xuv) ( (Nz.z (\xxy.y) (\xy.x) )n) (\Ex. fx)[(
mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf))(Nu.x)(Nu.u))n)))) (xx)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) (Nfx. £ (f(£(]
£(£x)))))) £ ((\x. (NMn. (\xuv.xuv) ( (Nz.z (\¥xy.y) (\xy.x) )n) (Nfx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf))
(Nu.x) (Nu.u))n)))) (xx) ) (N (NEnL (Nxuv.xuv) (N2, 2z (\xxy.y) (Nxy.x) )n) (NEx. £x) ((\mnfx. m(nf)x)n(f((\mtx
(Ngh.h(gf))(Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (Nfx. £(£(E£(£(£x))))))Ex))))
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and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac
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AV (ALY (xx) ) (NXLY (XX) )
N\xy.x

\xy.y

NZ.z(NXY.y) (N\Xy.X)
\xy . xyx

Xy . XXy

N\xuv. xuv

Nfx.x

\mfx. f(mfx
\mfx.m(\gh.h(gf))
N\mnfx.mf (nfx
\mn.n(\mfx.m(Nghth(gf)) (\ux) (N\uu) )m
N\mnfx.m(nf)x

(Nuix) (Nuvu)

Create A-terms by 3 rules (set of A-terms: A

(et of variables: V)
( n A
= HUAX M) in A

A —gv AARENTAN
B-reduction: ((AX.M)N) —g M[X = N]

Notation (guided by Currying of multlvanate functlons)

o drop outermost parenthesis: MN)

. a p left associative: 2\

¢ abs. right associative, only one \: A/, M (Ax ( )
. app takes precedence over abs..  Ax.MN = (Xx.(MN))
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1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (NX.y (xx) ) (NX.y (xx) ) ) (\Emn. (\xuv.xuv) ((\mn.n(\mfx.m(\ghh(gf)) (Nu.x) (\utu) Jm(Nexy’ y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

200 \X.x(\XY.Y)

2110 N\fx. fx

2210 \fx.f(fx)

2310 Nfx. f(£(fx))

2410 Nfx. £ (£(£(£(fx))

25|0 £

260/ n

27|00 (Nziz (\xxy.y) (\zy.x) )i

280 #((\mfx.m(\gh.h(gf)) (Nu:x) (Nu-u))f)

2910 (Nmnfx.m(nf)x)n(E( (\mfx.m(X\gh.h(gf)) (Nuix) (Nawu))i))

30100 (Ny. (NX.y (xx)) (Nx.y (xx) ) ) (NEn. (\xuvixuv) ((Nz.z (Nexy.y) (8Ryix) )n) (NExUEx) ( (NmnExim (nf)x) n (F ( (NmEsim (
gh.h(gf))(\u.x)(\u.u))n))))

3110 Nfx. (NEn. (\xuv.xuv) ((Nz.z (\xxy.y) (\Zy:x))n) (NEx. £x) ((\mnfxim(nf)x)n(f((\mfx.m(Nghth(gf)) (Nuix) (Nu.u)|

\Z .z (\XXY.Y) (\Xy.X)

Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

1n)))) ((NK. (NEn. (\xuv.xuv) ((Nz.z (\xxy.y) (N€y.x) )n) (Nfx. £x) ((N\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (\u.
) (Nuu))n)))) (xx)) (N (NEn' (Nxuv.xuv) ( (Nz.z (Nasexy.y) (\¥y.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.
h(gf)) (Nu.x) (Nu.u))n)))) (xx))) ((\mEx.m(\gh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(E(£(£x))))))E£( (NK. (NEn. (Nxuv.
xuv) ((Nz.z(\&xy.y) (\&y.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx) ) (\x.
(NEnl. (\xuv. xuv) ((Nz.z (\xxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n))
)) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (Nfx. £(£(£(E(£x)))))) £ ((Nx. (NEn. (N\xuv.xuv) ( (Nz.z (\xxy.y) (Nxy.
x))n) (Nfx. fx) ((\mnfxx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx) ) (\x. (\nl. (Nxuv.xuv) ((Nz.z(
xxy.y) (\xy.x))n) (NEx. £x) ( (\mnfx.m(nf)x)n(f( (\nfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(\gh.h (g
£)) (NuLx) (Nuau)) (NEx. £(E(E(E(£x)))))) £((Nx. (NEn. (Nxuv.xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (Nfx. fx) ( (N\mnfx.m(|
nf)x)n(£( (\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (\NEn. (Nxuv.xuv) ( (Nz.z (\sexy.y) (\ey.x) )n) (Nfx.
) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x)(\u.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (Nfx. f (
£(£(£(£x))))))E( (N, (NEn. (\xuv.xuv) ((Nz.z (\¥xy.y) (Nxy.x) )n) (Nfx. £x) ( (\mnfxc.m(nf)x)n (£ ((\mfx.m(\gh.h(
gf)) (Nu.x) (NuLu))n)))) (xx)) (\x. (Nn. (N\xuv. xuv) ( (Nz.z (\xxy.y) (\Xy.x))n) (NEx. £x) ((\mnfx.m(nf)x)n (£ ( (\n
fx.m(\gh.h(gf)) (N\u.x) (N\u.u))n)))) (xx)) ((Mmfx.m(Xgh.h(gf)) Nu.x) (N\u.u) ) (Nx. £ (F(ECE(Ex)))))) £x))))
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not
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or

ifte
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f (pred n

mul n (F (pred n)
fac
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx .

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nziz (Nsexyly) (Neeyox) )i

£((\mfx.m(N\ghl.h(gf)) (Nux) (NXuiu))f)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.
gh.h(gf)) (\u.x)(\u.u))n))))

Nfx. (Nn. (Nxuv.xuv) ((Nz.z(\Nsxy iy ) (Nsty'ix) )n) (N2 £x) ((Nmnfxim (nf)3x)n ( (Ns€0 (NEnd (Nstuvixuv) ((N20z (\exy iy )
(\xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (NEnl (N\xuv. xuv) (
Z.z(N\xxy.y) (\xy.x))n) (Nfx. £x) ( (\mnfxc.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (N\u.u))n)))) (xx)) ( (\mfx.m(N\q|
h.h(gf)) (\u.x) (Nu.u))n)))) (NmEx.m(\gh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(E(E(£(£x))))) )£ (NK. (NEn' (\xuv. xuv)
((Nz.z(\xxy.y) (\&y.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx) ) (\x. (\fn
J(Nxuv.xuv) ((Nz.z (\sexy.y) (\gy.x) )n) (Nx. £x) ((\mnfx.m(nf)x)n (f( (\mfx.m(\gh.h(gf)) (\u.x) (Nu.u))n))))(
%)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(E(£(£x)))))) £ ((Nx. (Nn. (\xuv.xuv) ( (Nz.z (\xxy.y) (\xy.x) )l
) (Nfx. £x) ((N\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (Nu.x) (N\u.u))n)))) (xx) ) (\x. (NMnl. (\xuv. xuv) ( (\2z.z (\xxy.
y) (\xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) ((\mfx.m(\gh. h[gf])(
Nu.x) (Nu.u)) (NMx. £(E(E(E(£x)))) ) F( (X% (NEn. (Nxuv.xuv) ((Nz.z (\xxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.
)n(£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n))))(xx)) (\x. (\nl (\xuv.xuv) ((Nz.z (\xxy.y) (\xy. x))n](\tx.fx)(
mnfx.m(nf)x)n(f((\mEx.m(N\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (Nfx. £(£(
£(£x))))))£((\x. (Nn. (\xuv.xuv) ( (Nz.z(\¥xy.y) (\xy.x) )n) (Nfx. fx) ( (\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf
(Nu.x) (NuLu))n)))) (xx) ) (Nx. (NEnl (Nxuv. xuv) ((Nz.z (\xxy.y) (\Xy.x))n) (Nx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.
(Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) Nu.x) (Nu.u)) (Nfx. £(E(ECE(£x))))))Ex))))

£l




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, Bx20

A crash course in A-calculus
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx .

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nziz (Nsexyly) (Neeyox) )i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.
gh.h(gf))(\u.x)(\u.u))n))))

Nfx. (Nxuv. xuv) ((Nz.z(Nxxy.y) (\yix) ) ( (\mfxim(Nghth (gf) ) (o) (Navu) ) (NEUE (£ (£ (£(£x))))))) (N £x) ( (]
Nmnfx.m(nf)x) ((N\mfx.m(\gh.h(gf)) (\Nu.x) (\Nu.u)) (NEx. £(£(E£(£(£x)))))) ((\x. (Nn. (\xuv.xuv) ((Nz.z (\xxy.y)
(\xy.x))n) (Nfx. fx) ( (\mnfx.m(nf)x)n (f((\mfx.m(\Ngh.h(gf)) (Nu.x) (\u.u))n)))) (xx) ) (\Nx. (NEnl (\xeuv.xuv) ( (
Z.z(\xxy.y) (\xy.x))n) (NEx. £x) ( (\mnfx.m(nf)x)n (£((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) ((\mfx.m(N\g|
h.h(gf)) (\u.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (Nfx. £ (£(£(£(£x))))))))) £ ( (. (NEn. (Nxuv.xuv) ( (
N\z.z(Nexy.y) (\xy.x))n) (Nfx. £x) ( (\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (NEn' |
Nxuv. xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (Nx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx),
) ((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u) ) (NEx. £(£(£(£(£x)))))) £( (N (NEn. (Nxuv.xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (
Nfx. £x) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (NEnL (\xuv.xuv) ((\NZ.z (\xxy.y))
(\xy.x))n) (Nfx. £x) ( (\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\ul
Sx) (Nulu) ) (N £ (£ (£(£(£x)))))) £ (N (NEn. (\xuv.xuv) ((Nz.z (\xxy.y) (Nxy.x) )n) (Nfx. £x) ( (\mnfx.m(nf)x)n
(£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (NEn. (Nxuv. xuv) ((\z.z(\xxy.y) (\xy.x))n) (\Nfx. £x) ((\mn|
fx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) (Nfx. £ (£(£(£(
£x))))))E((Nx. (NEn. (\xuv.xuv) ( (Nz.z (\¥xy.y) (\xy.x))n) (NEx. £x) ( (\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (
u.x) (Nuu))n)))) (xx) ) (Ax. (NMnl (Nxuv. xuv) (Nz.z(\xxy.y) (\xy.x) )n) (\Nfx. fx) ((\mnfx.m(nf)x)n (f( (\mfx.m(
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nziz (Nsexyly) (Neeyox) )i

£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))f)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (Nx.y (xx) ) (N%.y (xx) ) ) (NEn. (Nxuvixuv) ((Nz.2z (Nxxy.y) (\Ry0x) )n) (NEx0Ex) ((Nmnfxim (0 f)x)n (f ( (S0 Ex0m (.

gh.h(gf))(\u.x)(\u.u))n))))

Nfx. (Nh.h((Ngh.h(g(\xxy.y))) ((Ngh.h(g(\xxy.y)))((Ngh.h(g(Nsxy.y)))((Ngh.h(g(\xxy.y))) (Nuxy.x)))) (N

y.y))) (Nu.u) (NEx. £x) (\mnfx.m(nf)x) (\mfx.m(Nghl.h(gf)) (Nu.x) (Nu.u)) (NEx. £(F(£(£(£x)))))) (N (NEn. (

xuv.xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\fx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u))n)))) (xx) )|
(Nx. (NEnl. (\xuv.xuv) ((Nz.z (\xxy.y) (\Xy.x))n) (\Nx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)
)n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(£(£(£x))))))))) ]
((Nag. (NEn' (Natuv. xuv) (((Nz.z (\sexy.y) (\xy.x) )n) (NEx. £x) ( (\mnfaxc.m(nf)x)n (£( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu. ul
))n)))) (xx) ) (\x. (Nl (Nxuv. xuv) ( (Nz.z (\xxy.y) (\xy.x) )n) (Nx. £x) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf))
(Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (Nx. £ (£(£(£(£x))))))£( (Nx. (Nn. (\xuv.xuv) ( (

Z.z (\xxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx) ) (\x. (N0l

xuv.xuv) ((\z.z(\Nxxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx) )|
((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) (Nfx. £(£(£(£(£x))))))£( (N, (NEn. (\xuv.xuv) ((Nz.z(\xxy.y) (\xy.x))n) (

fx. £x) ((N\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (Nx. (NEn. (\xuv.xuv) ((\Nz.z (\xxy.y) (
Nxy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx)) ((\mfx.m(\Ngh.h(gf)) (\u.
x) (Nu.u)) (NEx. £ (£ (£(E(£x)))))) E( (N (M. (\xuv.xuv) ( (Nz.z (\xxy.y) (\xy.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n |
£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ("x. (\Nnl (\xuv.xuv) ((Nz.z(\xxy.y) (\xy.x) )n) (\Nfx. fx) ((\mnif
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nziz (Nsexyly) (Neeyox) )i
((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)
(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))
Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.
gh.h(gf))(\u.x)(\u.u))n))))
Nfx. (Nx. (\mfx.m(\gh.h(gf)) (Nuix) (Natu) ) (NExL £ (£ (£ (£(£x))))) (N5 (NEnl (Nseuvixuv) (Nz0z (Naoxyhy ) (\tylix))
)n) (Nfx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (Nfnl. (\xuv. xuv) ( (\z.z (\x:
y) (\xty.x) )n) (\Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)
) (Nul.x) (Nu.u)) ((N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £ (£(E(E(£x))))))) £)x) (N (NEnl (Nxuv. xuv) ((N2.2(
xxy.y) (N\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (f( (\mfx.m(N\ghl.h(gf)) (\u.x) (\u.u))n)))) (xx)) (\x. (\fnl. (\xuv.
uv) ((Nz.z(\xxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\m]
x.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £ (E(ECE(£x)))))) £ (Nx. (NEn. (\xuv. xuv) ((Nz.z (\xxy.y) (\xy. %) )n) (\fx. £
)((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf))(Nu.x)(\u.u))n)))) (xx)) (\x. (Nnl. (\xuv.xuv) ((\z.z (\xxy.y) (\xy.
))n) (Nx. £x) ( (\mnfx.m(nf)x)n (£( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u
) (NEx. £ (F (£ (£ (£x)))))) £( (N, (NEn. (Nxuv.xuv) ( (Nz.z (\xxy.y) (Nxy.x) )n) (Nfx. £x) ( (\mnfx.m(nf)x)n (£( (N
fx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx)) (\x. (NEn' (\xuv.xuv) ( (Nz.z(\sexy.y) (\xy.x) )n) (Nfx. £x) ((\mnfx.m(n
£)x)n (£ ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (Nfx. £(£(f(£(fx))))
)) £( (N (NEn. (Nxuv. xuv) ((Nz.z (\xxy.y) (\xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (Nu.x) (
u.u))n)))) (xx)) (\x. (NEnl (\xuv. xuv) ((Nz.z (\xxy.y) (\Xy.x))n) (Nx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h (g|
£)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (N £ (£ CE(£(£x))))))Ex))))
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (

gh.h(gf))(\u.x)(\u.u))n))))

Nfx. (Nh.h( (Ngh.h(g((\x. (Nl (\xuv.xuv) ((Nz.z (\xxy.y) (\xy %) )n) (NEx: £x) ((\mnfx m(nf)x)n (£ ( (\mfx.m(\ghl
-h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (Nx. (Nfn. (Nxuv. xuv) ( (Nz.z (\xxy.y) (\xy.x) )n) (Nfx. fx) ((\mnfx.m(nf)x)n (£
(\mfx.m(Ngh.h(gf))(\u.x)(N\u.u))n)))) (xx)) ( (\mfx.m(Ngh.h(gf)) (\u.x) (\u.u) ) ((\mfx.m(\gh.h(gf)) (Nu.x) (

u.u) ) (NEx £ (£(E(E(£x)))))))E))) ((NGhLh(g( (Nx. (NMEn. (Nxuv.xuv) ((Nz. 2z (\xxy.y) (\&y.x) )n) (\Nfx. fx) ((\mnfx.
m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (NMnl. (\xuv.xuv) ((Nz.z(\xxy.y) (\xy.x) )n) (\fx.
£x) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf))(Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) ((\mf|
x.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(£(£(£x)))))))£))) ((NGh.h(g((Nx. (NEn. (Nxuv.xuv) ( (Nz.z (\xxy.y) (\x

.x))n) (\Nfx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx) ) (\x. (N’ (\xuv.xuv) ( (\z.z (|
\xxy.y) (\xy.x))n) (Nfx. £x) ( (\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) ((\mfx.m(\gh.h (|
gf)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (N £(£(£(£(£x)))))))))) (Nu. (N (NEn. (Nxuv.xuv) ( (
Nz.z(\xxy.y) (\xy.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n (£( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (N0l (
Nxuv. xuv) ((Nz.z (\xxy.y) (\Xy.x) )n) (Nx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)|
) ((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u) ) (NEx. £(£(£(£(£x)))))) £( (N (NEn. (Nxuv. xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (
Nfx. £x) ((\mnfx.m(nf)x)n(£( (Mmfx.m(Ngh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (NEn. (\xuv.xuv) ( (\Z.2z (\XXY.Y)
(\xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n (f ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\ul
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mul n (F (pred n)
fac

fac five, 3x150
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AV (ALY (xx) ) (NXLY (XX) )
N\xy.x

\xy.y

NZ.z(NXY.y) (N\Xy.X)
\xy . xyx

Xy . XXy

N\xuv. xuv

Nfx.x

\mfx. f(mfx
\mfx.m(\gh.h(gf))
N\mnfx.mf (nfx
\mn.n(\mfx.m(Nghth(gf)) (\ux) (N\uu) )m

(Nuix) (Nuvu)

Create A-terms by 3 rules (set of A-terms: A

(et of variables: V)
( n A
= HUAX M) in A

AT
B-reduction: ((AX.M)N) B MX

N

Notation (guided by Currying of multlvanate functlons)

o drop outermost parenthesis: MN)

. a p left associative: 2\

¢ abs. right associative, only one \: A/, M (Ax ( )
. app takes precedence over abs..  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

N\x.x (\xy.x)

\x.x (\xy.Y)

\fx. fx

Nfx.
Nfx.
Nfx.
f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(\u.u))n))))

Nfx. (\x. (\mfx.m(\gh.h(gf)) (Nu.x) (\uiu)) ((\mfx.m(Nghth(gf)) (Naix) (\u:u)) ( (N\mfx. m(Ngh'h(gf)) (Nu.x) (\u:

u)) (NEx. £ (£CE(E(£x))))))) (3%, (NEn. (N¥uv.xuv) ((Nz.z (\&xy.y) (\&y.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((\mf]

x.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx) ) (N (NERL (Nxuvexuv ) ( (NZ.2 (\Kxy. y) (NKy %) )n) (NEx. £x) ((Nanx.m(n{]

)x)n (£ ((\mfx.m(Ngh.h(gf)) (N\u.x)(N\u.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((N\mfx.m(Ngh.h(gf))(
(g

Nu.x) (Nu.u)) ((N\mfx.m(\Nghl.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u)) (NEx. £(£(£(£(£x))))))))))
£)x) ((Ngh.h(g(N\gh.h(g((\x.(Nfnl (\xuv.xuv) ((Nz.z (\xxy.y) (\xy.x))n) (Nfx. £x) ( (\mnfx.m(nf)x)n (£ ( (\mfx.m(|
Nghlh(gf)) (Nu.x) (Nu.u))n)))) (xx)) (Nx. (N0l (Nxuv.xuv) ((Nz.z (\xxy.y) (\&y.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n
(£((\mfx.m(\gh.h(gf))(\u.x)(Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.
) (Nu.u)) (N\mEx.m(Nghh(gf)) (Nu.x) (Nu.u) ) (NExLE(£(E(£(£x))))))))E))))) ((Nghlh(g(Ngh.h(g( (N (NEnk (\xu
v.xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\Nfx. fx) ( (\mnfx.m(nf)x)n (f( (\mfx.m(\Ngh.h(gf)) (Nu.x) (N\u.u))n)))) (xx)) (
x. (Nn. (\xuv.xuv) ( (\z.z (\xxy.y) (\xy.x))n) (\Nfx. fx) ((\mnfx.m(nf)x)n(£( (\Mmfx.m(\gh.h(gf)) (\u.x) (\u.u) )n|
)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ( (\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Xgh'h(gf)) (Nu.x) (

u) ) (NExc £ (£(£(£(£x))))))))E))))) (Nuu. (Ngh.h(g((Nx. (Nn. (\uv. xuv) ((Nz.z(Nxxy.y) (\xy.x))n) (Nx. fx) (
(\mnfx.m(nf)x)n(£((\mEx.m(Ngh.h(gf)) (\u.x) (\u.u))n)))) (xx)) (\x. (NEn. (\xuv.xuv) ( (\Z.z (\xxy.y) (\XY.X))
n) (\fx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (\u_ul
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or
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iszero n

f (pred n

mul n (F (pred n)
fac
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nziz (Nsexyly) (Neeyox) )i

£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))f)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (NX.y (xx)) (NX.y (xx) ) (NEn. (Nxuvixuv) (V2.2 (Nxxy.y) (8RyLx) )n) (NEXCEx) (Nmnfxim (nf)x)n (£ ( (NmExim
gh.h(gf))(\u.x)(\u.u))n))))

Nfx. (Nfx. (\mfax.m(Nghlh(gf) ) (Nuvx) (Nutu) ) (NEs £ (F (£(£ (£x))))) (Nghth(gf)) (Nuvx) (Nutu) ) (Nghth (g (Nghth (g
(N (NEDL (Nxuv. xuv) (N2 2 (Nxxy.y) (\N¥y. %) )n) (NEx. £x) ((N\mnfx.m(nf)x)n (£ (\mfx.m(\gh.h(gf)) (Nu.x) (\u.u
))n)))) (xx)) (Nx. (NEnl (Nxuv. xuv) ( (Nz.z (\xxy.y) (\xy.x) )n) (\Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf))
(Nu.x) (Nu.u))n)))) (xx)) ((\mEx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mEx.m(Ngh.h(gf)) (Nu.x) (\Nu.u)) ( (\mfx.m(Ngh.
h(gf)) (Nu.x) (\u.u)) ( (Nmfx.m(Ngh.h(gf)) (\Nu.x) (\u.u)) ((N\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) (NEx. £ (£(£(f(£x))
))))))))£))))) (Nuu. (Ngh.h(g(Ngh.h(g(Ngh.h(g((\x. (NEn. (\xuv.xuv) ((Nz.z(\xxy.y) (\xy.x) )n) (\Nfx. £x) ( (\mn|
fx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (NEn.. (\xuv. xuv) ((Nz.z (\xxy.y) (\Xy.x))n) (
fx. fx) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (\u.x)(Nu.u))n)))) (xx)) ((\mfx.m(\Ngh.h(gf)) (Nu.x) (Nu.u)) ((
Amfx.m(Ngh.h(gf))(Nu.x) (Nu.u)) ((N\mfx.m(\gh.h(gf)) (Nu.x)(\u.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (N\u.u)) (Nfx. f
(£C£(£(£x)))))))))£))))))) (Nuul. (Ngh.h(g(Ngh.h(g( (\x. (Nfn. (\¥uv.xuv) ( (Nz.z (\¥xy.y) (\xy.x))n) (\fx. fx)|
((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (N\u.x) (\u.u))n)))) (xx)) (\x. (\NEn. (N\xuv.xuv) ( (\z.z (\sexy.y) (\xy.x)
)n) (Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\Nu.x) (\u.
u)) ((N\mfx.m(Ngh.h(gf))(\u.x)(N\u.u))((\mix.m(\Nghl.h(gf))(N\u.x) (Nu.u)) (N\Ex. £ (£(£(£(£x))))))))£)))))((Ng
h.h(g(N\gh.h(g((\x. (\NEn. (\xuv.xuv) ( (NZ.z(\xxy.y) (\xy.x))n) (\fx. £x) ((\mnfx.m(nf)x)n (f( (\mfx.m(\gh.h(gf]
1) (Nutx) (Nutu))n)))) (xx)) (. (Nfnl (\xuvi.xuv) (Nz.z (\xxy.y) (\xy.x) )n) (\Nfx. £x) ((\mnfx.m(nf)x)n (f((\nf




Y-combinator
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not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x350
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx .

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzlz (Nxxy ' y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(\u.u))n))))

NEx. (Nuuuxy .x) (Ngh.h(g(Ngh.h(g(\xxy.y))))) (Ngh.h(g(\xxy.y))) (\xxy. y)[\fx £x) ((Nmnfx.m(nf)x) ((\mix.m(
N\gh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (\Nu.x) (N\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.
h(gf)) (\Nu.x) (\u.u)) ((\Nmfx.m(\gh.h(gf)) (\u.x) (\u.u)) (\Nfx. f(f(f[f(fx))i))))))]((\x (NEnl. (Nseuv. xuv) ((\z
LZ(\Xxy.y) (\Xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x) (N\u.u))n)))) (xx)) (\x. (Nfn. (\:
uv.xuv) ((\z.z(\xxy.y) (\xy.x))n) (\fx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (
(\mfx.m(\gh.h(gf)) (\u.x)(\u.u)) ((\mfx.m(N\gh.h(gf))(Nu.x)(Nu.u)) ((\mfx.m(N\gh.h(gf)) (N\u.x) (\u.u)) ( (\mf|
x.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(\Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\Nu.u)) (NEx. £ (£ (]
£(£(£x)))))))))))))E((N\uuuu. (\gh.h(g(Ngh.h(g(Ngh.h(g((\x.(Nfn. (\xuv.xuv) ((\z.z(\xxy.y) (\xy.x))n) (\f
Lfx) ((N\mnfx.m(nf)x)n(f( (N\mfx.m(\gh.h(gf))(N\u.x) (\u.u))n)))) (xx)) (\x. (Nfn. (\xuv.xuv) ((NZ.2z (\Xxy.y) (\:
v.x))n) (Nfx. f£x) ( (\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(\gh.h(gf)) (\u.x)
(Nu.u)) ((\mfx.m(\gh.h(gf)) (\u.x)(\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x)(\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.
u)) (NEx.E(E(E(E(£x)))))))))E))))))) (Nuuu. (Ngh. h(g(Ngh.h(g((N\x. (Nfn. (N\xuv.xuv) ((N\z.z (\XxY.y) (\Xy.X))n
) (Nfx. £x) ((N\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx) ) (\x. (NMnl. (\xuv.xuv) ( (\2z.z (\xxy.
v) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (N\u.x) (\u.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (|
Nu.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Sghth(gf)) (\u.x) (Nu.u) ) (NEx £ (ECECE(Ex))))))))




Y-combinator
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not

and
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ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x450
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzlz (Nxxy ' y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(\u.u))n))))

Nfx. f((Nh.h((\gh.h(g(Ngh.h(g(Nghth(g(Nghth(g((\&: (Nfn (\xuv.xuv) ((Nziz(\xxy.y) (\xy.x))n) (Nfx! fx) ((\n
nfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (NEnl (\xuy. xuv) ( (Nz.z (\xxy.y) (\xy. %) )n) (|
Nfx. £x) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (
(N\mfx.m(N\gh.h(gf))(\u.x)(Nu.u)) ((Mmfx.m(N\gh.h(gf))(Nu.x)(Nu.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) ((\mf|
x.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £ (£(£(£(£x))))))))))£))))))))) ((Nah.h(g(Ngh.h(g(Ngh.h(g(Ngh.h(g((\x.
(NEn. (\xuv.xuv) ( (Nz.z (\xxy.y) (\xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n))|
)) (xx) ) (NX. (NEnL (\xuv.xuv) ((Nz.z (\xxy.y) (\&y.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((\mEx.m(\gh.h(gf)) (\u.
)(Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) ((\mfx.m(\ghl.h(gf)
) (Nuux) (Nutu)) (N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((N\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) (NEx £(£(£(£(fx)))))))
)))£))1)))))) (Nuuuu. (Nuuu. (\Ngh'.h(g(N\ghh(g((\x. (\Nn. (\xuv.xuv) ( (Nz.z (\xxy.y) (\xy.x) )n) (\fx. £x) ( (\mn/f
x.m(nf)x)n(f((\mfx.m(\gh.h(gf))(N\u.x)(\u.u))n)))) (xx)) (\x. (Nfn. (\xuv.xuv) ((\z.z(\xxy.y) (\xy.x) )n) (\{
x. fx) ((\mnfx.m(nf)x)n(£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ( (
mfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) ( (Nmfx.m(Nghlh(gf)) (Nu.x) (Nu.u)) (NEx. £ (£(£(£(£x))))))))£))))) ( (Nghh(g(
Ngh.h(g((\x. (Nfn. (\xuv.xuv) ((NZ.z(\xxy.y) (\Xy.x) )n) (\Nfx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (\u.
x) (Nu.u))n)))) (xx)) (\x. (NEnl (\xuvixuv) ((Nz.z (\xxy.y) (\xy.x) )n) (Nx. fx) ((\mnfx.m(nf)x)n (£ ((\mix.m(\gh
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nziz (Nsexyly) (Neeyox) )i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.

gh.h(gf))(\u.x)(\u.u))n))))

Nfx. £(£( (Ngh.h (g ( (N, (NEn' (Nstuvixuv) ( (N20z (Nseyy) (\styix) )n) (NEx £x) (((\mnfscim (nf)x)n (£ ( (\mfxm(Nghh
(gf)) (Nu.x) (Nu.u))n)))) (xx) ) (\x. (NEnL (Nxuv.xuv) ((Nz.z (Nxxy.y) (\xy.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (£ (

mfx.m(\gh.h(gf))(\u.x)(Nu.u))n))))(xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.
u)) ((N\mfx.m(Sghlh(gf)) (Nu.x) (Nu.u)) (NEx. £ (£(£(£(£x))))))))£))) ((Ngh.h(g(Ngh.h(g((\x. (NEn\ (Nxuv.xuv) (
(Nz.z(\xxy.y) (\xy.x) )n) (Nfx. fx) ( (\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (\Nfn..
(Nxuv.xuv) ( (Nz.z(\xxy.y) (\xy.x) )n) (\Nfx. £x) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (x

) ((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) ((\mfx.m(\Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh-h(gf)) (\u.x) (\Nu.u)) (

fx. £ (£(£(£(£x))))))))E))))) (Nuu. (Ngh.h(g( (Nx. (NEn. (Nstuv.xuv) ((Nz.z (Nxxy.y) (\xy.x) )n) (Nfx. £x) ( (\mnfx.
m(nf)x)n(f((\mEx.m(\Nghh(gf)) (Nu.x) (Nu.u))n)))) (xx)) (Nx. (NEnl (\xuv.xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (\fx.
f£x) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) ((\mfx.m(Ngh.h (gf)) (\u.x) (Nu.u)) ((\mf
x.m(Ngh.h(gf))(Nu.x) (Nu.u)) (Nfx. £(£(£(£(£x)))))))£))) ((Ngh.h(g((N. (NEn. (Nxuv.xuv) ( (Nz.z (\xxy.y) (\x

.x))n) (\Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx) ) (\x. (Nfn.. (\xuv.xuv) ( (\z.z (|
\xxy.y) (\xy.x))n) (\Nfx. fx) ((\mnfx.m(nf)x)n(£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(\gh.h |
gf)) (\u.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(£(£(£x)))))))£))) ((Nghlh(g( (Nx. (NEn. (\xuv.
xuv) (N\z.z(\xxy.y) (\xy.x) )n) (Nfx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(\ghlh(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x.
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzlz (Nxxy ' y) (\xy.x))i
((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)
(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))
Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
h.h(gf)) (\u.x)(\u.u))n))))
Nfx. £ (£(£(£(E(E((NEx. (\mfx.m(Nghth(gf)) (Nuix) (Nuu)) (NExU£(£(£(£(£x))))) (Nghth(gf)) (Nu:x) (Nuiu)) (Ngh|
.h (g ((\x. (Nfn.. (Nxuv. xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\fx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (\u.x) (|
Nu.u))n)))) (xx)) (\x. (NEn' (\xuv. xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (Nx. £x) ((\mnfx.m(nf)x)n (£( (\mfx.m(\gh.h
gf))(Nu.x)(Nu.u))n))))(xx)) ((\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u)) ((M\mfx.m(N\gh.h(gf)) (Nu.x)(\u.u)) ((\mfx.m(
Nghlh(gf)) (Nu.x) (Nu.u)) ((\mfx.m(\gh-h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(£(£(£x)))))))))£))) (Nu. (Ngh.h(g(\gh.
h(g((\x. (Nfn. (\xuv.xuv) ((\z.z(\xxy.y) (\xy.x))n) (\fx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (\u.x) (
u.u))n)))) (xx)) (Nx. (NEnl (Nxuv. xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h (g|
£)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (N\u.x) (\u.u)) ( (\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) ( (\mEx.m(
gh.h(gf))(Nu.x) (\u.u)) (NEx. £(£(E(£(£x))))))))E))))) ((Ngh.h(g(Ngh.h(g((\x.(Nfn. (\xuv.xuv) ((\Z.z(\Xxy.
y) (\¥y.x))n) (\fx. £x) ((\mnfx.m(nf)x)n (£( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx)) (\x. (\En. (N\xuv.xuv) (|
(Nz.z(\xxy.y) (\xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mEx.m(\gh.h(gf)) (\u.x)(\u.u))n)))) (xx)) ((\mfx.m(|
Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u)) ( (\mfx.m(Xgh.h(gf)) (\u.x) (\u.u)) (NEx. £ (£(£(£(]
£x))))))))£))))) (Nuu. (Ngh.h(g( (N (NEn. (Nxuv.xuv) ((Nz.z (\xxy.y) (\xy.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n (f(
(\mfx.m(Ngh.h(gf))(\u.x)(\u.u))n)))) (xx)) (\x. (NEn. (\xuv.xuv) ( (Nz.z (\xxy.y) (\xy.x))n) (N fx. £x) ((\mnfx.
m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x)(Nu.u))n)))) (xx)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)) ((M\mfx.m(Xgh.h (g
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f (pred n

mul n (F (pred n)
fac
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzlz (Nxxy ' y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (Nx.y (xx) ) (N%.y (xx) ) ) (NEn. (Nxuvixuv) ((Nz.2z (Nxxy.y) (\Ry0x) )n) (NEx0Ex) ((Nmnfxim (0 f)x)n (f ( (S0 Ex0m (.

gh.h(gf))(N\u.x)(N\u.u))n))))

Nfx. f(£(E(E(E(E(ECE(ECE((NhUR((Nghlth(g(Nghth(g(Nghth(g(Nghth(g( (N (NEnl (Nxuvixuv) (Nziz (Nexyly) (¢

.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n (f( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (NEn|, (\xuv. xuv) ( (Nz.z(
Nxxy.y) (Nxy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (£( (\mfx.m(N\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) ( (\mfx.m(Ngh.h
gf)) (\u.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Nghih(gf)) (Nu.x) (Nu.u)) ((\mfx.m(\gh.h(gf))|
(Nu.x) (Nu.u)) ((Nmfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(£(£(£x))))))))))£))))))))) ((Ngh.h(g(Ngh.h(g(\g
h.h(g(\gh.h(g((\x.(Nfn. (\xuv.xuv) ((\z.z(\xxy.y) (\xy.x))n) (\fx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf|
)) (Nu.x) (Nuu) )n)))) (xx)) (Nx. (NEnL (Nxuv. xuv) ((NZ.z (\Ngxy.y) (\N®y. %) )n) (NEx. £x) ((\mnfx.m(nf)x)n (£( (\mf;

.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u))
((\mfx.m(\Nghl-h(gf)) (Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\Nu.x) (\u.u)) ( (\mfx.m(N\gh.h(gf)) (\Nu.x) (\u.u)) (\E

CECE(E(£(£x))))))))))£))))))))) ((Ngh.h(g(Ngh.h(g(N\gh.h(g(Ngh.h(g((\x.(Nfn. (N\xuv.xuv) ((NZ.z(\xxy.Vy) (

xXy.x))n) (Nfx. £x) ((N\mnfx.m(nf)x)n(f( (\mfx.m(Ngh.h(gf))(Nu.x)(Nu.u))n)))) (xx)) (\x. (Nfn. (\xuv.xuv) ( (\z.
Z(\xxy.y) (\&y.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mEx.m(\Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(\gh.
h(gf)) (Nu.x) (\u.u)) ( (\mfx.m(Ngh.h(gf)) (\u.x)(\u.u)) ( (\Mmix.m(\gh.h(gf)) (\u.x)(N\u.u)) ( (\mfx.m(\gh.h(gf
)) (\uLx) (Nu.u)) ((Nmfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) ) (NEx. £ (£(£(£(£x))))))))))£))))))))) (Nuuuu. (\gh.h(g(\g
h.h(g(\gh.h(g((\&.(\fn. (N\xuv.xuv) (\z.z(N\xxy.y) (\xy.x))n) (\fx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(N\gh.h (gf]




Y-combinator
false

not
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or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x3550
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)
(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))
(Ny. (N y (xx)) (NR.y (%) ) ) (ML (NRuVLxuv) (8202 (NxxyLy) (SRyEx) )n) (NEXCEx) ((Smaxim (0 ) %) n (£ ( (SmExn
gh.h(gf))(\u.x)(\u.u))n))))

N £ (£(F(FCE(E(ECECECE(ECECE(E((Nghih (g (Nghih (g (Nghith (g (Nghivh (g (Nghih (g (\677y) ))))) )

)])((\gh h(g(
Ngh.h(g(N\gh.h(g(\gh.h(g(Ngh.h(g(\xxy.y)))))))))))((Ngh.h(g(Ngh.h(g(Ngh.h(g(\gh.h(g(\gh.h(g(\xxy.y)))
))))) ((Ngh.h(g(N\ghi.h(g(\gh.h(g(\gh.h(g(N\gh.h(g(\sxy.y)))))))))))((Ngh.h(g(\gh.h(g(\gh.h(g(\gh.h(g

Ngh.h(g(\xxy.y))))))))))) (Nuuduuxy.x))))) (Nu.u) (Nu.u) (Nu.u) (Nu.u) (Nu.u) (Nfx. £x) ((N\mnfx.m(nf)x) ((\mf|
x.m(N\gh.h(gf)) (N\u.x) (\u.u)) ((\mfx.m(N\gh..h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(
N\gh.h(gf)) (Nu.x) (Nu.u)) ((Nmfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) (NEx. £ (£(£(£(£x)))))))))) ((Nx. (NEnl (\xuv. xuv))
((Nz.z (\xxy.y) (\Ky.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n(f((\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx) ) (\X. (\fn
J(Nxuv.xuv) ((Nz.z (Naexy.y) (\gy.x) )n) (\fx. £x) ((\mnfx.m(nf)x)n (£ ( (\mfx.m(N\gh.h(gf)) (\u.x) (Nu.u))n))))(
x)) ((\mfx.m(\gh.h(gf)) (\Nu.x) (\u.u)) ((\mfx.m(Ngh.h(gf))(\u.x)(\u.u)) ((\mfx.m(Sghl.h(gf)) (\u.x) (\u.u))(
(\mfx.m(Ngh.h(gf))(\u.x) (\u.u)) ((N\mfx.m(N\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) (\Nfx.
£(£(£(£(£x)))))))))))))E((N\unuu. (Ngh.h(g(Ngh.h(g(Ngh.h(g((\x. (Nfn. (\xuv.xuv) ((\z.z(\xxy.y) (\xy.x))n)
(Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (NK. (NEnL (N¥uv. xuv) ((NZ.2 (\XXY.
) (\xty.x) )n) (Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) ((\mfx.m(\gh.h(gf)) (
u.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) ((\mfx.m(Nghih(gf)) (Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\Nu.x)
(Nu.u)) (NEx E(E(ECE(£x)))))))))£))))))) (Nuuu. (Ngh. h(g(Ngh.h(g((Ax.(Nn. (Nxuv.xuv) ((Nz.z(A\xxy.y) (A\Xy.
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mul n (F (pred n)
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzlz (Nxxy ' y) (\xy.x))i
((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)
(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))
Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
h.h(gf)) (\u.x)(\u.u))n))))
Nfx. £ (E(E(E(E(ECE(E(ECECECECEQCECECECECE(E((Nghuh(g( (Nl (NEnL (Nxuvixuv) ((Nziz (\xxyly) (\Nxy %) )n) (Nfx| {
x) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx)) (\Nx. (NEn (N\xuv.xuv) ((\NZ.2 (\xxy.y) (\Ky.
x))n) (\Ex. £x) ( (\mnfx.m(nf)x)n(£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (
u.u)) ((N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (N\u.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (Nu.u)
) (NEXLECE(E(E(£%)))))))))£))) ((Nuuu. (Ngh.h (g (Ngh.h(g( (N€. (NEnL (\xuv.xuv) ( (N\2. 2 (\N&xy.y) (N&y. %) )n) (N
Jfx) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf))(\u.x) (\u.u))n)))) (xx)) (\x. (Nfn. (\xuv.xuv) ((\z. z(\xxy.y)(\x
v.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (f ((\mEx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x)|
(\u u)) ((\mfx.m(\gh.h(gf))(\u.x)(N\u.u))((\mfx.m(\gh.h(gf))(\u.x) (\u.u)) (\fx. f(f(flf(fx))l)))))f)))))
((Nghh(g(Ngh.h(g((\x. (NEn. (\xuv.xuv) ((N\z.z(\xxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (f( (\mfx.m(\gh"
h(gf)) (Nu.x) (Nutu))n)))) (xx) ) (\x. (NEn' (\xuv.xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (Nfx. £x) ( (\mnfx.m(nf)x)n (£((
\mfx.m(\gh.h(gf)) (Nu.x)(Nu.u))n)))) (xx)) ((\mfx.m(\gh.h(gf)) (\u.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\y
.u)) (\mEx.m(Nghih(gf)) (Nu.x) (Nu.u)) (NExLE(E(ECE(£x))))))))E))))) (Nuu. (Nus (% (Nn . (N\xuv. xuv) ( (Nz.7 (|
Nxxy.y) (Nxy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((\mfx.m(N\gh'h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (\En. (\xuv.
xuv) ((NZ.z(\xxy.y) (\Xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\m
fx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (N £ (FCE(£(Ex)))))) £ (Nn. (Nxuv.xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (Nx. f|




Y-combinator
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not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x5550
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nziz (Nsexyly) (Neeyox) )i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.

gh.h(gf))(\u.x)(\u.u))n))))

N £ (£ (F (£ (£ (E(ECE(ECECECECE(ECECECECE(ECE(E(E(E((NghTh (g ((Nses (NEnl (Nstuvixuv ) ((N20z (Nseyny ) (Neyix) )
n) (Nfx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (NEnL (\xuv.xuv) ((\z. 2z (\xx)

.y) (N\xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) ((\mfx.m(\Ngh.h(gf))|
(Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(Sgh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u

%) (Nu.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)) (\Ex. £ (£(£(£(£x))))))))))£))) ((Nuuuu. (Nuuu. (Nuu. (\u. (Nx. (N
n. (\xuv.xuv) ( (Nz.z(N\exy.y) (\gy.x) )n) (NEx. £x) ( (\mnfx.m(nf)x)n (£ ( (\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u))n))))(
xx) ) (Nx. (NEnL (\xuv.xuv) ((Nz.z (\xxy.y) (\N&y.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (Nu.x) (

u.u))n))))(xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) (Nfx. £ (£(£(£(£x))))))£( (N, (NEn. (Nxeuv.xuv) ( (Nz.z (\xx

.y) (Nxy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (N0l (\xuv.xuv)|
((Nz.z(\xxy.y) (\xy.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.

(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(F(£(£(£x)))))) £( (N2, (NEn. (Nxuv.xuv) ( (NZ.z (\xxy.y) (\ey.x) )n) (Nfx. £x) ( (
Nmnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (©x. (N0l (\xuv.xuv) ((Nz.z (\xxy.y) (\Ky.X) )0
) (Nfx. £x) ((N\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u)
) (NEx. £ (F(E(E(£x)))))) E( (N, (NEn. (N\xuv.xuv) ( (NZ.z (\xxy.y) (\xy.x) )n) (NEx. £x) ((\mnfx.m(nf)x)n (£ ( (\mfx.
m(\gh.h(gf))(Nu.x) (Nu.u))n)))) (xx)) (\x. (Nnl. (\xuv.xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\Mx. fx) ((\mnfx.m(nf)




Y-combinator
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not

and
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ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x6550
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i
((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)
(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))
Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(\u.u))n))))
Nfx. £ (£(E(ECE(ECECE(ECE(ECECE(ECE(ECE(E(ECECECECECECECE(E(NEx (N\mExim(Nghth(gf)) (Nuix) (Navu) ) (NEx| £
(£(£(£(£x))))) (Ngh.h(gf)) (\u.x) (\u.u)) (Ngh.h(g(Ngh.h(g(\gh.h(g(\xxy.y))))))) (Nuuxy.x) (\u.u) (Nu.u) (
.u) (Nfx. fx) ((\mnfx.m(nf)x) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh'.h(gf)) (N\u.x) (Nu.u)) ( (\mfax.m(
Nghih(gf)) (Nul.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((Nmfx.m(\gh.h(gf)) (\u.x) (\u.u)) (NEX. £ (£(£(£(]
£x)))))))))) (N (Nfnl (Nxuv. xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (\Nfx. fx) ((\mnfx.m(nf)x)n (£( (\mfx.m(\gh.h(gf)
) (Nu.x) (Nu.u))n)))) (xx)) (\x. (Nn. (\xuv.xuv) ( (\z.z (\xxy.y) (\Xy.x) )n) (\Nfx. £x) ((\mnfx.m(nf)x)n(£( (\mix.
m(\gh.h(gf))(\u.x)(\u.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (|
(\mfx.m(Xgh.h(gf))(\u.x) (\u.u)) ( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(qgf)) (Nu.x) (\u.u)) ((\m]
x.m(\gh.h(gf))(Nu.x)(Nu.u)) (NEx. £(£(£(£(£x)))))))))))))E((Nuuuu. (Nuuu. (Ngh.h(g(Ngh.h(g((\x. (Nfn. (\xu|
v.xuv) ((Nz.z(\xxy.y) (\xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (Nu.x) (N\u.u))n)))) (xx)) (
x. (Nn. (\xuv.xuv) ( (\z.z (\xxy.y) (\xy.x))n) (\Nfx. fx) ((\mnfx.m(nf)x)n(£( (\Mmfx.m(\gh.h(gf)) (\u.x) (\u.u) )n|
)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ( (\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Xgh'h(gf)) (Nu.x) (
u.u)) (NEx £ (£(£(£(£x))))))))£))))) (Nuu. (Ngh.h (g ( (N (NEn. (Nxuv.xuv) ( (Nz.z(\sexy.y) (\xy.x) )n) (Nfx. fx) (
(\mnfx.m(nf)x)n(£((\mEx.m(Ngh.h(gf)) (\u.x) (\u.u))n)))) (xx)) (\x. (NEn. (\xuv.xuv) ( (\Z.z (\xxy.y) (\XY.X))
n) (\fx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (\u_ul
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: ((AX.M)N) — g M[X N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(\u.u))n))))

Nfx. £(£(E(ECE(E(E(E(ECE(ECECE(ECE(ECE(E(ECECECECECECECECECE(ECE(E(E((Nuuus (Nuuus (Nghth (g (Nghih (g ( (N¥]
. (Nfnl. (Nxuv. xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\fx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)|
))) (xx) ) (Nx. (NEnl (Nxuv. xuv) ((Nz.z (Nxxy.y) (\xy.x) )n) (\Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (\u.
%) (Nu.u))n)))) (xx)) ((\mEx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mEx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mEx.m(Nghlh (gf|
)) (Nu.x) (NuLu) ) (NECE (£ (E(£(£%))))))))£))))) ((NghLh(g(Ngh.h(g( (N, (NEnl (\xuv.xuv) ( (NZ.2z (\Xxy.y) (\NKy .
x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (£( (\mfx.m(N\gh.h(gf)) (\u.x) (\u.u))n)))) (xx)) (\x. (Nn. (\xuv.xuv) ( (\z . z(
xxy.y) (\xy.x))n) (\fx. fx) ( (\mnfx.m(nf)x)n (£( (\mfx.m(N\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) ((\mfx.m(\gh.h (g
£)) (NuLx) (Nu.u)) ((Nmfx.m(Ngh-h(gf)) (Nu.x) (Nu.u)) ( (\mEx.m(Nghl-h(gf)) (Nu.x) (Nu-u)) (NEX. £ (£(E(£(£x)))))
1)) £))))) (Nuu. (Ngh.h(g( (\x. (NEn. (A\xuv.xuv) ((NZ.z (\xxy.y) (\Xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((\mfx.m
(Nghi.h(gf)) (Nu.x) (Nu.u))n)))) (xx) ) (Nx. (NEnL (\xuv.xuv) ((Nz.z (Nxxy.y) (\&y.x) )n) (\Nfx. fx) ( (\mnfx.m(nf)x)
n(£((\mEx.m(\gh.h(gf)) (\u.x)(\u.u))n))))(xx)) ((Mfx.m(N\gh.h(gf))(\u.x)(\u.u))((\Mmfx.m(\gh.h(gf)) (\u.
%) (Nu.u)) (NEx. £(£(ECE(£x)))))))£))) ((Ngh.h(g( (Nx. (N, (Nxuv.xuv) ( (Nz.z(\xxy.y) (\xy.x) )n) (\Nfx. £x) ((\m
nfx.m(nf)x)n(f( (\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u))n)))) (3x)) (. (NEn’ (Nxuv.xuv) ( (Nz.z (\xxy.y) (\Nxy.x) )n) (
Nfx. £x) ((\mnfx.m(nf)x)n(L( (\mEx.m(N\gh.h(gf)) (\u.x) (\u.u))n)))) (xx)) ((Mmfx.m(Ngh.h(gf)) (\u.x) (\u.u)) (
(\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (Nx £ (E(ECEE))))))IE))) Nul (Nx. (Nfn. (\xuv.xuv) (Nz.z (\xxy.y) (\xy.
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nziz (Nsexyly) (Neeyox) )i

£((\mfx.m(N\ghl.h(gf)) (Nux) (NXuiu))f)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.

gh.h(gf))(\u.x)(\u.u))n))))

N £ (£ (F (£ (E(E(ECECECE(ECECECE(E(E(ECE(E (E CE(E(ECECE(E(ECECECECE (F(F (F (F (£ ((Nmnfxcim (nf)x) ((NmEseom (

gh.h(gf)) (N\u.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u)) (NEx. £ (E(E£CE(f
x)))))))) ((Nx. (NEn. (\stuv.xuv) ((Nz.z(\xxy.y) (\xy.x) )n) (Nfx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (

u.x) (Nu.u))n)))) (xx)) (\x. (NEnL (Nxuv. xuv) (N2 z (\Nxxy.y) (\Xy.x))n) (NEx. £x) ((\mnfx.m(nf)x)n (£ (\mEx.m(

gh.h(gf)) (N\u.x)(Nu.u))n)))) (xx)) ((\mfx.m(N\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\

fx.m(Nghh(gf)) (\u.x) (\u.u)) ((\mfx.m(\Ngh.h(gf)) (\Nu.x) (Nu.u)) (NEx. £ (£(£(£(£x))))))))))£( (Ngh.h(g(Ngh.
h(g( (\x. (Nn. (\¥uv. xuv) ((NZ.z (\xxy.y) (\Xy.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(N\gh.h(gf)) (Nu.x) (

u.u))n)))) (xx)) (\x. (Nnl (Nxuv. xuv) ((Nz.z(\xxy.y) (\xy.x) )n) (\fx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(g|
£)) (Nu.x) (Nu.u))n))))(xx)) ((M\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((M\mfx.m(Ngh.h(gf)) (Nu.x) (\Nu.u)) ((N\mfx.m(

ghLh(gf)) (Nu.x) (Nu.u)) (Nfx £ (£(E(£(£x))))))))£))))) ((Nghih(g(Ngh.h(g((N\x.(Nfn. (Nxuv.xuv) ( (\z.z (\xxy.
y) (\¥y.x))n) (\fx. £x) ((\mnfx.m(nf)x)n (£( (\mfx.m(Ngh.h(gf)) (\Nu.x) (\u.u))n)))) (xx)) (\x. (\NEn' (\xuv.xuv) (|
(Nz.z (\xxy.y) (\xy.x))n) (Nfx. £x) ((N\mnfx.m(nf)x)n (£ (\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) ((\mfx.m (|
Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u)) ( (\mfx.m(Xgh.h(gf)) (\u.x) (\u.u) ) (\Ex. £(£(£(£(]
£x))))))))£))))) (Nuu. (Ngh.h (g ( (\x. (Nfn. (\xuv.xuv) ((\z.z(\xxy.y) (\¥y.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n (f(
(\mfx.m(XNgh.h(gf)) (\u.x) (\u.u))n)))) (xx)) (\x. (Nn. (Nxuv.xuv) (Nz.z (\xxy.y) (\xy.x) )n) (\x. fx) ((\mnfx.
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nziz (Nsexyly) (Neeyox) )i

£((\mfx.m(N\ghl.h(gf)) (Nux) (NXuiu))f)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.
gh.h(gf)) (\u.x)(\u.u))n))))

N £ (£ (F (£ (E(E(EQECECECE(E(ECE(E(ECECE(E (ECECE(E (F CECE (F ( (ECECECE(ECE (E(F (F (F (F (F (N3] (NEE (£ (£
£(£x))))) (Ngh.h(gf)) (Nu.x) (Nu.u)) (Ngh.h (g (\gh.h(g(\gh.h(g( (\x. (Nfn. (\xuv.xuv) ((Nz.z(\xxy.y) (\Xy.X) )0
) (Nfx. fx) ((N\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx) ) (\x. (NMnl. (\xuv.xuv) ( (\2z.z (\xxy.
y) (\xy.x))n) (N fx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (\u.x)(\u.u))n)))) (xx)) ((\mfx.m(N\gh.h(gf)) (
Nu.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Nghth(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.
) (Nu.u)) ((\mfx.m(N\gh.h(gf)) (Nu.x) (\u.u)) (NEx. £(£(£(£(£%))))))))))$))))))) (Nuuu. (\gh.h(g(\gh.h(g(\gh.
h(g( (N (Nfn. (\xuv.xuv) ((NZ.z (\xxy.y) (\Xy.x))n) (\fx. £x) ((Nmnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (Nu.x) (
u.u))n)))) (xx)) (\x. (Nnl (Nxuv. xuv) ((Nz.z(\xxy.y) (\xy.x) )n) (\fx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(g|
£)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\Nu.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(
ghLh(gf)) (\u.x) (\u.u)) ( (N\mfx.m(Ngh'h(gf)) (N\u.x) (N\u.u)) (NExL £ (£(£(£(£%)))))))))£))))))) (Nuull. (Nuu. (Ng
h.h(g((\se. (NEn (Nxuv.xuv) ( (Nz.z(\xxy.y) (\xy.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (\u.x)
(Nu.u))n)))) (xx)) (Nx. (NEn. (Nxuv.xuv) ((Nz.z (N\xxy.y) (\NXy.x) )n) (Nfx. £x) ((N\mnfx.m(nf)x)n(f((\mfx.m(\gh.h
(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ( (\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) ) (NEx. £ ( {]
(£(£(£x)))))))£))) (L (Nx. (NEn. (\xuv.xuv) ( (Nz.z (\xxy.y) (\xy.x) )n) (Nfx. £x) ( (\mnfx.m(nf)x)n(f( (\mfx.m(
Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (Ax. Mol (N\xuv.xuv) (Nz.z (\xxy.y) (\Xy.x))n) (\Nfx. fx) ((\mnfx.m(nf)x)nl
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fac
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i
((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)
(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))
Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(\u.u))n))))
Nfx. £ (F(F(E(E(E(E(E(E(E(E(E(ECE(E(ECE(CE(E(E(E(E(E(ECE(E(ECECE(E(E(E(E(E(ECECE(E(E(ECE(E(ECE((NmExm (|
N\gh.h(gf)) (Nu.x) (Nu.u)) ((N\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) (Nfx. £(£(£(£(£x)))))) (\gh.h(g(Ngh.h(g(\gh.h(g
(Nxxy.y))))))) (Nuuuxy.x) (Nu.u) (Nu.u) (Nu.u) (Nfx. fx) ((\mnfx.m(nf)x) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((
mfx.m(\Nghh(gf)) (\u.x) (\u.u)) ((\Nmfx.m(\gh.h(gf)) (\Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\Nu.x) (\u.u)) ( (\mfx.
m(Nghlh(gf)) (Nu.x) (Nu.u)) (NFx. £ (£(£(£(£x)))))))))) (% (M. (Nxuv. xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (Nfx. f
x) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (NEn. (\xuv.xuv) ((NZ.z (\xxy.y) (\XY .
x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (N\u.x) (Nu.u))n)))) (xx)) ((\mfx.m(\Ngh.h(gf)) (Nu.x) (
u)) ((\mfx.m(Ngh.h(gf))(N\u.x) (Nu.u)) ( (\mfx.m(Xgh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)
) ((Nmfx.m(Ngh.h(gf))(Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)) (NEx.£(£(E(£(£x)))))))))))))E((Nuuy
u./(\gh.h(g(\gh.h(g(\gh.h(g((\x.(\Nn. (\xuv.xuv) ((\z.z(\xxy.y) (\xy.x))n) (\Nfx. fx) ((\mnfx.m(nf)x)n (£( (\
fx.m(\gh.h(gf)) (N\u.x) (\u.u))n)))) (xx)) (\x. (NEn. (\xuv.xuv) ((\z.z(\xxy.y) (\xy.x) )n) (\Nfx. £x) ((\mnfx.m(n|
£)x)n (£ ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(\Ngh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(N\gh.h(gf))
(Nu.x) (Nu.u) ) ((N\mfx.m(Nghih(gf)) (Nu.x) (\u.u)) ( (\mfx.m(N\gh.h(gf)) (\u.x) (\u.u)) (NEx. £(£(£(£(£x))))))))
1£))))))) (Nuuu. (Ngh.h(g(Ngh.h(g( (N\x. (Nfn. (\Xuv.xuv) ( (Nz.2Z (\Xxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n(
£ ((\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (Nnl (\xuv.xuv) ((Nz.z(\xxy.y) (\xy.x) )n) (\Nfx. fx) ((\mnif

(
)
)
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or
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iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x11550
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx .

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzlz (Nxxy ' y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(\u.u))n))))

NEx. £ (E(E(E(E(E(E(E(E(E(E(ECE(CE(E(E(E(E(ECECE(ECE(E(ECECE(CE(E(E(E(E(ECE(E(E(E(E(ECECECECE(E(ECECECE(
(Nh.h((Ngh.h(g(\gh.h(g(\gh.h(g(N\gh.h(g(N\gh.h(g(\xxy.y)))))))))))((Ngh.h(g(\gh.h(g(\gh.h(g(\gh.h(g(\g|
h-h(g(\XXY-y)J)))))|)))(\HHUHHXY-X))(\gh-hlg(\gh-h(g(\gh-hlg(\gh-h(gl\xxv-vl)))))|))(\gh-h(g(\gh-h(g
(Ngh.h(g(\xxy.y))))))))) (Ngh.h(g(Ngh.h(g(N\gh.h(g(\xxy.y))))))) (Nu.u) (Nu.u) (Nu.u) (NEx.£x) ((\mnfx.m(nf
)x) ((\mfx.m(Ngh.h(gf)) (N\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (N\u.u)) ((\mfx.m(\Nghh(gf)) (\u.x) (\u.u)) (
(N\mfx.m(Ngh.h(gf))(Nu.x)(Nu.u)) ((N\mfx.m(Ngh.h(gf))(Nu.x)(Nu.u)) (Nfx. £(£f(£(£(£x))))))))))((N\x.(Nfn. (
Xuv.xuv) ((Nz.z (\xxy.y) (\xy.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx) )|
(\x. (NMEnl (Nxuv.xuv) ((Nz.2z (\xxy.y) (\xy.x))n) (\fx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)
Jn))))(xx)) ((N\mfx.m(Ngh.h(gf))(Nu.x) (Nu.u)) ((N\mfx.m(N\gh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(N\gh.h(gf)) (N\u.x)|
(Nu.u) ) ((\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u)) ( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.
u))(NEx f(E(£(£(£x)))))))))))))E((Nuuuu. (Ngh.h(g(Ngh.h(g(Ngh.h(g((\x. (Nfn. (\xuv.xuv) ( (\z.z(\xxY.Y) (
xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n(£( (\mfx.m(N\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx) ) (\x. (NEn. (\xuv.xuv) ((\z.
=z (\xxy.y) (\xy.x))n) (\fx. £x) ( (\mnfx.m(nf)x)n(£((\mfx.m(\gh.h(gf)) (\u.x)(N\u.u))n)))) (xx)) ((\mix.m(N\gh.
h(gf)) (\u.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x)(Nu.u)) ((\mEx.m(\ghl.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf|
)) (Nix) (Nuu) ) (NExf (£ (ECE(£x)))))))))£))))))) (Nuui. (Ngh.h(g(N\ghh(g((\x. (\NEn. (\guv. xuv) ( (Nz.7z (\5x
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f (pred n

mul n (F (pred n)
fac

fac five, 3x12550
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nziz (Nsexyly) (Neeyox) )i
((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)
(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))
Ny (Nx.y (xx) ) (N%.y (xx) ) ) (NEn. (Nxuvixuv) ((Nz.2z (Nxxy.y) (\Ry0x) )n) (NEx0Ex) ((Nmnfxim (0 f)x)n (f ( (S0 Ex0m (.
gh.h(gf))(\u.x)(\u.u))n))))
N £ (£ (£ (£ (F(F(E(ECECE(E(E(E(ECE(E(ECE(E (E E(F CE (E CE CF (F (F (£ CECE(ECECE (F (F (F (F (F (E (E(E (F (£ (£ (£ (£ (£
£(£(£(E(E((\mfx.m(\ghh(gf)) (Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(N\gh.h(gf)) (\Nu.x) (
u)) (NExc. £ (£(£(£(£x))))))) (Ngh.h(g( (\x. (Nfn. (\xuv.xuv) ((Nz.z(\xxy.y) (\xy.x) )n) (\fx. £x) ( (\mnfx.m(nf)
x)n (f( (\mfx.m(\ghh(gf)) (Nu.x) (\u.u))n)))) (xx) ) (\x. (NEnl (Nxuv. xuv) ((Nz. 2z (\xxy.y) (\xy.x))n) (NEx. £) ( (|
Nmnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf))(\u.x)(Nu.u))n))))(xx)) ((\mfx.m(\Ngh.h(gf)) (\u.x) (Nu.u)) ((\mfx.m(
gh.h(gf)) (\u.x)(\u.u)) ((\mfx.m(Xghih(gf)) (N\u.x)(\u.u)) ( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.hl
(gf)) (Nu.x) (Nu.u)) (NExLECE(ECE(£%))))))))))E))) (Nu. (Nuuu., (Nuu. (Ngh.h(g( (Nx. (NMfn, (Nxuv.xuv) ((Nz.2z(\x:
y.y) (Nxy.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (N (\NEn’ (Nzuy. xu
) ((NZ.z(\xxy.y) (\xy.x))n) (Nfx. £x) ( (\mnfx.m(nf)x)n (£ ( (\Nmfx.m(\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) ((\mfx.
m(Ngh.h(gf))(Nu.x) (Nu.u)) ((N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(£(£(£x)))))))£))) ((Ngh.h(g( (Nx. (\f
n. (Nxuv.xuv) ( (Nz.z(\exy.y) (\xy.x) )n) (Nfx. £x) ( (\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (
xx) ) (N%. (NENL (\xuv.xuv) ((Nz.z (\xxy.y) (\&y.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((\mEx.m(\gh.h(gf)) (Nu.x) (
u.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) ((\mfx.m(\Ngh.h(gf)) (Nu.x) (Nu.u)) (Nfx. £ (£(£(£(£x))))))
)£))) ((Nghlh(g( (Nx. (Nfn. (\xuv.xuv) ((Nz.z(\xxy.y) (\xXy.x))n) (\Nx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h (g|
£)) (Nu.x) (Nutu))n)))) (xx)) (\x. (Nnl (\xuv. xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\Nx. fx) ((\mnfx.m(nf)x)n (£ ((\mf
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f (pred n

mul n (F (pred n)
fac

fac five, 3x13550
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i
((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)
(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))
Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(\u.u))n))))
Nfx. £ (F(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(ECE(E(E(E(ECE(ECECE(E(E(E(E(E(ECECE(E(E(E(E(E(ECE(ECE(E(E(
£ (£ (£ (ECECECECE(E((Nx. (\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(\gh.h(
gf)) (Nu.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) (NEx. £ (£(£(£(£x)))))))) (Ngh.h(g(\xxy.y))) (\Nu.x) (\u.
u)) (Nxy.x) (Nfx. fx) ((\mnfx.m(nf)x) ((\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u)) ((\mx.m(Ngh.h(gf)) (\Nu.x) (Nu.u)) ((
mfx.m(\gh.h(gf)) (\Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ( (\mfx.m(N\gh.h(gf)) (\u.x) (\u.u)) (\fx. £ (]
£(£(£(£x)))))))))) ((NK. (NEnL (\xuv . xuv) ( (Nz.2 (\xxy.y) (\Ky.x))n) (Nfx. £x) ( (\mnfx.m(nf)x)n (£ ( (\mfx.m(\gh|
.h(gf)) (Nu.x) (Nu.u))n)))) (xx) ) (N\x. (NEn. (Nxuv. xuv) ( (Nz.z (\xxy.y) (\¥y.x))n) (\fx. £x) ((\mnfx.m(nf)x)n (£ (|
(\mfx.m(Ngh.h(gf)) (\u.x)(Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (
u.u)) ((\mfx.m(Nghlh(gf)) (Nu.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u)) ( (\mfx.m(\gh.h(gf)) (\Nu.x) (\u.u)
) ((N\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) ) (NEx. £(£CE(£(£x))))))))))))) £ (Nuunul. (Nuuu. (Ngh.h(g(Nghlh (g ( (Nx. (]
n. (\xuv.xuv) ((Nz.z(\xxy.y) (\xy.x) )n) (Nfx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(N\gh.h(gf))(Nu.x)(\u.u))n))))(
xx) ) (N%. (NN (\xuv.xuv) ((Nz.z (\xxy.y) (\&y.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mEx.m(\gh.h(gf)) (Nu.x) (
u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (\Nu.u)) ( (\mfx.m(Xgh.h(gf)) (
u.x)(Nu.u))(NEx. £(E(£(£(£x))))))))£)))))(Nuu. (Ngh.h(g((\x. (Nfn. (\Xuv.xuv) ((\Z.2z (\xxy.y) (\XY.X) )n) (\f|
x. fx) ((\mnfx.m(nf)x)n(f((\mfx.m(Ngh-h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (Nn. (\xuv.xuv) (Nz.z (\xxy.y) (
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(\u.u))n))))

Nfx. £ (F(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(ECE(E(ECE(EQE(E(E(E(E(ECECE(E(E(E(E(E(ECE(ECE(E(E(
ECE(ECE(ECECECECECECECECE( (Nuuuxy . x) (Ngh.h(g(Ngh.h(g(\xxy.y)))))(Ngh.h(g(\xxy.y))) (Nxxy.y) (Nfx.£x) ( (|
\mnfx.m(nf)x) ( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\ghlh(gf)) (\u.
x) (Nu.u)) ((N\mfx.m(Ngh.h(gf))(Nu.x)(Nu.u)) ((N\mfx.m(Ngh.h(gf))(\u.x)(Nu.u))(Nfx. £(£(£(£(£x))))))))))((
Nx. (Nn (Nxuv. xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (\Nfx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )|
n))))(xx)) (\x. (NEn. (Nxuv.xuv) ( (\z.z(\xxy.y) (\Xy.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n(f((\mEx.m(\gh.h(gf)) (
u.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (N\u.x) (\u.u)) ((\mfx.m(\Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mEx.m(\gh.h(
gf)) (Nu.x) (N\u.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ( (\mfx.m(\gh.h(gf))
(Nu.x) (Nutu) ) (NEC £ (£(E(£(£x))))))))))))) E((Nuuuu (Nuuu. (Ngh.h (g (N\gh..h (g ( (\x. (NEnl (\xuv. xuv) ( (Nz.z(
xxy.y) (\xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (\En'| (\xuv.
uv) ((Nz.z(\xxy.y) (\xy.x))n) (\Nfx. £x) ( (\mnfx.m(nf)x)n(f( (\mEfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mf|
x.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (\Nu.x) (Nu.u)) (NEx. £ (£ (]
£(£(£x))))))))%£))))) ((Ngh.h(g(Ngh.h(g( (N (Nfn. (\xuv.xuv) ( (Nz.z(\sexy.y) (\¥y.x) )n) (\Nfx. fx) ((\mnfx.m(n
£)x)n (£ ((\mfx.m(\gh.h(gf)) (\Nu.x) (\u.u))n)))) (xx)) (\Nx. (NEn. (\xuv.xuv) ( (NZ.Z (\xxy.y) (\XY.X))n) (Nfx. £x)|
((\mnfx.m(nf)x)n(£((\mfx.m(N\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) ((\mfx.m(Xgh.h (gf)) (Nu.x) (\u.u) ) ((\mfx.
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not
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f (pred n

mul n (F (pred n)
fac
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx .

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
h.h(gf)) (\u.x)(\u.u))n))))

NEx. £ (E(E(E(E(E(E(E(E(E(E(ECE(E(E(E(E(E(ECE(E(E(E(E(E(ECE(E(E(E(E(E(E(CECE(E(E(E(ECECECECE(E(ECECECE(
£ (£ (£ (£(ECECE(E(ECE(ECECECECECECECE((Nhoh ((Ngh.h(g(N\gh.h(g(N\gh.h(g(Nxxy.y))))))) (Nuuuxy.x) (\gh.h (g (
gh.h(g(\xxy.y)))))))(Ngh.h(g(N\gh.h(g(N\xxy.y)))))(Ngh.h(g(\xxy.y))) (\xxy.y) (Nfx.fx) ((\mnfx.m(nf)x) ((
mfx.m(\Ngh.h(gf)) (\u.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (\u.x)(Nu.u))((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) (NEx. £ (
£O£(£(£x)))))))) (N2 (NEn. (NRuv.xuv) ((\2.2 (\&xy.y) (\&y. %) )n) (NEx. £x) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h
(gf)) (\u. x)(\u u))n)))) (xx)) (\x. (NEn. (N\xuv.xuv) ( (N\z.z (\xxy.y) (\xy.x))n) (\Nfx. fx)((\mnfx m(nf)x)n(f[(
mfx.m(\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) ((\mfx.m(\Ngh.h(gf)) (\u.x) (\u.u)) ( (\mfx.m(\Ngh.h(gf)) (\u.x) (\u.

u)) ((\mfx.m(Ngh.h(gf))(\u.x) (\u.u)) ((\mfx.m(Ngh.h{gf)) (\u.x) (\u.u)) (\fx. f(f(f(f(fx))))))J))))fl(\gh
h(g(Ngh.h(g((\x. (NEn. (\xuv.xuv) ( (NZ.z (\xxy.y) (\xy.x))n) (NEx. £x) ((\mnfx.m(nf)x)n(f( (\mfx.m(N\gh.h(gf))
(Nu.x) (Nu.u))n)))) (xx) ) (\x. (NEnl. (Nzuv. xuv) ((Nz.z (\xxy.y) (\xy.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n (£( (\mfx.
(Ngh.h(gf))(Nu.x)(Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ( (\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((
Nmfx.m(Nghth(gf)) (\u.x) (Nu.u)) (NEx.£(£CE(E(£x))))))))E))))) ((Nghih(g(Ngh.h(g( (\x. (NEnl. (\xuv.xuv) ((Nz
.z (\xxy.y) (\xy.x) )n) (Nfx. fx) ( (\mnfxc.m(nf)x)n (£ ((\mfxe.m(\Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx) ) (\x. (NEn' (\x
uv.xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\Nx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) (
(M\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Nghth(gf)) (Nu.x) (Nu.u)) (\Nfx.




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x16550
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh. h[gf))(\u.x)(\u.u) . a p Ieft associative: M /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i
£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(N\u.u))n))))
N, £ (£ (F(E(E(E(E(E(E(E(E(E
£OE(ECECE(EQECECECE(ECECECE

(E(E(E(E(E(E(E(ECE(E(E(E(ECECE(E(E(E(E(E(E(E(E(E(E(E(ECE(ECECECECECE(
CECECECECECE( (N (N\mfx.m (Nghh (gf)) (Nu.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (
u.x) (\u.u)) ((\mfx.m(\gh.h(g Nu.x) (Nu.u) ) (Nfx. £ (£(£(£(£x))))))) (Ngh.h(g( (\x. (Nfn. (\xuv.xuv) ((\z.z(
N\xxy.y) (\Xy. %) )n) (Nfx. £x) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (\NEn (\xuv.
xuv) ((\Nz.z(Nxxy.y) (\xy.x) )n) (Nfx. fx) ( (\mnfx.m(nf)x)n (f((\mfx.m(\Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\
fx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\Ngh.h(gf)) (\u.x) (Nu.u)) ((\mfx.m(\ghl.h(gf)) (Nu.x) (\u.u)) ( (\mfx.
(Ngh..h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) (NEx.£(CE(E(E(£x))))))))))E))) (Nu.x) (Nu.u)) ((
N\gh.h(g(\gh.h(g(\gh.h(g((\x.(\Nfn. (\xuv.xuv) ((\z.z(\xxy.y) (\xy.x))n) (\fx. fx) ( (\mnfx.m(nf)x)n (£( (\mfx.
m(\ghLh(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (NEn (\xuv.xuv) ( (Nz.z (\xxy.y) (\Xy.x) )n) (Nfx. £x) ((\mnfx.m(nf)
)n(f((\mfx.m(\gh.h(gf)) (\u.x)(Nu.u))n))))(xx)) ((\mfx.m(\gh.h(gf)) (N\u.x) (N\u.u)) ((\mfx.m(Ngh.h(gf)) (\ul
“x) (Nu.u)) ((N\mfxx.m(Nghlh(gf)) (Nu.x) (\u.u)) ((\mfx.m(N\gh.h(gf)) (\Nu.x) (Nu.u)) (NEx. £ (£(£(£(£x))))))))) )
)))))) (Nuuu. (Nuu. (Nu. (\x. (NEnl. (Nxuv. xuv) ((Nz.z (\xxy.y) (\xy.x))n) (NEx. £x) ((\mnfx.m(nf)x)n (£ (\mEx.m(
ghlh(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (NEnl. (\xuv. xuv) ((Nz.z(\xxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n(
£((\mfx.m(\gh.h(gf)) (Nu.x)(Nu.u))n))))(xx)) ((\mfx.m(\Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(E(£(£x)))))IE((
x. (\Nn. (\xuv.xuv) ((\z.z (\xxy.y) (\xy.x))n) (\fx. fx) ((\mnfx.m(nf)x)n (£ (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u) )n

(E(E
(f(f
£))(




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i
((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)
(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))
Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(\u.u))n))))
Nfx. £ (E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(EQE(E(E(E(E(E(E(E(E(ECE(EQE(E(E(E(E(ECE(E(E(E(E(E(ECECE(ECE(E(E(
£ (£ (£ (£ (E(E(ECECE(ECECECE(ECECE(ECE(ECE(E(E(ECECE(E((Nu.u) ((Ngh.h(g(\gh.h(g(N\gh.h(g(N\gh.h(g((\x. (\fn
. (Nxuv.xuv) ( (Nz.z(Nsexy.y) (\€y.x) )n) (\fx. £x) ((\mnfx.m(nf)x)n (£ ( (\mfx.m(N\gh.h(gf)) (\u.x) (\u.u))n))))(
X)) (Nx. (NMnl (\xuv. xuv) ( (Nz.z (\xxy.y) (\Xy.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (\u.x) (\y
))n)))) (xx)) ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(\Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(Xgh.h(gf)) (\u
.x) (Nu.u)) ((Nmfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((Nmfx.m(\gh.h(gf)) (\u.x) (\u.u)) (NEx. £(£(£(£(£x))))))))))f
1)))))))) ((Ngh.h(g(\gh.h(g(Ngh.h(g(N\gh.h(g((\x.(Nfn. (\xuv.xuv) ((Nz.z (\xxy.y) (\&y.x))n) (Nfx. £x) ( (\mn ]
x.m(nf)x)n(f((\mfx.m(\Nghl.h(gf))(Nu.x)(\u.u))n)))) (xx)) (\x. (NEnL (\xeuv.xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (\f
x. fx) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (N\u.x)(\u.u))n)))) (xx)) ((MNmfx.m(Ngh.h(gf)) (Nu.x) (\u.u)) ((
mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ( (\mfx.m(N\gh.h(gf)) (\Nu.x) (\u.u)) ( (\mfx.
m(N\gh.h(gf)) (\Nu.x) (\u.u)) (NFx. £(£(£(£(£%))))))))))£))))))))) ((Ngh.h(g(Ngh.h(g(Ngh.h(g(Ngh.h(g((\x.(
n. (N\xuv. xuv) ((Nz.z(\xxy.y) (\Xy.x))n) (\fx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n))))
(xx) ) (N\x. (NEnL (Nxuv.xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (Nfx. £x) ( (\mnfxc.m(nf)x)n (£ ( (\mfx.m(N\gh.h(gf)) (\u.x) (
Nu.u))n))))(xx)) ((N\mEx.m(Ngh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf))(Nu.x) (Nu.u)) ((\mfx.m(\gh.h(gf))(
Nu.x) (Nu.u)) ((N\mfx.m(Nghih(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nulx) (Nu.u)) (NFx. £ (ECECE(Ex)))))))))




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x18550
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (

h.h(gf)) (\u.x)(\u.u))n))))

N £ (£ (£ (£ (£ (E(ECECE(ECECE(E(ECE(E(ECE(E (E (E (E (E (E (E (F (F (£ (ECECECECECE (E(E (E(F (E(E(E(E(F (£ (£ (E(E(£ (]
£CECECE(E(ECE(E(E(ECECE(E(ECECECE(ECECE(E(ECECECE(E(ECE(E(E((Ngh.h(g(Ngh.h(g(N\gh.h(g(N\gh.h(g(N\gh.h (g
(Nxxy.y))) )) ((Ngh.h(g(\gh.h(g(\gh.h(g(\gh.h(g(N\gh.h(g(\xxy.y)))))))))))((N\gh.h(g(\ghi.h(g(\gh.h
(g (Nghih(g(Ngh.h(g(N\¥xy.y))))))))))) ((Ngh.h(g(Nghih(g(NghLh(g(Ngh.h(g(Ngh.h(g(\xxy.y))))))))))) (Nuuy
uuxy.x)))) (\gh.h(g(Ngh.h(g(Ngh.h(g(\gh.h(g(\xxy.y))))))))) (Nu.u) (Nu.u) (Nu.u) (Nu.u) (Nfx. £x) ( (\mn fx.m(|

nf)x) ((\mfx.m(\Ngh.h(gf))(Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (N\u.x) (\u.u)) ( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u)
) ((\mfx.m(N\gh.h(gf)) (\Nu.x) (Nu.u)) ((Nmfx.m(\gh.h(gf)) (Nu.x) (\u.u)) (NEX. £ (£(£(£(£x)))))))))) ((NX. (Nfn.
(Nxuv. xuv) ( (Nz.z(\sexy.y) (\€y.x) )n) (\Nfx. £x) ((\mnfx.m(nf)x)n (£( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (x

)) (Nx. (NEnl (Nxuv. xuv) ( (Nz.z (\xxy.y) (\Xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (\u.x) (\u.
u))n)))) (xx)) ((\mfx.m(\Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\Nu.u)) ((\mfx.m(Ngh.h(gf)) (\u.
x) (\ul.u)) ( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (

u.u)) (NExCE (£(E(£(£x))))))))))))) E((Nuuuu. (Ngh.h(g(Xgh.h(g(Ngh.h (g ((\%. (Nfn. (\xuv.xuv) ( (\z.z(\xxy.y)
(\xy.x))n) (Nfx. fx) ( (\mnfx.m(nf)x)n (f ((\mfxe.m(\Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx) ) (Nx. (NEnl. (\xuv. xuv) ( (

Z.z(\xxy.y) (\xy.x))n) (\NEx. £x) ( (\mnfx.m(nf)x)n (£((\mfx.m(\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) ((\mfx.m(N\g|
h.h(gf)) (\u.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(Nghh(gf)) (Nu.x) (\Nu.u)) ((\mfx.m(\gh.h(
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not
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or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x19550
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nziz (Nsexyly) (Neeyox) )i

£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))f)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (NX.y (xx)) (NX.y (xx) ) (NEn. (Nxuvixuv) (V2.2 (Nxxy.y) (8RyLx) )n) (NEXCEx) (Nmnfxim (nf)x)n (£ ( (NmExim
gh.h(gf))(\u.x)(\u.u))n))))
Nfx. £ (£(E(E(E(E(E(E(E(E(E(E (
FCECECECE(ECECECECECECRECECE (
N\ghi.h(gf)) (N\u.x) (\u.u)) ( (\m g
h(gf)) (Nu.x) (N\u.u)) (NEx.f (£(£(£(£x)))
fx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (\u.x) ( X . :
fx. fx) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(g ) u.x) (Nu.u))n))))(xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((
Nmfx.m(N\gh.h(gf)) (\u.x) (\Nu.u)) ((\mfx.m(Xgh.h(gf)) (N\u.x) (\Nu.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)) ((\mf
.m(Ngh.h(gf)) (Nu.x) (\u.u) ) (NEx. £ (£(£(£(£x)))))))))))) £((Nuuu. (Nuu. (Ngh.h(g( (\x. (NEn. (\xuv.xuv) ( (\z.7
(\xxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (f( (\mfx.m(Ngh.h(gf)) (\u.x) (\u.u))n)))) (xx) ) (\x. (\nl. (\xuy]
.xuv) ((\z.z(\xxy.y) (\xy.x) )n) (\Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))n)))) (xx)) ( (
mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((N\mfx.m(Ngh.h(gf)) (Nu.x)(Nu.u)) (Nfx. £(£(£(£(£x)))))))£))) ((Ngh.h(g((\x
. (NEnl. (Nxuv. xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\ghh(gf)) (Nu.x) (\u.u))n)
))) (xx)) (Nx. (NEnl (Nxuv. xuv) ((Nz.z (Nxxy.y) (\xy.x) )n) (\Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (\u.
x)(Nu.u))n)))) (xx)) ((\nfx.m(Ngh.h(gf)) (\Nu.x) (\Nu.u)) ( (\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £ (£(£(£(fx)))
11110 £))) (Nl (Nx. (Nfn. (\xuv. xuv) ((Nz.z (\xxy.y) (\Xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(f((\mfx.m(Ngh.h(gf)|

(ECE(E(E(E(E(E(E(E(E(E(E(E(E(E(ECECE(ECECE(ECE(E(E(
(CECECE(ECECECECECECE((NyLy) ((Nmnfxm (nf) ) ((\mEx.m(
Nu.u)) ((\mfx.m(N\gh.h(g£f)) (\Nu.x) (\u.u)) ((\mfx.m(\gh.
J(Nfn. (Nxuv. xuv) ((Nz.z (\xxy.y) (\Xy. %) )n) (Nfx. £x) ( (\mn|

(E(E(ECE (f(E
(ECECECEC (f(f
\mfx.m(\gh. )(
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f (pred n

mul n (F (pred n)
fac
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx .

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)
(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(\u.u))n))))

KT (6 (FE ( (& (E (E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E
ECECECE(ECECE(E(E(ECECECE(ECE(E(ECECE(E(E(E(ECE(ECE(ECECE(E(ECE
Nxxy.y) (\Nxy.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (

£ (F (£ (£ (F(F (F (£ (£ (£ (£
l\fn (N\xuv.xuv) ( (\z.z (|
)) ((N\x. (NEn. (\xuv.xuv)
\u. X) (Nu.u )]))[xx)](\x,(\fn
L (NKUV.xuv) ( (N2 2 (\KxY. v ) (NKy. %) )0) (NEX. £x) ( (\unfx.m(n£)x)n (£( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (
x))) ((\mfxx.m(N\gh.h(gf))(Nu.x) (\u.u)) ( (\mfx.m(\gh.h(gf)) (\Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (N\u.x) (\u.u))|
((N\mfx.m(N\gh.h(gf)) (\u.x) (N\u.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u) ) (NEX. £ CE(ECE(£x))))))))))E( (Nuuuu.
uuu. (\gh.h(g(\gh.h(g((\x. (Nfn. (\xuv.xuv) ((\z.z(\xxy.y) (\*¥y.x))n) (\fx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(
gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (Nx. (NEn' (N\xuv.xuv) ((NZ.z (\xxy.y) (\xy.x))n) (N£x. £x) ((\mnfx.m(nf)x)n (|
f((\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ( (\mfx.m(Ngh.h(gf)) (N\u.x)
(Nu.u)) ((N\mfx.m(Nghih(gf)) (Nu.x) (Nu.u)) (NEx £ (£(£(£(£x))))))))E))))) (Nuu. (Ngh.h(g( (Nx. (NEn. (\stuv.xu
) ((Nz.z (Nxxy.y) (\¥y.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n(£((\mfx.m(Ngh.h(gf)) (Nu.x) (N\u.u))n)))) (xx) ) (N\x. (\f
n' (\xuv.xuv) ( (Nz.z (\exy.y) (\xy.x) )n) (Nfx. fx) ( (\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (
xx) ) ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£CE(£(£x)))))))E))) (Nul (
x. (Nfn. (\xuv.xuv) ((N\z.z (\xxy.y) \xy.x) )n) (\Nfx. £x) ((\mnfx.m(nf)x)n (f((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u))n|

(
(
x) (N
(
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(\u.u))n))))

Nfx. f(E(E(E(E(E(E(E(E(E(E(E(C

E(E(E(E(E(E(E(E(E(E(E(ECE(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(ECECECECECECECE(Q
£ (ECE(E(ECE(E(E(ECECE(E(ECECE(E(ECECE(ECE(CE(E(E(ECECE(E(ECECE(E(ECECE(E(ECECECECECE((NhLh ((Nuuuuu
v-x) (\gh.h(g(N\gh.h(g(\gh.h(g(N\gh.h(g(\xxy.y))))))))) (Ngh.h(g(\gh.h(g(N\gh.h(g(\xxy.y)))))))(\gh.h(g(
gh.h(g(\xxy.y)))))))(Ngh.h(g(\gh.h(g(\xxy.y))))) (Ngh.h(g(\xxy.y))) (Nu.u) (Nfx. fx) ((N\mnfx.m(nf)x) ((\mf|
x.m(\Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(N\gh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ( (\mfx.m(|

1)
(

£
o B RN
N\gh.h(gf)) (Nu.x) (Nu.u)) ((Nmfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) (NEx. £ (£(£(£(£x)))))))))) ((Nx. (NEnl (\xuv. xuv))
((N\z.z(\xxy.y) (\¥y.x))n) (\fx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (\u.x) e u))n)))) (xx)) (\x. (\fn
J(Nxuv.xuv) ((Nz.z (Naexy.y) (\gy.x) )n) (\fx. £x) ((\mnfx.m(nf)x)n (£ ( (\mfx.m(N\gh.h(gf)) (\u.x) (Nu.u))n))))(
x)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (\u.x)(\u.u)) ((\mfx. m(\gh.h[gf])(\u.x](\u,u])(
(\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) (\Nfx.
£(£(£(£(£x)))))))))))))E((Nunuu. (Nuuu. (Ngh.h(g(\gh..h(g((Nx. (Nnl (\xuv.xuv) ((Nz.z(\xxy.y) (\xy.x))n) (
f£x. £x) ((N\mnfx.m(nf)x)n (£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (Nx. (NEn. (\Nxuv.xuv) ((\Nz.z (\xxy. y) (
Nxy.x))n) (\fx. fx) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\u.
x) (N\u.u)) ( (\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(Nghlh(gf)) (\u.x) (Nu.u)) (NEx. £ (£(£(£(£x))))))))E))))
)) ((N\ghth (g (N\gh.h(g((\. (\Nfn. (\xuv.xuv) ((\z.z (\xxy.y) (\Xy.x) )n) (\x. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\g
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fac
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf)) (N\u.x)(\u.u))n))))
Nfx. f(E(E(E(E(E(E(E(RCECE

(f E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(ECECE(E(E(E(ECEQ
f(flt(f(f[f(flf(f(f[t(f(f[f(f[ CECECECE(E(ECE(E(E(ECECE(E(ECECECE(ECECECE(E(ECECE(ECE(CECECE(ECEC(Ngh)
“h(g((\x. (\NEn. (Nxuv.xuv) ( (Nz.z (Nsxy.y) (Ney.x) )n) (Nx. £x) ( (\mnfx.m(nf)x)n (£( (\mfx.m(Ngh.h(gf)) (\u.x) (
Nu.u))n)))) (xx)) (Nx. (NEnl (Nxuv. xuv) ((Nz.2 (\xxy.y) (\xy.x))n) (\fx. £x) ((\mnfx.m(nf)x)n (£ ((\mEx.m(\gh.h |

gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(\gh. h(gf)](\u.x)(\u.u)]((\mfx.m(\gh.h(gf))l\u.x)(\u.u))l(\mfx.m(
Nghlh(gf)) (Nu.x) (Nu.u)) (NEx. £ (£(£(£(£x))))))))£))) ((Ngh.h(g(Ngh.h(g((\x. (NEn\ (\xuv.xuv) ( (Nz.z (\xxy.

) (\x¥y.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n (£ ( (\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx) ) (\x. (N’ (N\xuv. xuv) ( (
Nz.z(Nxxy.y) (\xy.x) )n) (\Nfx. fx) ( (\mnfxc.m(nf)x)n (£ ((\mfx.m(\Ngh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) ((\mfx.m(

gh.h(gf)) (\u.x) (\u.u)) ((\Nmfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) (NEX. £ (£ (£(£( 1]
%))))))))£))))) ((Nghih(g(Ngh.h(g( (\x. (NEn. (\xuv.xuv) ((Nz.z(\xxy.y) (\&y.x) )n) (\fx. £x) ( (\mnfx.m(nf)x)n
(£( (\mfx.m(Nghlh(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (NEnl (\xuv.xuv) ((Nz. 2z (\xxy.y) (\xy.x) )n) (\Nfx. £x) ((\mn|
fx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.
h(gf)) (\u.x) (Nu.u)) ((N\mfx.m(N\ghLh(gf))(Nu.x) (Nu.u)) (Nfx. £(£(£(£(£x))))))))£))))) ((Nghih(g(Ngh.h(g((

x. (NEn. (N\xuv.xuv) ((NZ.z (\xxy.y) (\xy.x) )n) (\fx. £x) ((\mnfx.m(nf)x)n (£ ( (\mfx.m(Ngh.h(gf)) (\Nu.x) (\u.u))n
1)) (xx) ) (\x. (NEnL (\xuv.xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (f ((\mfx.m(\gh.h(gf)) (N\ul
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mul n (F (pred n)
fac
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nziz (\&xyly) (\gy'x) )l
£((\mfx.m(N\ghl.h(gf)) (Nux) (NXuiu))f)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (NX.y (%x) ) (NXLy (xx) ) ) (NEnL (NxuvLxuv) (8202 (NexyLy) (\Ryex) )n) (N £x) ((Nmnifscim (n ) %) n (F ( (NmExim (
gh.h(gf))(\u.x)(\u.u))n))))

N £ (£ (F (£ (£ (F(E(ECECE(ECE(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E f(f[I(f(t(i(f(I(f(f(f(f[I(f(f[f(f[t(f(f[t(
£(F(F (E(ECECECECECE(ECECECECECECECECECE(ECE(E(E(E(E(E(ECECE(E(ECECECE(ECECE(ECECECECE(ECECECE(E(E(E(
£(£((Ngh.h(g(\gh.h(g(\gh.h(g(\gh.h(g(\sxy.y))))))))) ((Ngh.h(g(\gh.h(g(N\gh.h(g(N\gh.h(g(\xxy.y))))))))|
) ((Ngh.h(g(Ngh.h(g(Ngh.h(g(N\gh.h(g(\xxy.y)))))))))((Ngh h(g(Ngh.h(g(\gh.h(g(Ngh.h(g(\xxy.y))))))))) (|
(Ngh.h(g(N\gh.h(g(\gh.h(g(N\gh.h(g(N\xxy.y))))))))) (Nauuuxy.x))))) (Nu.u) (Nu.u) (Nu.u) (Nu.u) (Nfx. fx) ( (\mn|
fx.m(nf)x) ((\mfx.m(\gh.h(gf)) (\u.x)(\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x)(Nu.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (|
Nu.u)) ((N\mEx.m(Ngh.h(gf)) (NuLx) (Nu.u)) (NEx£CE(E(E(£x))))))))) (N (NEn. (Nxuv. xuv) ( (Nz. 2z (Nxxy.y) (\®
.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx) ) (\x. (N’ (\xuv.xuv) ((\z.z (|

A\xxy.y) (NXy.x))n) (Nfx. £x) ((N\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x)(N\u.u))n))))(xx)) ((\mfx.m(\gh.h (|
gf)) (N\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Nghh(gf)) (Nu.x) (\u.u)) ((\mfx.m(N\gh.h(gf))
(Nu.x) (Nu.u)) ((Nmfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(E(£(£(£x))))))))))))EC(Ngh.h(g(Ngh.h(g(Ngh.h(g((
Nx. (Nn. (Nxuv. xuv) ((Nz.2z (\xxy.y) (\xy.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x) (\u.u) )|
n)))) (xx)) (N (NEnl (Nxuv.xuv) ( (Nz.z (\xxy.y) (\xy.x) )n) (\Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (

u.x)(Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (N\u.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(\ghh (|
af)) (Nu.x) (Nuu)) ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) (N £ (£(£(E(£x)))))))))F))))))) (Nuuu. (\uu. (Ngh.h(g]




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x24550

A crash course in A-calculus

&1 Mode: O | Cursor: 0035 | Item: 31,0 | Nodes Count: 3670000 =

ccoccococcoocoooo000

0
1
2
3
1
5
6
7
8
9

10

11

12

13

14

15

,_.
o
°

,_.
S
o

~
=
ccocccoocoocoooo

Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nziz (Nsexyly) (Neeyox) )i
£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))f)
(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))
Ny (NX.y (xx)) (NX.y (xx) ) (NEn. (Nxuvixuv) (V2.2 (Nxxy.y) (8RyLx) )n) (NEXCEx) (Nmnfxim (nf)x)n (£ ( (NmExim
gh.h(gf))(\u.x)(\u.u))n))))
R £ (£ (£ (£ (£ (£ (E(E(F(E(FCECECECECECECE(E(E(E(E(E(
FOE(ECECE(ECECECECE(ECE(ECRECECRECECECECECRECECRECECE(CE
£(£(£(£(£(£((\x. (\gh.h(g(\gh.h(g(Ngh.h(g(\gh.h(g((\x.(NEn. (\xuv.xuv) ((\z.z(\xxy.y) (
((Nmnfx.m(nf)x)n (£( (\mEx.m(\ghLh(gf)) (Nu.x) (Nuu))n)))) (xx) ) (NK. (NEDL (NKUVLxUV ) ((NZ22 (NKXYL ¥ ) (NKY 2 X)
)n) (Nfx. £x) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.
u)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\Nu.u)) ((\mfx.m(Xgh.h(gf)) (\u.x) (\u.u)) ( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) (
(Nmfx.m(Ngh.h(gf))(Nu.x) (Nu.u)) (NEx. £(£(£(£(£x))))))))))I£)))))))))((Ngh.h(g(Ngh.h(g(N\gh.h(g(Ngh.h(g(
(Nx. (Nn. (\xuv.xuv) ((Nz.z (\xxy.y) (\xy.x))n) (\fx. fx) ((\mnfx.m(nf)x)n (£ ( (\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)
)n)))) (xx) ) (N%. (NEnL (Nxuv.xuv) ((Nz.z (\Nxxy.y) (\Xy.x))n) (NEx. £x) ((\mnfx.m(nf)x)n (£( (\mEx.m(\gh.h(gf)) (|
Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (N\u.u)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\Nu.u)) ( (\mfx.m(Xgh.h
(gf))(N\u.x) (\Nu.u)) ( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)) (NEx. £ (£(£(£(£x)))
1)1)))1%))1)))))) ((Ngh.h(g(Ngh.h(g(Ngh.h(g(Ngh.h(g((\x. (Nfn. (\xuv.xuv) ((\z.z (\xxy.y) (\xy.x))n) (\Nfx. f
x) ((Nmnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (NMnl. (\xuv.xuv) ((\z.z (\xxy.y) (\xy.
x))n) (NEx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (\u.x)(Nu.u))n)))) (xx)) ((\mfx.m(\Ngh.h(gf)) (Nu.x) (
u)) ((Mmfx.m(Ngh.h(gf))(Nu.x) (Nu.u)) ((\mfx.m(Xgh.h(gf)) (N\u.x) (\Nu-u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)

E(E(E(E(E(ECECE(E(E(E(E(E(ECE(
CE(ECECECECECECECECECECECECEC

QZZ
e
Ko

(f
(f
gl
u)
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or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x25550
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(\u.u))n))))

R £ (£ (€ (£ (£ (£ (£ (E(E(E(E(ECECECECECECE(ECE(E(E(E(E(E (E (E (E (E (E (F (F (E ( (ECECECECECECE (E (E (E (E (E (£ (£(
E(E(E(E(E(ECECECECECECECECE(ECECE(E(ECE(ECECECECECE(ECECECECECECECECECE(ECECECE(ECECE(E(ECECECECECE
£(£(£(£(E(E£(E(E(E(E( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) (\fx. £(£(£(£(fx))))) (\gh.h(g(N\gh.h(g(N\gh.h(g(\gh.
h(g(\xxy.y))))))))) (Nuuuuxy.x) (Nu.u) (Nu.u) (Nu.u) (Nu.u) (Nfx. £x) ((\mnfx.m(nf)x) ((N\mfx.m(\gh.h(gf)) (Nu.
x)(\u.u))((\mfx m(\gh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(N\gh.h(gf)) (Nu.x) (

u)) ((Nmfx.m(N\gh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(E(E(£x)))))))))) ((Nx. (NEnl (Neuv. xuv) ((Nz. 2z (\xxy.y) (N
x)]n)[\fx £x) ((\mnfx.m(nf)x)n(f((\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\X. (NEn' (Nxuv.xuv) ((\N2. (|
\xxy.y) (\xy.x))n) (\Nfx. fx) ((\mnfx.m(nf)x)n(£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(\gh.h |

gf)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u)) ((\mEx.m(\ghl.h(gf)) (Nu.x) (\u.u)) ((\mix.m(N\gh.h(gf))
(Nu.x) (Nu.u) ) ((N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(N\gh.h(gf)) (\Nu.x) (\u.u)) (NEx. £(£(£(£(£x))))))))
)))))£( (Nuuuu. (\gh.h(g(\gh.h(g(Ngh.h(g((\x. (Nfn. (\xuv.xuv) ( (N\z.z(\xxy.y) (\xy.x) )n) (Nfx. fx) ( (\mnfx.m(
nf)x)n(£( (\mfx.m(N\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (NEn. (N\xuv.xuv) ( (NZ.z (\xxy.y) (\®y.x))n) (\fx.
) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf))(\u.x)(\u.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\Nu.x) (\u.u)) ((\mfx.
m(Ngh.h(gf)) (\u.x)(\u.u)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\Nu.u)) ( (\mfx.m(N\gh.h(gf)) (\Nu.x) (Nu.u)) (NEX. £ (£(£(]
£(£x)))))))))£))))))) (Nuuu. (\Ngh.h(g(Nghth(g((\x. (Nfn. (\xuv.xuv) ((\z.z (\xxy.y) (\xy.x) )n) (NEx. £x) ((\mn
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx .

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (

gh.h(gf))(\u.x)(\u.u))n))))

NEx. £ (E(E(E(E(E(E(E(E(E(E(ECE(E(E(E(E(E(ECE(E(E(E(E(ECECE(E(E(E(E(E(ECE(E(E(E(E(ECECE(CECE(E(ECECECE(
£ (F(F (F(E(ECE(ECE(E(E(ECECECECECECECECE (CECE(E(ECE(E(ECECECECE(E(E(ECE(ECECECECE(ECECE(ECE(F(F(E(E(E(
EOECE(ECECE(ECECE(E(ECECE(E(E((Ngh.h{g(N\gh.h(g(Ngh.h(g(\xxy.y)))))))((Nuuuuxy.x)(\gh.h(g(\gh.h(g(\gh
h(g(N\xxy.y)))))))) (Ngh.h(g(Ngh.h(g(\xxy.y)))))(Ngh.h(g(\xxy.y))) (\xxy.y) (Nfx. fx) ((N\mnfx.m(nf)x) ( (\m
fx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (N\u.u)) ((\mfx. ml\gh h(gf)) (Nu.x) (Nu.u)) ((\mfx.
(Ngh.h(gf))(Nu.x) (Nu.u)) (NEx. £(£(£(£(£x))))))))) ((N\x. (Nfn. (\xuv.xuv) ((Nz.z(\xxy.y) (\Xy.x) )n) (Nfx. fx)|
((\mnfx.m(nf)x)n(f((\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx) ) (\x. (NEn. (Nxuv. xuv) (N2, z (\xxy.y) (\Xy. %)
n) (Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(N\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.

u)) ((\mfx.m(Ngh.h(gf)) (N\u.x)(N\u.u)) ((\mfx.m(Xghl/h(gf)) (\u.x) (\u.u)) ((\mfx. m(\gh h(gf)) (\u.x) (Nu-u))(
(\mfx.m(\gh.h(gf))(\u.x)(\u.u))(\fx.f(f(f(t(fx))))))1)))))(((\uuu (Nuu. (\Ngh-h(g( (\x. (\fn. (\xuv.xuv) (|
(Nz.z(\sxy.y) (Nxy.x) )n) (Nfx. £x) ( (\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (3x)) (\x. (\Nfn.
(Nxuv. xuv) ((Nz.z (\xxy.y) (\®y.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n (£ (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (x:
)) ((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(£(E(£x)))))))£))) (Nu.x) ((
Nx. (Nn. (\xuv. xuv) ((Nz.z (\xxy.y) (\Xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n(£((\mfx.m(\gh.h(gf)) (\u.x) (\u.u))|
n)))) (xx)) (A\x. (Nl (\xuv.xuv) (Nz.z (\xxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n(f((\mfx.m(N\gh.h(gf))(
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f (pred n
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fac
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx .

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i
((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(N\u.u))n))
\fx F(E(E(E(E(E(E(ECE(E(

1)

£(E (ECE(E(E(E(E(E(E
£(E(CE(E(E(ECE(E(E(ECECE(ECE

£(f

)L

f(E(E (E(ECECE( (

£OE(ECECE(E(ECECE(ECECECE(ECEC (
£ (£ (£ (£(E(E(E(E(E(E(E(E( h.h((Nuuuu. (\uuu. (\gh.h(g(\gh. Nfn. (\xuv.xuv) ((\z.z
Nxxy.y) (\xy.x))n) (\Nfx. £x nfx.m(nf)x)n(f( (\mfx.m(\gh. h(gt)](\u %) (N )) (xx) ) (Nx. (NEnL (\xuv.
xuv) ((Nz.z(Nxxy.y) (\xy.x) )n) (Nfx. fx) ( (\mnfx.m(nf)x)n (f((\mfx.m(\Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\
fx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) ((\mfx.m(Nghl.h(gf)) (Nu.x) (\u.u)) (\Nfx. f (f
(£(£(£x))))))))£))))) (Nuu. (Nu.x) (N (NEn. (Nxuv. xuv) ( (Nz.z (\xxy.y) (\Xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)nl
(£((\mfx.m(Nghh(gf)) (Nu.x)(Nu.u))n)))) (xx)) (\x. (NMn. (\xuv.xuv) ((\z.z (\xxy.y) (\xy.x) )n) (\fx. fx) ((\mn|
fx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (\u.x)(\u.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.
h(gf)) (Nu.x) (N\u.u)) (NEx. £(£(£(£(£x)))))))£)) (Nghlh(g( (Nx. (Nn. (Nxuv.xuv) ((Nz.z(\Nxxy.y) (\xy.x) )n) (\f
. fx) ((\mnfx.m(nf)x)n(£((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u))n)))) (xx)) (\x. (Nnl (\xuv. xuv) ( (\z.z (\xxy.y) (\
y.x))n) (Nx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(N\gh.h(gf)) (\u.x)
(Nu.u)) ((N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ( (\mfx.m(Xgh.h(gf)) (N\u.x) (\u.u) ) (NEx. £ (£(£(£(£x))))))))£))) ((
Nx. (Nnl (\xuv. xuv) ((Nz.z(\xxy.y) (\Xy.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n(£((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u))|
n)))) (xx)) (A\x. (Nl (\xuv.xuv) (Nz.z (\xxy.y) (\xy.x) )n) (\fx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (

£(E(ECE(CE(E(ECE(E(
(f(f[f(flt(f(f[f;

£(E(E(E(E £
£(ECE(E(E £
FOECECECC h
u.
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and
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iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x27650

A crash course in A-calculus
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (

gh.h(gf))(\u.x)(\u.u))n))))

N £ (£ (£ (£ (£ (E(E(ECECECECE(E(ECE(E(ECE(E (E (E (E (E (E (E (E (E (£ (ECECECECE(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(
ECE(E(CECE(ECECECE(CECECE(ECE(CECECECECE(ECECECECECECECECE(ECECECECE(ECECECRECECECECECECECECECECECECE(E(
f(f(t(f(f(t(f(t(t(f|f(f(t(f(f|f(f(f(f(f((\tx (N £(£(£(£(£x))))) (Ngh.h(gf)) (Nu.x) (N\u.u)) (\gh’. h(g[\g
hih(g(\xxy.y)))) uxy.x) (Nu.u) (Nu.u) (Nfx. £x) (\mnfx.m(nf)x) ((\mix.m(\gh.h(gf)) (\u.x) (Nu.u)) ( (\mix.
m(N\gh.h(gf)) (\u. x)(\u u)) ((N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(£(£(£x)))))))) ((Nx. (NEn. (\xuv. xuv)|
((Nz.z(\xxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx) ) (\x. (\fn|

J(Nxuv.xuv) ((Nz.z (\xxy.y) (\®y.x) )n) (\Nfx. £x) ((\mnfx.m(nf)x)n (£( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n))))(
x)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) ((\mfx.m(Xgh.h(gf)) (\u.x) (\Nu.u)) (|
(\mfx.m(\gh.h(gf))(\u.x)(\u.u)) (NEx. £(£(£(£(£x)))))))))))EC(Nuu. (Nu.x) ((A\x. (NEn. (\xuv.xuv) ((Nz.z(\x:
v.y) (\xy.x))n) (Nfx. fx) ((N\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (\En. (N\xuy. xu
) ((NZ.z (\xxy.y) (\Xy.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n(£( (\mEx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx)) ((Mmfx.
m(Ngh.h(gf)) (\Nu.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(E(£(Fx)))))))£)) (\Ngh.h(g((Nx. (\fn.
(Nxuv.xuv) ( (Nz.z(Nsexy.y) (\€y.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n(£( (\mfx.m(N\gh.h(gf)) (\u.x) (\u.u))n)))) (x
1) (\X. (NEDL (A\xuv.xuv) ((NZ.z (\xxy.y) (\Xy.x))n) (NEx. £x) ((\mnfx.m(nf)x)n (£ ( (\mix.m(\gh.h(gf)) (\u.x) (Nu.
u))n))))(xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Sgh.h(gf)) (\u.
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fac

fac five, Bx27750

A crash course in A-calculus
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

N A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
mfx. £ (mEx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh. h[gf))(\u.x)(\u.u) . a p Ieft associative: M /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (

h.h(gf)) (\u.x)(\u.u))n))))

N £ (E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(ECE(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(ECECE(E(E(E(E(E(
ECE(ECECE(ECECECE(CECECE(ECECECECECECECECECECECECECECECE(CECECECECECECECECECECECECECECECECECECECECE(E(
ECE(E(ECECE(E(ECECE(E(ECECECECE(ECECE(EC(Ngh.h(g(\gh.h(g(Ngh.h{g(N\gh.h(g(\xxy.y)))))))))((Ngh.h(g(\g
hih(g(Ngh.h(g(Ngh.h(g(\xxy.y))))))))) (Nuubuxy.x)) (Ngh.h(g(\gh.h(g(Ngh.h(g(\xxy.y))))))) (Ngh.h(g(\gh.
h(g(\xxy.y)))))(N\ghih(g(\xxy.y))) (\u.u) (Nfx. £x) ( (\mnfx.m(nf)x) ((\mfx.m(N\gh. h(gf))l\u %) (Nu.u)) ((N\mfx
.m(Ngh.h(gf)) (Nu.x) (\u.u)) ((\Nmfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfxx.m(\Ngh.h(gf)) (\u.x) (\u.u)) (\Ex. f(£(f
(£0£x))))))))) ((Nx. (NEn. (NXuv. xuv) ((Nz.z (\xxy.y) (\NXy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(g
£)) (Nu.x) (Nu.u))n)))) (xx) ) (Nx. (NEnl. (\xuv. xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n (£((\mf

)

x.m(\gh.h(gf))(Nu.x)(Nu.u))n))))(xx)) ((Mmfx.m(Ngh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)|
]((\mfx.m[\qh h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u)) ((\mfx.m(N\gh.h(gf)) (\Nu.x) (\u.u)) (\f
£ (£(£(£(£x))))))))))))E((Ngh.h(g(Ngh.h(g(Ngh.h(g((\%. (\fn. (\xuv.xuv) ((\Z.z(\xxy.y) (\&y.x) )n) (\fx. f|
x) ((\mnfx.m(nf)x)n(£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (Nx. (NENL (\xuv.xuv) ((Nz.z (\xxy.y) (\KY .
x))n) (Nfx. fx) ( (\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) ((\mfx.m(\Ngh.h(gf)) (Nu.x) (
u.u))((Mmfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)|
) (NEXLE (E(ECE(£x)))))))))E))))))) (Nuub (Nuw. (Nutx) (N (Nn. (Nxuv. xuv) ((Nz.z (\xxy.y) (\NRyLx) )n) (NEx. f




Y-combinator
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not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x27850

A crash course in A-calculus

&7 Mode: O | Cursor: 0035 | Item: 31,0 | Nodes Count: 4040000

00PNy (NX.y (xx)) (NXUY (XX) ) Create A-terms by 3 rules (set of A-terms: A
1]0 \xy.x ;‘j’et of variables: V)
210 \xy.y ( n A
310 N\z.z (\XyLy) (\XyL.X) E inA = (AX.M) inA
1]0/ Natyxyx A=V | (/\/\) | (>\v A)
510 \Xy . xx’ .
HE e fB-reduction: (AX.M)N) —g M[X := N]
710 \Nfx.x Notation (guided by Currying of multlvanate functlons)
810/ \mfx. f (mfx ® drop outermost parenthesis: MN)
910 \mfx.m(N\ghLh(gf)) (\ulx) (Nalu) . a p Ieft associative: /{
10|0 \mnfx.mf(nfx @ abs. right associative, only one A: Axy. M (Ax ( M))
11|10 N\mn.n(\mfx.m(Nghih(gf)) (\aix) (Xdiu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))
12]0 \mnfx.m(nf)x
130/ \z.z (\xxy.y) (NKy %)
1410 \mn.n(\mfx.m(Ngh.h(gf)) (Nuix) (Natu) )m(Nsxyly) (Ngyix)
15|10/ \mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\Xy.x) (mn(\mfx.m(Nghih(gf)) (Nu.x) (\u.u))n(\xxy.y) (\xy.
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))
1610 (Ny. (\x.y (xx) ) (\X.y (xx) ) ) (Nfmn. (\xuv.xuv) ( (\mn.n (\mf3xim(Nghih (gf) ) (Navx) (Natu) )m (Nseys y)(\xy %) )am) (|
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx
17100 (Ny. (NX.y (xx) ) (NX.y (xx) ) ) (\Emn. (\xuv.xuv) ((\mn.n(\mfx.m(\ghh(gf)) (Nu.x) (\utu) Jm(Nexy’ y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)
1810/ \fsx.xfs
1910/ \x. x (\xyx)
20| 0PNX. X (NXY.Y)
2110/ Nfx. fx
2210 \fx.f(fx)
2310/ Nfx. f(f(fx
2410/ Nfx. £(£(£(£(Ex))
25|0 £
2610 n
27|00 (Nziz (\xxy.y) (\zy.x) )i
280 #((\mfx.m(\gh.h(gf)) (Nu:x) (Nu-u))f)
0
0

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))
(A Ry o0 ) (I y (xx) ) (NEn. (Nxuvixuv) ((Nz.z (Nexy.y) (SRyix) )n) (NEXTEx) ((Nmnxim (nf)x)n (£ ( (SR

h.h(gf)) (\u.x)(\u.u))n))))
Nfx. t(i(f(t(f(f(f(f(f(f(f[f(f(t(f(f[t(f(t(t( I(f(f(f(f(f(f(f[t(f(t(i(f(t(f(f(t(f(t(f(f[f(f(t(f(f[f(
£(F (£ (E(E(ECE(ECE(ECECECECECECECECE(ECE(ECECE(FCE(E(ECECECECECECECECECECECECECECECECECECECECE(E(E(E(
f(f(f(f(f(f(f(f(f(flf(f(f(f(flf(f(f(f(f((\h h((Ngh.h(g(\gh.h(g(N\gh.h(g(\gh.h(g(\gh.h(g(\xxy.y)))))))
1))) ((Ngh.h(g(Ngh.h(g(Ngh.h(g(\gh.h(g(Ngh.h(g(\xxy.y)))))))))))((Ngh.h(g(N\gh.h(g(\gh.h(g(N\gh.h(g(\gh
h(g(\Nxxy.v))))))))))) (Nuuuuuxy.x))) (Ngh.h (g (Ngh.h (g (\gh'h (g (Ngh.h (g (\&xy.y))))))))) (\gh.h (g (\gh.h(g
(Ngh.h(g(\xxy.y)))))))))(Nu.u) (Nu.u) (Nu.u) (N\u.u) (Nfx. fx) ((\mnfx.m(nf)x) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.
u)) ((\mEx.m(Ngh.h(gf)) (Nu.x) (\u.u)) ( (\mfx.m(N\gh.h(gf)) (N\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) (
(Nmf3x.m(Ngh.h(gf)) (\u.x) (Nu.u) ) (NEx. £ (£(£(£(£x)))))))))) ((\x. (Nn| (Nxuv. xuv) ( (Nz.z (\sxy.y) (\xy. %) )n)

(\fx.fx)([\mntx.m(nf)x]n(f((\mtx.m(\gh.h(gf))(\u 8
) (\xy.x))n) (\Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (\u.x) (N\u.u))n)))) (xx)) ((\mfx.m(\gh.h(gf)) (

u.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x)
(Nu.u) ) ((Nmfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((N\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u)) (NEx.ECECE(E(£x))))))))))))) |
((N\uuuu' (N\gh.h(g(Ngh.h(g(Ngh.h(g((\x. (Nfn. (\xuv.xuv) ( (\z.z(\xxy.y) (\xy.x) )n) (\Nfx. fx) ((\mnfx.m(nf)x)nl
(£ ((\mfx.m(\Ngh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (NEnl (\xuv.xuv) ((Nz.z (\xxy.y) (\Xy.x))n) (\Nfx. £x) ((\mn|
fx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x)(N\u.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(\gh.
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx .

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (

gh.h(gf))(\u.x)(\u.u))n))))

\fx E(E(E(E(E(E(E(E(E(E(E(ECE(ECE(E(E(E(ECE(E(E(E(E(ECE(CECE(E(E(E(ECECECECE(ECECECECE( (E(E(E(ECE(]
£(F(E(E(E(E(E(ECE(ECECECECECECECECE(ECE(ECECECE(E(E(ECECECE(ECECE(E(ECECECE(ECECE(EQECECECE(E(E(E(E(
ECE(E(ECECE(EQECECECECECE(ECECE(E(ECE(ECE((NR R ( (Nuuuuxy.x) (Ngh.h(g(\gh.h(g(\gh.h(g(\xxy.y))))))) (\g
h.h(g(\gh.h(g(N\xxy.y))))) (Ngh.h(g(N\xxy.y))) (\xxy.y))) (N¥xy.y) (Nfx.fx) ((\mnfx. m[nf]xl[(\mix m(Ngh.h(g
£)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((N\mfx.m(Ngh.h(gf)) (\u.x) (\u.u) ) ((\mfx.m(\gh.h(gf)) (
Nu.x) (Nu.u)) (NEx £ (E(E(E(£x))))))))) ((Nx. (NEn. (Nxuv.xuv) ((Nz.z (\xxy.y) (\Xy.x) )n) (Nfx. £x) ((\mnfx.m(nf]
)x)n (£ ((\mfx.m(\Ngh.h(gf)) (\u.x) (\u.u))n)))) (xx) ) (N%. (NEnL (\xuv. xuv) ((Nz.z (\xxy.y) (\Ky.x) )n) (Nfx. £x) (
(\mnfx.m(nf)x)n(f( (\mix. m[\gh h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)) ((\mfx.m(
Ngh.h(gf)) (Nu.x) (N\u.u)) ((\mfx.m(N\gh.h(gf)) (Nu.x) (\u.u)) ((N\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.
h(gf)) (Nu.x) (Nu.u)) (NECECECE(£(£%)))))))))))) FC(Nuuws (Nuu. (Nu.x) (N (NEnL (Nxuv. xuv) ( (2.2 (\xxy.v) (
\xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(Ngh.h(gf)) (\u.x) (\u.u))n)))) (xx)) (\x. (Nfn. (\xuv.xuv) ( (\z

.z (\xxy.y) (\&y.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(£((\mfx.m(\gh.h(gf)) (Nu.x) (N\u.u))n)))) (xx)) ((\mfx.m(\gh
.h(gf)) (Nu.x) (N\u.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (Nfx. £ (£(£(£(£x)))))))£)) (N\gh.h(g((Nae. (\NEn. (Naxuw
.xuv) ((Nz.z (\xxy.y) (\Xy.x))n) (NEx. £x) ((\mnfx.m(nf)x)n (£ ( (\mix.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\
. (Mol (\xuv. xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\Nx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u) )n)|




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x28050
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

(A Ry o0 ) (I y(xx))) (Nn. (\xuv.xuv) ((Nz.z (\xy.y) (\yix) )n) (NEx0£x) ((Nmnfxim (nf)x)n (F ( (NmExn

h gf))(Nu.x)(N\u.u))n))))

\tx t(i(f(I(f(f(f(f[t(f(f[I(f[t(f(f[t(f(t(t(f(f(f(f(f(f[t(f( ( ( ( ( (F (F (€ (F (6 (F (6 (£ (£ (£ (£ (E(E(E(E(
ECE(ECECE(ECECECE(CECECE(ECECECECECECECECE(CECRECECECECECECECRECECECE(ECECECRECECECECECECECECECECECECECE(
ECE(E(E(CECE(ECE(E(E(E(E(E(E(ECE(ECECE(ECE((Nh.h((Ngh.h(g(Ngh.h(g(\gh.h(g(\gh.h(g(\gh.h(g(\xxy.y)))))|
1))))) (Nuuuuuxy.x) (Ngh.h (g (Nghi.h (g (Ngh.h (g (Ngh.h(g(Nxxy.y))))))))) (Ngh.h(g(Ngh.h (g (Nghi.h(g(\xxy.y)))
J))) (Ngh.h(g(\gh.h(g(\xxy. y))l))(\gh h(g(\sxy.y))))) (Nu.u) (Nu.u) (Nfx. £x) ((N\mnfx.m(nf)x) ( (\mfx.m(\gh
h(gf)) (N\u.x) (\u.u)) ((\mfx.m(Nghh(gf)) (\u.x) (\u.u)) ((\mfx.m(Nghih(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf]
)) (NuLx) (Nu.u)) ((N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx£CE(£(E(£x)))))))))) (N (NEnl (Nxuv. xuv) ((Nz.2(
sexy.y) (\gy.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))n)))) (xx) ) (\x. (N0’ (\xuv.

x.m(Ngh.h(g£)) (NU.x) (\uau)) (\mEx.m(Ngh.h(gf)) (\u.x) (Nu.u)) ((\mEx.m(\ghLh(gf)) (Nu.x) (Nu.u)) ( (\NmEsx.m(
Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u)) ( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u) ) (\NEx. £(£(£(£(]
£x))))))))))))) E((Nuubul, (Nuuu. (Nuu. (Nu-x) ((\x. (NEn. (\Kuv. xuv) ( (Nz.z (\xxy.y) (\xy.x) )n) (Nfx. fx) ((\mnf
.m(nf)x)n(£( (\mfx.m(N\gh.h(gf)) (N\u.x) (\Nu.u))n)))) (xx)) (\x. (\En. (\xuv.xuv) ( (\Nz.z (\xxy.y) (\xy.x) )n) (\fx
. £x) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\m
fx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (Nx £ (£(E(£(£x)))))))#)) (Nghlh (g ((Nx. (Nn. (Nxuv.xuv) ((Nz.z (\xxy.y) (\xy
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (

gh.h(qf))(\u.x)(\u.u))n)))1

Nfx. £ (E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(ECE(E(E(E(E(E(E(ECE(E(E(E(E(E(E(ECE(ECE(E(E(
£(F(E(E(E(ECE(ECE(ECECECECECECECECE(ECE(ECECE(ECE(E(ECECE(E(E(ECECECECECEQECECECE(ECECE(E(ECECE(E(E(
£(F(£(£(E(E(E(E(E(E(E(E(ECE(E(ECE(E(E(E(E((N\gh.h(g(Nsxy.y))) ((\uuuuuxy.x) (\gh.h(g(N\gh.h(g(\gh.h(g(\g
h.h(g(\¥xy.y)))))))))(Ngh.h(g(N\gh.h(g(\gh.h(g(\xxy.y))))))) (Ngh.h(g(\gh.h(g(\xxy.y))))) (\gh_h(g(Xsxy
.y)))) (Nu.u) (Nfx. fx) ((\mnfx.m(nf)x) ((\mfx.m(\Ngh.h(gf)) (\u.x) (N\u.u)) ((N\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) (|
(\mfx.m(\gh.h(gf))(Nu.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) (\Nfx.
£(E(ECE(£x)))))))))) (N (NEnL (Nxuv. xuv) ((Nz.z (\xy.y) (\®y.x) )n) (Nx. £x) ((\mnfx.m(nf)x)n (£( (\mfx.m(

gh.h(gf))(Nu.x)(N\u.u))n)))) (xx)) (\x. (NEnl (\xuv. xuv) ( (Nz.z (\xxy.y) (\xy.x) )n) (\NEx. £x) ( (\mnfx.m(nf)x)n (]

£((\mEx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mEx.m(Ngh.h(gf)) (Nu.x) (\u.u)) ( (\mfx.m(Ngh.h(g£f)) (\u.x)
(Nu.u)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.
u)) ((N\mEx.m(\gh.h(gf)) (\u.x) (\u.u)) (NEx.E(E£(E£(£(£x)))))))))))))E((Nuuuu. (Nuuu. (Nuu. (Nu.x) ((\x. (Nfn. (|
Nxuv. xuv) ( (Nz.z (\xxy.y) (\xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx)|
) (N (NEnL (Nxuv.xuv) ((Nz.z (Nxxy.y) (Nxy.x) )n) (N fx. £x) ( (\mnfac.m(nf)x)n (£( (\mfx.m(\gh.h(gf)) (Nu.x) (\u.ul
1In)))) (xx)) ((\mEx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(L(E(Ex)))))))E)
) (\gh'.h (g (N (\fn. (\xuv.xuv) ((Nz.z (\xxy.y) (\¥y.x) )n) (Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx .

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nziz (Nsexyly) (Neeyox) )i
((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)
(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))
Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.
gh.h(gf))(\u.x)(\u.u))n))))
\fx (£ (€ (£ (£ (£ (£ (E(F(E(F(ECECECE(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(
£ (E(E(E(ECE(E(E(E(ECE(ECE(E(E(ECE(ECE(ECECECECE(E(ECE(ECE(ECECE(ECECE(
f(f(f(f(f(f(f(t(t(f|t(f(t(f(f|f(f(f(f(f(tu\fx £x) £ ( (Nuuuu. (Nuuu. (Nuu'. (\
.z (Nxxy.y) (NKy.%))n) (NEX. £x) ( (\mnx.m(n£)x)n (£ ( (\m£x.m(\gh.h(g£)) (\u.x) (Nu.u))
uv.xuv) ((\z.z(\xxy.y) (\xy.x) )n) (\fx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (\
(\mEx.m(\gh.h(gf)) (\u.x) (\u-u)) ((\mEx.m(Ngh.h(g£)) (Nu.x) (Nu.u)) (NEx. £(£(£(E(Ex)) )£)) (Nghl.h (g ( (N
J(NEn. (Nxuv.xuv) ((Nz.z(\xxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)
))) (xx) ) (Nx. (NEnl (Nxuv. xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (\fx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (\u.
%) (Nu.u))n))))(xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\Mmfx.m(\gh.h(gf)) (\u.x)(Nu.u)) ((\mfx.m(Xgh.h(gfl
)) (Nu.x) (Nu.u) ) (NExc (£ (£(£(£x)))))))) £))) (N, (NEnL (Nxuv.xuv) ( (Nz.z (\xxy.y) (\xy.x) )n) (Nfx. £x) ( (\mnf]
x.m(nf)x)n(f((\mfx.m(Ngh.h(gf))(Nu.x) (\u.u))n)))) (xx)) (\x. (NEnL (\xuv.xuv) ((Nz.z (\xxy.y) (\xy.x) )n) (\f
x. fx) ((\mnfx.m(nf)x)n(£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ( (
mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((N\mfx.m(Ngh.h(gf)) (Nu.x) (\Nu.u)) (NEx.£(£(£(£(£x))))))))£)) (\gh.h(g(Ngh.
h(g((\x. (Nn© (\xuv.xuv) ( (Nz.z (\xxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (Nu.x)
u))n)))) (xx)) (\x. (Nl (N\xuv.xuv) ((Nz.z (\xxy.y) (\Xy.x))n) (\Nfx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(g

£ (F (F (F (£ (E(E (£ (
ECECECE(ECE(E(E(
(\z|

) ) (N (MBI (N
Nu.u))n)))) (xx))(
)
)
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx .

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (

gh.h(gf)) (\u.x) (\u.u))n))))

N £ (£ (£ (£ (£ (E(E(ECECECECE(E(ECE(E(ECE(E (E (E (E (E (E (E (E (E (£ (ECECECECE(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(
ECE(E(CECE(ECECECECECECE(ECECECECECECECECE(CECECECE(ECECE(CECRECECE(ECECECECRECECECE(ECECECRECECECECECECE(
£ (£ (£ (£ (£ (E(E(E(ECECECECECECECECE(ECE (£ ((Nae £x) ((Nunuu. (Nuu. (Nuu. (Nu.x) (N2, (NEn (Nsuv.xuv) ((Nz.2
(Nxxy.y) (\xy.x))n) (Nix. £x) ((\mnfx.m(nf)x)n (£((\mfx.m(Ngh.h(gf)) (N\u.x) (\u.u))n)))) (xx) ) (\x. (Nnl. (\xuy]
.xuv) ((\z.z(\xxy.y) (\xy.x) )n) (\Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((
mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\mfxe.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(£(£(£x)))))))£)) (\Ngh.h(g( (N (]
Nfn. (Nxuv.xuv) ((Nz.z(\Nxxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))|

) (xx) ) (Nx. (NEnl (\xuv. xuv) ( (Nz.z (\xxy.y) (\xy.x) )n) (\fx. £x) ( (\mnfx.m(nf)x)n(£((\mfx.m(\gh.h(gf)) (\u.x)
(Nu.u))n))))(xx)) ((Nmfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(\gh.h(gf))|
(Nu.x) (Nu.u) ) (NExC £ (£ (£(E(£x))))))))E))) ((N%. (N0l (\xuv. xuv) ( (N2.2 (Nsxy.y) (\®y. %) )n) (Nfx. £x) ( (\mnfx.
m(nf)x)n(f((Nmfx.m(Ngh.h(gf)) (Nu.x)(\u.u))n)))) (xx)) (\x. (NEn. (\xuv.xuv) ( (\z.z (\xxy.y) (\xy.x))n) (\fx.
£x) ((\mnfx.m(nf)x)n(£( (\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\Nu.x) (\Nu.u)) ((\mf
x.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Nghlh(gf)) (Nu.x) (Nu.u) ) (NEx. £ (£(£(£(£x)))))))) %)) (Ngh.h(g(Ngh.h(
g ((\x. (NEn. (\xuv.xuv) ((N\z.z(\xxy.y) (\Xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (f( (\mfx.m(Ngh.h(gf)) (\u.x) (\u.
u))n)))) (xx)) (Ax. (NMnl (\xuv. xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\Nx. fx) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x28072

A crash course in A-calculus

&1 Mode: O | Cursor: 0035 | Item: 31,0 | Nodes Count: 3560000 =

ccoccococcoocoooo000

0
1
2
3
1
5
6
7
8
9

10

11

12

13

14

15

,_.
o
°

,_.
S
o

~
=
ccocccoocoocoooo

Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (

gh.h(gf))(\u.x)(\u.u))n))))

\fx £ (F(F(E(EQE(E(E(ECE(E E(ECE(E(E(ECE(E CE(ECE(E (E (ECE(E CE (ECE(E (E (ECE(E (E (E CE(E (F (ECE(E (F (E(E(£(
EECECECE(ECECECE(E(ECE(CECECECECECECE(ECECECECECECECECE(CECECECECECECECECRECECECECECECECECECECECECE(

f(f(f(f(f(f(f(t(f(f|f(f(t[f(f|f(f(f £(£(£(£((Nuuu. (Nuwu. (Nous (No.x) (N2 (VEnL (Nxuv.xuv) (N2 2 (Nxxy.

y) (A\Xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(f((N\mfx.m(Ngh.h(gf))(Nu.x)(Nu.u))n)))) (xx)) (\x. (Nfn. (\xuv.xuv) (|

(Nz.z (\xxy.y) (\xy.x) )n) (Nfx. £x) ( (\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx)) ((\mfx.m(

Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(£(£(£x)))))))£)) (\Ngh.h(g((Nae. (\En. (
xuv.xuv) ((Nz.z(\Nxxy.y) (\xy.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\Nghlh(gf)) (Nu.x) (\u.u))n)))) (xx))|
(\x. (Nfnl. (\xuv. xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\Nfx. fx) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)
)n)))) (xx)) ((\mEx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Nghh(gf)) (\u.x)
(Nu.u) ) (NExf (£(£(£(£x))))))))E))) (N (Nl (Nxuv. xuv) ( (Nz.z (\sxy.y) (\xy.x) )n) (\Nfx. fx) ((\mnfx.m(nf)
)n(f£((\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (Nnl (\xuv.xuv) ((Nz.z (\xxy.y) (\xy.x))n) (\Nfx. £x) ((
mnfx.m(nf)x)n(£( (\mfx.m(N\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\g
h.h(gf))(Nu.x)(\u.u)) ((\mfx.m(\ghh(gf)) (Nu.x) (\u.u)) (Nfx. £ (£(£(£(£x))))))))f)) (\gh.h(g(Ngh_.h (g ((\x.
(NEn. (\uv. xuv) ((Nz.Z(\xxy.y) (\Xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(Nghlh(gf)) (Nu.x) (\u.u))n))
)) (xx) ) (Ax. (NnL (\xuv.xuv) ((Nz.z (\xxy.y) (\&y.x) )n) (Nx. fx) ((M\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (Nu.
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx .

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (

gh.h(gf)) (\u.x) (\u.u))n))))

N £ (£ (£ (£ (£ (E(E(ECECECECE(E(ECE(E(ECE(E (E (E (E (E (E (E (E (E (£ (ECECECECE(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(
£(E(E(E(E(E(E(ECE(ECECECECECECECECE(ECE(ECE(E(ECECECECECECECE(ECECE(ECECECECEQECECECECE(ECECE(ECE(E(
£ (£ (£ (£ (£ (£(E(E(E(E(ECECECECECECECE(ECE (£ (E((Nuun. (Nuuu. (Nuu. (Nu.x) (N2 (NEnL (\euv. xuv) ((Nz.2 (\xxy.

) (N\Xy.x))n) (Nfx. £x) ((N\mnfx.m(nf)x)n(f((\mfx.m(Ngh.h(gf))(Nu.x)(Nu.u))n))))(xx)) (\x. (Nfn. (\xuv.xuv) ( (|
N\z.z (\xxy.y) (\xy.x) )n) (\Nfx. fx) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (\u.x) (N\u.u))n)))) (xx)) ((\mfx.m(

gh.h(gf)) (N\u.x) (N\u.u)) ((\mfx.m(\gh.h(gf))(Nu.x) (Nu.u)) (NEx. £ (£(E(£(£x)))))))E)) (Ngh.h(g((Nx. (NEn. (\x
uv.xuv) ((Nz.z(\N&xy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (

Nx. (Nfnl (\xuv.xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\Nfx. fx) ((\mnfx.m(nf)x)n(£((\mfx.m(\gh.h(gf)) (\u.x) (\u.u))|
n))))(xx)) ((\mfx.m(N\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(N\gh.h(gf)) (\u.x) (
Nu.u)) (NExCE(ECE(E(£x)))))) ) E))) (= (NMn. (A\xuv.xuv) ((\z.z (\xxy.y) (\xy.x))n) (\Nfx. fx) ( (\mnfx.m(nf)x)
n(f((N\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (N0l (\xuv.xuv) ( (Nz. z(wxy y) (\xy.x))n) (Nfx. £x) ((\m
nfx.m(nf)x)n(£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u)) ( (\mfx.m(\gh|
“h(gf)) (Nutx) (Nu.u)) ((Nmx.m(Ngh'-h(gf)) (Nu.x) (Nulu) ) (NEx £ (£(£(£(£x))))))))E)) (Ngh.h(a(Nah.h (g ( (N (
Nfn. (\Nxuv.xuv) ((Nz.z(\xxy.y) (\Xy.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (£( (\mfx.m(Ngh.h(gf)) (\u.x) (\u.u))n)))|
J(xx))l\x.(\fn.(\xuv.xuv)[(\z.z(\xxy.y)(\xy.xj)n)(\fx.fx)((\mntx.m(nf)xjn(f((\mfx.m(\gh.h(gf))(\u.x)
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx .

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

(A Y (xx) ) (\X.y (xx) ) (NEn. (Nxuvi.xuv) ((Nz.z (\xxy.y) (\Xyex) )n) (NEx £x) (Nmnfxm (nf)x)n (f ( (N\mExm

gh.h(gf))(\u.x)(\u.u))n))))

N £ (£ (£ (£ (£ (E(E(ECECECECE(E(ECE(E(ECE(E (E (E (E (E (E (E (E (E (£ (ECECECECE(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(
ECE(E(CECE(ECECECECECECE(ECECECECECECECECE(CECECECE(ECECE(ECECECECECECECECRECECECECECECECECECECECECECE(
£ (£ (£ (£ (£ (£(E(E(E(E(ECECECE(ECECECE(ECECECE((Nuu. (Nuuu. (Nuul (Nu.x) (N (NEn' (Nxuv.xuv) (N2 2z (Naexyy )
(Nxy.x))n) (NEx. £x) ((\unEx.m(n£)x)n (£ (\NnEx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx) ) (K. (NER, (NxuV.xUV) ( (
Z.7 (\xxy.y) (\&y.x) )n) (\Ex. £x) ( (Nmnfxc.m(nf)x)n (£ ( (\mEx.m(N\gh.h(g£) ) (Nu.x) (Nu.u))n)))) (xx) ) ((\mEx.m(Ng]
h.h(gf)) (\u.x) (Nu-u)) ((\mEx.m(Ngh.h(g£)) (Nu.x) (Nu.u)) (NEx. £(£(E(E(x)))))))£)) (Nghlh(g( (N (NEn. (Nxul

v.xuv) ((Nz.z(\xxy.y) (\&y.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx))(
x. (NEn. (Nxuv.xuv) ((Nz.z (\sxy.y) (\xy.x) )n) (\Nfx. £x) ( (\mnfx.m(nf)x)n (£( (\mfx.m(\gh.h(gf)) (\u.x) (Nu.u) )n
)))) (xx)) ((\mfx.m(N\gh.h(gf)) (\u.x) (Nu.u)) ( (\mfx.m(Ngh.h(gf)) (\Nu.x) (Nu.u)) ((\mfx.m(Nghh(gf)) (\u.x) (
u.u)) (NExCE (£ (£(£(£x))))))))£))) (N (NEnl (Nxuv. xuv) ( (Nz.z (N\sxy.y) (\xy.x) )n) (Nfx. fx) ((\mnfx.m(nf)x)nl
(£((\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (Nn. (\Nxuv.xuv) ((Nz.z(\xxy.y) (\xy.x) )n) (\Nfx. £x) ((\mn|
fx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.
h(gf)) (Nu.x)(\u.u)) ((\mfx.m(Ngh'h(gf)) (Nu.x) (\Nu.u)) (Nfx. £ (£(£(£(£x))))))))£)) (N\gh.h(g(Ngh.h(g((\x.(
n. (\xuv.xuv) ( (\Nz.z(\xxy.y) (\Xy.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n (£ ( (\mfx.m(Ngh.h(gf)) (\u.x) (\u.u))n))))
(xx)) (\x. (\Mn. (\xuv.xuv) (Nz.z (\xxy.y) \xy.x) )n) (Mx. fx) ((\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (Nu.x) (
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ifte
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f (pred n

mul n (F (pred n)
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nziz (Nsexyly) (Neeyox) )i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(((\mfx.m(\Ngh.h(gf)) (Nux) (Nuvu))))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.
gh.h(gf))(\u.x)(\u.u)jn)))
N £ (£ (£ (£(E(ECECE(E(E(E( (
E(E(E(E(ECECECECECECECECEC (
FCE(ECECE(ECECECE(ECECECEC . (Nuuu. (Nuu. (Nu.x) (
Nxy.x))n) (NEx. £x) ((Nmnfx.m(nf)x)n (£ x.m(\gh.h(gf))(N\u.x) (\u.u) ])

.z (\xxy.y) (\&y.x))n) (Nfx. fx) ( (\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (\u Nu.u))n)))) (xx)) ((\mfx.m(N\gh
.h(gt)](\u.x)(\u.u)]((\mfx.m(\gh.h(gf))(\u.x)(\u.u))(\fx.f(f(f(f(fx)]) ))£)) (Nghh (g ( (Na€. (NEn. (Nxuy|
xuv) ((Nz.z(\xxy.y) (N&y.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (f((N\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\:
. (Mol (\xuv. xuv) ( (Nz.z(\xxy.y) (\xy.x))n) (\Nfx. fx) ((\mnfx.m(nf)x)n(£((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)|
))) (xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (\u.u)) ((N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((\mfx.m(Nghlh(gf)) (Nu.x) (\u
Ju) ) (NExCf (£(£(£(£x))))))))E))) (N (Nl (Nxuv. xuv) ( (Nz.z (\xxy.y) (\xy.x) )n) (Nfx. fx) ((\mnfx.m(nf)x)n |
£((\mfxx.m(\Ngh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (Nnl. (\xuv.xuv) ((Nz.z(\xxy.y) (\xy.x) )n) (\fx. £x) ( (\mnf
x.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (\u.x)(Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\Nu.x) (Nu.u)) ( (\mfx.m(\gh.h
(gf)) (Nu.x) (Nu.u)) ( (\mfx.m(Xgh.h(gf)) (\u.x) (\Nu.u) ) (NEx. £(£(£(£(£x))))))))E)) (Ngh.h(g(Ngh.h(g((N\x. (\f]
n. (\xuv.xuv) ( (Nz.z(\¥xy.y) (\xy.x) )n) (Nfx. £x) ( (\mnfx.m(nf)x)n (£ ((\mfx.m(\Ngh.h(gf)) (Nu.x) (\u.u))n)))) (
xx) ) (\x. (Nfn. (\xuvixuv) ((Nz.z (\xxy.y) (\xy.x))n) (\Mx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (Nu.x) (

(E(E(E(E(CE(E(E(

£(E £ CE CF (F (F (F CF (F (F (F (F (£ (£ (£(
ECE(ECECECE(E(ECECE
u. )

)
(£ ( £
£(£( ECE(ECECECECECE(ECE(ECECECE(
£(£( £

(

n. (\xuv.xuv) ( (Nz.z (\xxy.y) (

£
f(£
(\x

)n xx) ) (Nx. (Nfn’ (Nxuv.xuv) ( (\Z




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y g ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AVA)

Xy . Xx .

N B-reduction: ((AX.M)N) -3 M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mn fx.mf (n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (

h(gf))(Nu.x)(\u.u))n))))

N £ (£ (F (£ (£ (E(ECECE(E(E(E(E(E(E(E(E(E (E (E (E (F (E (£ CECECECE(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E(E I
ECE(ECECE(ECECECE(ECECE(ECECECECECECECECECECECECECECECE(ECRECECECECECECECRCECRECECECECECRE(ECECECECE

£ (F (£ (£ (£ (£ (£ (E(ECE(ECECECECECECECECECE(E(E((Nuuu. (Nuu. (Na.x) (N2 (NEn. (\xuv.xuv) ((Nz.z (\xxy.y) (\xy
x))n) (NEx. £x) ((\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (NMn (\xuv.xuv) ((\z.z
xxy.y) (\xy.x))n) (\fx. £x) ((\mnfx.m(nf)x)n (£( (\mix.m(N\gh.h(g£f)) (\u.x) (Nu.u))n)))) (xx)) ((\mix.m(\gh.h (g
£)) (Nu.x) (Nu.u) ) ((\mfxe.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (NEx. £(£(£(£(£x)))))))£)) (\Ngh.h(g((Ne. (\En. (\xuv. pruy
) ((Nz.z(N¥xy.y) (\NKy.x) )n) (Nfx. £x) ((N\mnfx.m(nf)x)n (£((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (NK. (N

n' (Nxuv.xuv) ( (Nz.z (\xxy.y) (\xy.x) )n) (Nfx. fx) ( (\mnfx.m(nf)x)n (£ ( (\mfx.m(\gh.h(gf)) (\u.x) (\u. u))n))))(
xx)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\gh.h(gf)) (\u.x) (\u.u))
(NEXLE(£(E(£(£x))))))))E))) (N (NEnL (Nxuv.xuv) ((Nz.z (Nexy.y) (\xy.x) )n) (Nfx. £x) ( (\mnfx.m(nf)x)n (£((
mfx.m(Ngh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (NEnl. (\xuv.xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\Nx. £x) ((\mnfx.m (|
nf)x)n(£( (\mfx.m(N\gh.h(gf)) (N\u.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\Nu.x) (\u.u)) ((\mfx.m(\gh.h(gf)
) (Nu.x) (Nu.u)) ( (\mfx.m(Xgh.h(gf)) (\u.x) (Nu.u) ) (NEx. £(£(£(£(£x))))))))f)) (Ngh.h(g(Ngh.h(g((\x. (\fn. (
Xuv.xuv) ((Nz.z(\xxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (£((\mfx.m(Nghlh(gf)) (Nu.x) (\u.u))n)))) (xx) )|
(Nx. (Mol (\xuv.xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\Nx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (Nu.x) (N\u.u)
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Ay (NxLy (xx)) (NXLY (%X) ) Create A-terms by 3 rules (set of A-terms: A

\xy . x ;‘j’et of variables: V)

\xy.y ape- ( n A

N\z.z (\Xyly) (\Xylx) MinA = (AX.M) inA

Nxy . xyx A=V | (/\/\) 1 (AV.A)

CH B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multivariate functlons)
\mfx. f(mfx) ® drop outermost parenthesis: MN = MN)
\mfx.m(\gh' h[gf))(\u.x)(\u.u) . a p Ieft associative: /{
\mnfx.mf(n @ abs. right associative, only one X: Axy:M (Ax ( M))
\mn.n (\mfx. m[\gh h(gf)) (Nurx) (Nutu) )m . app tag1<es precedence over abs.:  Ax.MN = (Xx.(MN))

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y(xx)) (NX.y (xx) ) ) (Nfmn . (\xuv.xuv) ((\mn’.n (\mfx.m(N\ghl.h(gf)) (Nu.x) (\u.u) )m(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

\fsx.xfs
N\x.x (\xy.x)
\x.x (\xy.Y)
\fx. fx

Nfx. f(£x)
Nfx. f(f(fx))
Nfx. £ (£(£(

f

n
(Nzhz (\xxy.y) (\xy.x))i

£ ((\mfx.m(\gh'h(gf)) (Nuix) (Nuiu))i)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (

h.h(gf)) (Nu.x) (\u.u))n))))
N, £ (£ (F (£ (£ (E(E(E(E(ECE (FCE(CECE(ECE (B (F (ECECECE (E CE (B (F (F (E CE E (E(E CE (F (F (F CE(F (F (E CE(F (E (ECE(E (£ (
E(E(E(E(ECECECECECECECECECECECRCRECRE(CE(CE(E(CE(ECECE(E (f(f[i(f(f[f(flf(f(f[f(flf(f(f[t(f(f[f(flt(f(f[f(
£(E(E(E(E(EQE(E(ECECE(E(ECECE(E(ECECECE(£(E( (Nuw. J(Nu.x) ((Nx. (NEns (Nsxuv.xuv) (N2 2z (Nxxy.y) (\xy .
))n) (Nfx. £x) ((N\mnfx.m(nf)x)n(f( (\mfx.m(N\gh. h(gt)](\u x)[\u u))n))))(xx)) (Nx. (Nfn. (N\xuv.xuv) ((Nz.2z(\:
x)(
))

xy.y) (\xy.x))n) (\fx. £x) ((\mnfx.m(nf)x)n(f((\mEx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx)) ((\mfx.m(\gh.h(gf
1) (Nu.x) (\u.u)) ((\mfx.m(Ngh.h(gf))(Nu.x) (Nu.u)) (Nfx. £(£(£(£(£x)))))))£)) (Ngh.h(g((\x. (Nfn. (\xuv.xuv)|
((Nz.z(\xxy.y) (\xy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n (£ ( (\mfx.m(\gh.h(gf)) (Nu.x) (\u.u))n)))) (xx) ) (\x. (\fn|
S (Nxuv.xuv) ((Nz.z (\xxy.y) (\gy.x) )n) (Nx. £x) ((\mnfx.m(nf)x)n (£( (\mfx.m(\gh.h(gf)) (\u.x) (Nu.u))n))))(
x))[(\mtx.m(\gh.h(gf))[\u.x)(\u.u))[(\mtx.m(\qh.h(gf])(\u.x)(\u.u])([\mfx.m(\gh.h[gf])(\u.x](\u u)) (|
Nfx £ (£(£(£(£x)))))))) £))) ((Nx. (NERL (Nxuv.xuv) ((Nz.z (Nxy.y) (\gy.x) )n) (Nfx. £x) ( (\mnfx.m (nf)x)n (£( (N
fx.m(Ngh.h(gf)) (\u.x)(\u.u))n)))) (xx)) (\x. (NEn. (\xuv.xuv) ( (\z. z(\xxy v) (\xy.x))n) (Nfx. £x) ( (\mnfx.m(n|
£)x)n(f((\mfx.m(Ngh.h(gf)) (Nu.x)(Nu.u))n))))(xx)) ((N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((N\mfx.m(N\gh.h(gf))
(Nu'x) (Nu.u)) ((Nmfxe.m(Nghl.h (g£)) (Nu.x) (Nuu) ) (NELE (ECE(£(£x)))))) ) )E)) (Nghh (g (N, (NEn. (\xuv.xuv) (
(Nz.z(\xxy.y) (\xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(f( (\mfx.m(\gh.h(gf)) (Nu.x)(\u.u))n)))) (xx)) (\x. (\fn.
(\xuv.xuv]((\z.zl\xxy.v)(\xy.x))n)(\fx.fx)[(\mnfx.m(nf)x)n(f([\mfx.m[\gh.h[gf)](\u.x](\u.u))n)]))[x




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x28078

A crash course in A-calculus

57 Mode: 0 | Corsor: 0035 | tem: 310 | Nodes Count 200000
AV (ALY (xx) ) (NXLY (XX) )
N\xy.x

\xy.y

NZ.z(NXY.y) (N\Xy.X)
\xy . xyx

Xy . XXy

N\xuv. xuv

Nfx.x

\mfx. f(mfx
\mfx.m(\gh.h(gf))
N\mnfx.mf (nfx
\mn.n(\mfx.m(Nghth(gf)) (\ux) (N\uu) )m

(Nuix) (Nuvu)

Create A-terms by 3 rules (set of A-terms: A

(et of variables: V)
( n A
= HUAX M) in A

A —gv AARENTAN
B-reduction: ((AX.M)N) —g M[X = N]

Notation (guided by Currying of multlvanate functlons)

o drop outermost parenthesis: MN)

. a p left associative: 2\

¢ abs. right associative, only one \: A/, M (Ax ( )
. app takes precedence over abs..  Ax.MN = (Xx.(MN))

ccoccococcoocoooo000

0
1
2
3
1
5
6
7
8
9

10

11

12

13

14

15

1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx

17100 (Ny. (NX.y (xx) ) (NX.y (xx) ) ) (\Emn. (\xuv.xuv) ((\mn.n(\mfx.m(\ghh(gf)) (Nu.x) (\utu) Jm(Nexy’ y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)

1810 \fsx.xfs

190/ \x. x (Nxyix)

200 \X.x(\XY.Y)

2110 N\fx. fx

2210 \fx.f(fx)

2310 Nfx. f(£(fx))

2410 Nfx. £ (£(£(£(fx))

25|0 £

260/ n

27|00 (Nziz (\xxy.y) (\zy.x) )i

280 #((\mfx.m(\gh.h(gf)) (Nu:x) (Nu-u))f)

2910 (Nmnfx.m(nf)x)n(E( (\mfx.m(X\gh.h(gf)) (Nuix) (Nawu))i))

3010 (\y (\x.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0Ex) (Nmnfxim (nf)x)n (£ ( (NmExim (.
gh.h(gf)) (\u.x) (\u.u))n))))

3110 NEx. £(E(E(E(E(E(E(E(E(E(E(E(ECECECECECE(ECE(E(E(E(E(E(E(E(E(ECE(ECECECEQECE(ECE(E(E(E(ECECE(ECE(ECE
£(E(E(E(E(E(E(ECE(E(ECECE(ECE(ECECECECE(E(E(E(ECE (f(f(f(t(f(f[f( £OE(ECECECECE(ECECE(ECECECE(ECECE(
£ (£ (£ (£ (£ (£ (E(E(E(ECE(ECECECECECECECECECE((Nu (Nuu. (Nu.x) (( fn. (\xuv xuv ((\z z(\xxy y)(\xy x)

((Nmf; )) (
i

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

)n) (Nfx. £x) ((\mnfx.m(nf)x)n(f x.m(Ngh.h(gf)) (\u.x)(\u.u
v.y) (\&y.x) )n) (Nfx. £x) ((\mnfx.m(nf)x)n (£( (\mfx.m(\gh.h(gf)) (N
) (Nu.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (Nu.x) (\u.u)) (Nfx. £(E(E(E(Ex)) B ) -
(Nz.z(\xxy.y) (N&y.x) )n) (Nfx. £x) ( (\mnfx.m(nf)x)n(f((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (\Nfn.
(\xuv.xuv) ((\Nz.z (\xxy.y) (\xy.x))n) (\Nix. £x) ((\mnfx.m(nf)x)n (£( (\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))n)))) (x
)) ((N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((N\mfx.m(\gh.h(gf)) (N\u.x)(Nu.u)) ((N\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u)) (
fx £ (£(£(£(£x))))))))E))) ((Nx. (NEnl (Nxuv. xuv) ((Nz.z(\xxy.y) (\xy.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n (£( (\mf
x.m(\gh.h(gf))(Nu.x)(\u.u))n)))) (xx)) (\x. (\En. (\xuv.xuv) ((Nz.z(\xxy.y) (\xy.x) )n) (\Nfx. £x) ( (\mnfx.m(nf|
)x)n (£ ((Nmfx.m(\gh.h(gf)) (\u.x)(\u.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\u.x) (Nu.u)) ((\mfx.m(Ngh.h(gf))(
Nu.x) (Nu.u)) ((Nmfx.m(Nghh(gf)) (Nu.x) (Nu.u)) (NEx. £CE(£(£(£x))))))))E)) (N, (NEnl (Nxeuv. xuv) ( (Nz. 2 (Naex]
v.y) (\Xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(£( (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (\fn. (\xuv.xuy|
) (Nz.z(\xxy.y) (\xy.x) )n) (NMx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((A\mfx.




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x28079

A crash course in A-calculus

&7 Mode: 0 | Cursor: 0035 | Item: 31,0 | Nodes Count: 3140000

ccoccococcoocoooo000

0
1
2
3
1
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6
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9

10

11

12

13

14

15
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AV (ALY (xx) ) (NXLY (XX) )
N\xy.x

\xy.y
NZ.z(NXY.y) (N\Xy.X)
\xy . xyx

Xy . XXy

N\xuv. xuv

Nfx.x

\mfx. f(mfx
\mfx.m(\gh.h(gf))
N\mnfx.mf (nfx

(Nuix) (Nuvu)

Create A-terms by 3 rules
evar: a b c, X, y, 2 ...
® 3| M, N in /\
ea
/\:V|(/\/\) | (>\V/\)
B-reduction: ((AX.M)N) —g M[X = N]
Notation (guided by Currying of multlvanate functions)
® drop outermost parenthesis:

MNK (MN)K.

(set of A-terms:
;‘j’et of variables:
(

n A
= HUAX M) in A

. a p left associ;

— (% (%iN

e:
o abs. g}tassoclatlve only one A: )\xy
\mn.n (\mfx.m(\ghth(gf)) (\u.x) (Nuiu))m . app takes precedence over abs.:  Ax
N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
\mn.n(\mfx.m(N\gh.h(gf)) (Nu:x) (N u) )m(\&xy.y) (\&y %)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) (m(\mfsx:m(Nghih(gf)) (\uix) (\uiu) )n (Sexyuy ) (\y
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny- (\x.y (xx) ) (Nx.y (xx) ) ) (Nmn . (\suv. xuv) ( (\mn. n (\m £3m (Sghih (g ) ) (Nuex) (Niu) )m Ny y)(\xy %) )nm) (|
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\X.y (xx) ) ) (NEmn. (\xuv.xuv) ( (\mn’n(\mfx.m(Nghth(g£) ) (Nutx) (Nutu) Jm (\xxy'. y)(\xy %) )nm) (|
£((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)m)

\fsx.xfs

Nx . x (\KY X))

\x.x (\xy.Y)

\fx. fx

(Nzhz (\xxy.y) (\xy.x))i
((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (\Nx.y (xx) ) (NX.y (xx) ) (NEnL (Nxuvixuv) ((Nz.z (\xxy.y) (\yix) )n) (NEx0 £x) (Nmnxim (nf)x)n (£ ( (NmExim (.
gh.h(gf))(Nu.x)(\u.u))n

Nfx. f(E(E(E(E(E(ECE(E

)

(£(f E(E(E(E(E(ECE(E
E(E(ECE(ECECECECECECECECE
£(f

f(E( (ECE(E(E(E(E(E(E(E(E(E(E(E(ECE( (

FOE(ECECE(ECECECECE(ECECECECECECECE(ECECECECRECECE( (
£ (£ (£(E(E(E(E(E(E(E( uu. (Nu.x) ((Nae. (NEn. (Nxuv.xuv) ( (Nz.z (\xxy.y) (\®y.x) )n) (
Nfx. fx) ((\mnfx.m(nf)x)n(f Nu.x) (Nu.u))n) ) ) ) (xx) ) (\k. (NERL (Nxuv. xuv) ((N2Z. 27 (\xxy. y)
(\xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n (£( (\mfx.m(\gh.h(gf)) (\u.x) (\u.u))n)))) (xx)) ((\mfx.m(\gh.h(gf)) (\u
ox) (Nu.u)) (\mfxe.m(Ngh.h(gf)) (Nu.x) (Nu.u)) (Nfx. £(£(£(£(£x)))))))£)) (\gh.h(g((Nae. (NEn. (Nxuv.xuv) ( (\z.
Z (\xxy.y) (\NKy.x))n) (Nfx. £x) ((\mnfx.m(nf)x)n(f((\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\X. (NEn' (\xu
v.xuv) ((Nz.z(\xxy.y) (\xy.x) )n) (\Nfx. fx) ( (\mnfx.m(nf)x)n (£ ((\mfx.m(\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) ((|
Amfx.m(Ngh.h(gf)) (Nu.x) (Nu.u)) ((N\mfx.m(\gh.h(gf)) (Nu.x)(Nu.u))((\mfx.m(\gh.h(gf)) (Nu.x) (N\u.u)) (Nfx. f
(£CE(E(£x))))))))F))) (X% (NEnl (N\xuv. xuv) ((N2.z (\Nxxy.y) (\xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n(f((\mfx.m(|
Ngh.h(gf)) (Nu.x) (\u.u))n)))) (xx)) (\x. (\fnl. (\xuv.xuv)((\z.z(\xxy.y)(\xy.x))n](\tx.ix)((\mnfx m(nt)x)n
(EC(\mEx.m(Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (N\u.x) (Nu.u)) ((\mfx.m(Ngh.h(gf)) (N
(Nu.u)) ((\mfx.m(Nghh(gf)) (Nu.x) (Nu.u) ) (NEx.E(E(E(£(£x))))))))£)))))))))II))) )))))J)))))i)))))
11)713))))1)))13))33))))1)1))))3))))1)))1IIIIIIDIIIDDIIIDDIIDDDDID)IIDDDID))) ))

1)
(f ( f(E(
(f ( £O£(
(f ( (N
(( ( )

(E(E(E(E(E
(E(ECECECE
(£(£(E(E(E
Amfx.m(\gh.




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x28080

A crash course in A-calculus

7 Mode: 0 | Cursor: 0035 | ttem: 31,0 | Nodes Count 060000 -
00Ny (Nxiy (xx)) (NKy (%x)) Create \-terms by 3 rules (set of A-terms: {/
1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
210/ \xy.y ® 2 M,Nm/\ ( n A
310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA
1]0/ Natyxyx A=V | (/\/\) | (>\v /\)
510 \Xy . xx’
HE e B-reduction: (AX.M)N) — g M[X := N]
710/ Nfx.x Notation (guided by Currying of multlvanate functions)

810 \mfx. f(m ® drop outermost parenthesis:

910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{

100 \mnfx.mf (nfx ® abs. right associative, only one X: )\xy (Ax (IV)/

110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))

12|0 \mnfx.m(nf)x

1310/ \z.z (\xxy.y) (\Ky x)

1410 \mn.n(\mfx.m(Ngh.h(gf)) (Nuix) (Natu) )m(Nsxyly) (Ngyix)

15]0 \mn.n(\mfx.m(\gh.h(gf)) (N\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (Nuix) (Nuiu) )n(\&xy.y) (\xy"
)) (n(N\mfx.m(\gh.h(gf)) (\u.x) (\u.u) )m(\xxy.y) (\xy.x) )

1610 (Ny. (\x.y (xx) ) (\X.y (xx) ) ) (Nfmn. (\xuv.xuv) ( (\mn.n (\mf3xim(Nghih (gf) ) (Navx) (Natu) )m (Nseys y)(\xy %) )am) (|
(Nmnfx.mf (nfx)) ((\mfx. f(mfx)) (\fx.x)) (£((\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\fx

17100 (Ny. (\x.y(xx)) (\X.y (xx) ) ) (\fmn. (\xuv.xuv) ( (\mn.n(\mfx.m(Nghth(gf) ) (Nutx) (Nutu) )m(N\xxy. y)(\xy %) )am) (|
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x)(\u.u))m)mn)n)m)

1810/ \fsx.xfs

1910/ \x. x (\xyx)

20| 0PNX. X (NXY.Y)

2110/ Nfx. fx

22|0 Nfx. f(fx)

2310 Nfx. f(£(fx))

2410/ NEx. £ (£(£(£(£x))))

25|0 £

2610 n

27]0 (Nziz(\xxy'y) (\xy.x))f

28] 0 E((\mfx.m(\gh.h(gf)) (\ux) (\uu))f)

2910/ (Nmnfx.m(nf)x)n(E((\mfx.m(\gh.h(gf)) (Nuix) (\aiu))i))

3010/ (Ny. (\x.y(xx)) (NX.y (xx) ) ) (NEn. (Nxuv.xuv) ((Nz.z (Nexy.y) (\€yix) )n) (N0 fx) ((Nmnfsim (nf) %) n (f ( (N0 £5e0m
gh.h(gf))(\u.x)(\u.u))n))))

3110 NEx. f(E(E(E(E(E(E(E(E(E(E(E(CE(E(E(E(E(ECE(E(E(E(E(E(CE(E(E(E(E(E(E(E(E(E(E(E(ECE(E(ECECECECECECECECE(
E(E(E(E(ECECECECECECECECECECE(E(E(E(CE(E(E(E(ECECECECECECECECECECECECECRCECRE(ECECECECECECECECECECECE(
£ (£ (F(F(ECECECE(E(ECECE(E(ECECECECECECECE(EQ (N (Nuax) (N (NEnl (Nxuv. xuv) ((Nz.z (N\xxy.y) (\xy.x) )n) (
f£x. fx) ((N\mnfx.m(nf)x)n (f((\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u))n)))) (xx) ) (\x. (NEnL (\xuv.xuv) ((\z.2 (\xxy.y) (
Nxy.x))n) (\Nfx. £x) ((\mnfx.m(nf)x)n (f( (\mfx.m(N\gh.h(gf)) (\u.x) (N\u.u))n)))) (xx)) ((\mfx.m(Ngh.h(gf)) (\u.
x) (Nu.u)) ((\mfx.m(Ngh.h(gf))(Nu.x)(Nu.u)) (NEx. £(£(£(£(£x)))))))£)) (N (Nfn. (\xuv.xuv) ((\z.z(\xxy.YV)|
(\xy.x))n) (Nfx. fx) ((\mnfx.m(nf)x)n (£ (\mfx.m(\gh.h(gf)) (Nu.x) (Nu.u))n)))) (xx)) (\x. (N, (Nxuv. xuv) ( (
z.z(\xxy.y) (\xy.x))n) (\fx. £x) ((\mnfx. m[nf)x)nlf( \mfx ml\gh h(g f)](\u.x)(\u u))n)))) (xx)) ((\mfx.m(\g|
h.h(gf)) (\u.x) (\u.u)) ((\mfx.m(\Ngh.h(gf)) (\u.x) (\u. Nmfx.m(Nghth(gf)) (Nu.x) (Nu.u)) (NEx. £ (£(£(£(E
1111))))£))))))))))))))))) 1) ]))))))]))l))l))))))]))]))])))]))]))]))l)))]))]))]))l)))])))))l)))))
1)))3))))1)))1))))1)))))1))))))

32

33

34|

35]




Y-combinator
false

not

and

or

ifte

iszero n

f (pred n

mul n (F (pred n)
fac

fac five, 3x28081

A crash course in A-calculus

1 Mode:0 | Cursor 0035 | hem: 31,0 | Nodes Count 3120000 =
0 0Ny (NKUy (xx) ) (NZY (%x) ) Create \-terms by 3 rules (set of A-terms: {/
1]0/ \xy.x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
210 \xy.y ® 3 M,N.n/\ > ( n A
310 N\z.z (\XyLy) (\XyL.X) ® al = (AX.M) inA
4]0/ \xy.xyx A=V | (/\/\) | (>\V /\)
510 \Xy.xx
HE e fB-reduction: (AX.M)N) —g M[X := N]
710/ Nfx.x Notation (guided by Currying of multlvanate functions)
810 \mfx. f(m ® drop outermost parenthesis:
910 \mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. left associative: MNK (MN)K/{
10|0 \mnfx.mf (nfx ® abs. right associative, only one A: )\xy (Ax (IV)/
110/ \mn.n(\mfx.m(Nghth(gf)) (\u.x) (\u.u))m . app t§1<es precedence over abs.:  AX IN))
120/ \mnfx.m(nf)x
130/ \z.z (\xxy.y) (NKy %)
140 N\mn.n(\mfx.m(N\gh.h(gf)) (Nuux) (Nuvu) )m(Nexy .y ) (\gyx)
1510/ \mn.n(\mfx.m(\gh.h(gf)) (\Nu.x) (Nu.u))m(\xxy.y) (\xy.x) (m(\mfx:m(Nghth(gf)) (Nuix) (Naiu) ) n (\&xyiy) (\zyh
)) (n(\mfx.m(N\gh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))
1610 (Ny. (Ne.y(xx)) (Nx.y(xx))) (\fmn. (\xuv.xuv) ((\mn.n (\mf5%:m(Nghh(gf) ) (Nux) (Nutu) )m(\secys y)(\xy %) )nm) (
(N\mnfx.mf (nfx)) ((\mfx. f(mfx)) (NEx.x)) (£( (\mn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m)mn)n)) (\Nfx
17100 (Ny. (\x.y (xx)) (\x.y(xx) ) ) (\fmn. (\xuv.xuv) ((\mn.n(\mfx.m(Nghth(gf)) (Nu.x) (Nu.u) Jm(\xxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)
1810 \fsx.xfs
190/ \x. x (Nxyix)
2010/ \x. X (\xy.Y)
2110 N\fx. fx
2210 Nfx. f(fx)
23|0 Nfx. f(f(fx))
240 Nfx. £(£(£(£(Ex))))
2510 £
260/ n
2710 (Nziz(\sexyy) (Nyix) )|
280 #((\mfx.m(\gh.h(gf)) (Nu:x) (Nu-u))f)
2910 (Nmnfx.m(nf)x)n(E( (\mfx.m(X\gh.h(gf)) (Nuix) (Nawu))i))
30100 (Ny. (NX.y (xx) ) (NX.y (xx) ) ) (NEn. (Nxuvixuv) (Nz.z (Nxxy.y) (\Xyeix) )n) (NExUEx) ((Nmnfxim (nf)x)n (F ( (SmExm (
gh.h(gf)) (\u.x) (\u.u))n))))
3100 N £ (£ (F (£ (E(E(ECECE(ECECE(E(ECE(E(E(E(E(E(E(E (E (E (E (E(E (ECECECECECECE(E(E(E(E(E(E(E(E(E(E(E(E(E(E(
E(E(E(E(ECECECECECECECECECECE(ECE(CE(CE(CE(E(E(ECECECE(ECECECECECECECECECR(ECRECECECECECECECECECECECECE(
£ (£ (£ (£ (£ (£ (E(E(E(EQECECECECECECE(E(E(E(E((Nux) (N2 (NEnL (Neuv. xuv) (N2 2z (\xxy.y) (\xy.x) )n) (Nx. f
x)((N\mnfx.m(nf)x)n(f((\mfx.m(\gh.h(gf)) (Nu.x)(\u.u))n))))(xx)) (\x.(Nn. (\xuv.xuv) ( (\z.z (\xxy.y) (\Xy.
x))n) (Nfx. fx) ((\mnfx.m(nf)x)n (f((\mfx.m(\gh.h(gf)) (\u.x) (Nu.u))n)))) (xx)) ((\mfx.m(\Ngh.h(gf)) (Nu.x) (
<u)) ((NmEx.m(Ngh.h(gf)) (Nu.x) (Nu.u) ) (NEXCE(E(E(£(£x)))))))E)))))))))))IIIIIIIIIIIIIIIIIDDDDDDDDDD D)
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Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,N.n/\ ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

Nfsx.xfs

\x.x (\xy.x)

\X. X (\XY.Y)

Nfx. fx

Nfx. f(fx)

Nfx. £(£(fx))

Nfx. £(E(E(E(Ex))))

£

n

(Nzlz (Nxxy ' y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(\u.u))n))))
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not
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ifte

iszero n

f (pred n

mul n (F (pred n)
fac

onehundredtwenty

A crash course in A-calculus

&7 Mode: O | Cursor: 0035 | Item: 31,0 | Nodes Count: 253

0
1
2
3
1
5
6
7
8
9

10

11

12

13

14

15

o

© ccocococcocococococoooo

ccocccoocoocoooo

°

Ny (Ny (xx) ) (N (%) ) Create \-terms by 3 rules (set of \-terms: 1/

\xy . x evar: a b c, Xy, 2 ... ;‘j’et of variables: V)
\xy.y ® 3 M,N.n/\ ( n A

N\z.z (\Xyly) (\Xylx) ® 3 = (AX.M) inA

\xy . xyx A=V | (/\/\) | (>\V /\)

N B-reduction: (AX.M)N) =g M[X = N]

\fx.x Notation (guided by Currying of multlvanate functions)
\mfx. f(mfx) ® drop outermost parenthesis:

\mfx. ml\gh h(gf)) (Navx) (\atu) e 2pp. Ieft associative: MNK (MN)K
\mnfx.mf (nfx @ abs. right associative, only one \: )\xy (Ax (
N\mn.n(\mfx.m(\ghth(gf)) (\u.x) (Nu-u))m . app t§1<es precedence over abs.:  Ax I\7)/N

N\mnfx.m(nf)x

\Z .z (\XXY.Y) (\Xy.X)
Nmn.n (\mfx.m(N\gh.h(gf)) (Nuux) (Nutu) )m(Nexy.y) (\gy x)

Nmn.n(\mfx.m(\gh.h(gf)) (\u.x) (\u.u))m(\xxy.y) (\xy.x) (m(\mfx.m(Nghth(gf)) (\Nuix) (\Nuiu) )n(\&xyLy) (\xyh
)) (n(N\mfx.m(Ngh.h(gf)) (Nu.x) (Nu.u) )m(\xxy.y) (\xy.x))

(Ny. (Nx.y (xx) ) (Nx.y (xx) ) ) (NEmn . (Nstuv.xuv) ( (Nmn.n (\mf3.m (Nghth (gf) ) (Nuvx) (Navu) ) m(Ssexys y)(\xy %) )nm) (
(Nmnfx.mf(nfx)) ((\mfx. f(mfx)) (Nfx.x)) (£((N\mn.n(\mfx.m(Ngh.h(gf))(N\u.x)(\u.u))m)mn)n)) (Nfx

(\y. (\x.y (xx) ) (\%.y (xx) ) ) (\Nfmn . (\xuv.xuv) ( (\mn.n (\mfx.m(N\ghth(gf)) (Nutx) (Nutu) )m(Nxxy. y)(\xy %) )nm) (
£((\mn.n(\mfx.m(\gh.h(gf))(\u.x) (\u.u))m)mn)n)m)

Nfsx.xfs

\x.x (\xy.x)

\X. X (\XY.Y)

Nfx. fx

Nfx. f(fx)

Nfx. £(£(fx))

Nfx. £(E(E(E(Ex))))

£

n

(Nzlz (Nxxy ' y) (\xy.x))i

((\mfx.m(\Ngh.h(gf)) (Nux) (Nuu))H)

(Nmnfx.m(nf)x)n(£( (\mfx.m(Ngh.h(gf)) (Naix) (Natu))i))

Ny (N%.y (%x) ) (XL y (xx) ) ) (NEnL (NxuvLxuv) (8202 (Nxxyy) (SRyEx) )n) (NExEEx) (((Nmnfxcim (n£)%)n (£ ( (NmEXm (
gh.h(gf))(\u.x)(\u.u))n))))
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EOECE(ECECE(ECECE(E(ECE(CE(ECECECECECE(ECECEX)))))))))))))))DIINIIIIINDDDDDIDDDDDIDDDDDDIDDD)DID)))D)
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A crash course in \-calculus

Alonzo Church Alan Turing

(1903 - 1995) (1912 - 1954)
Lambda Calculus: 1930s Turing Machine: 1936

e Church was Turing's doctoral advisor

e Church: the A-calculus is Turing complete

e Turing: the A-calculus can be emulated on a Turing machine

e Church-Turing Thesis: in our universe all “effectively computable functions” can be
computed by the A-calculus/Turing machines
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1lla Create types by 2 rules (set of types:
1b evar: «a, 3,7, 6, . <(set of varlab\e)s V)
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var. 1la Create types by 2 rules (set of types: T)
var. 1 b evar: «a, 3,7, 6, . (set of variables: V)
var 1flc
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var. 1fJa Create types by 2 rules (set of types: T

var. 1 b evar: o, 8,7, 6, ... <(set of variab\e)s: V)

var. c rr: S, TinT = (S—T)inT
ar. 1,2 1 (b-c) V(T >'T)
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var. 1fJa Create types by 2 rules (set of types: T
var. 1 b var: o, 3,7, 5, ... <(set of varia_b\e)s: V)
var. 1 c arr: S, TinT "= (5§—T)inT
ar. 1,2 1 (b—c) V(T =T
arr. 3,3 1 ((b-c)-(b-c))
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var. 1fJa Create types by 2 rules (set of types: T
var. 1 b var: o, 3,7, 5, ... <(set of varia_b\e)s: V)
var. 1 c arr: S, TinT "= (5§—T)inT
arr. 1,2 1 (b-c) V(T —T)
arr. 3,3 1 ((b-c)-(b-c))
arr. 0, 3 1 (a-(b-c))
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var 1fJa Create types by 2 rules (set of types: T
var. 1 b var: o, 3,7, 5, ... <(set of varia_b\e)s: V)
var. 1 c arr: S, TinT "= (5§—T)inT
arr. 1,2 1 (b-c) V(T —T)
arr. 3,3 1 ((b-c)-(b-c))
arr. 0, 3 1/ (a-(b-c))
arr. 5, 4 1 ((a-(b=c))-((b-c)-(b-c)))
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S, ... (setof varlab\es V)
™ = (S—=T)inT
(azaln guided by Currylng of multlvarlate functions)
. drop outermost parenthesis: o — 3 =
® arr. right associative: a — B — 'y =(a = (B =)
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Create types by 2 rules (set of types:
oc, LY O <(set of varlab\es V)
inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
® arr. right associative:

a5 B2 (a— B
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Create types by 2 rules (set of types:
oc, LY O <(set of varlab\es V)
inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
® arr. right associative:

a5 B2 (a— B
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Create types by 2 rules (set of types:
oc, LY O <(set of varlab\es V)
inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
® arr. right associative:

a5 B2 (a— B
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Create types by 2 rules (set of types:
oc, LY O <(set of varlab\es V)
inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
® arr. right associative:

a5 B2 (a— B
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(a-b-c)-(b-c)-b-c

Create types by 2 rules (set of types: T
oc, LY O <(set of varlab\e)s V)
inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
e arr. right associative: a2 B53% 2 (a> B - )

Statement, declaration, context, judgement
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A crash course in type theory
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Create types by 2 rules (set of types: T
oc, LY O <(set of varlab\e)s V)
nT "= (S—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
® arr. right associative: a — B — 'y =(a = (B =)
Statement, declaratlon context |ud1geme nt X
® a statement is of tl where Min Aand T in T
fead: Misof upe T °
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Create types by 2 rules (set of types: T
oc, LY O <(set ofvarlab\e)s V)
inT "= (§—T)inT

TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))
Statement, declaration, context, judgement .
® a statement is of tl where Min Aand T in T

read: M is of type
® a declaration is a statement X : T where X in V
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Create types by 2 rules (set of types: T
a, N7 I <(set of varlab\e)s V)
inT "= (§—T)inT

TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
e arr. right associative: a2 B53% 2 (a> B - )
Statement, declaration, context, judgement .
® a statement is of tl where Min Aand T in T

read: M is of type
® a declaration is a statement X:T where X in
® acontextisalist X : Ty, ... 1 Tp of declaratlons
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Create types by 2 rules (set of types: T
oc, LY O <(set ofvarlab\e)s V)
inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))

Statement, declaration, context, judgement .

® a statement is of tl where Min Aand T in T
read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T
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A crash course in type theory
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Create types by 2 rules (set of types: T
oc, LY O <(set ofvarlab\e)s V)
inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))

Statement, declaration, context, judgement .

® a statement is of tl where Min Aand T in T
read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T




arr. 1,2
arr. 3,3
arr. 0,3
arr. 5,4

var,
empty judgement
context

A crash course in type theory
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Create types by 2 rules (set of types: T
oc, LY O <(set ofvarlab\e)s V)
inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))

Statement, declaration, context, judgement .

® a statement is of tl where Min Aand T in T
read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T
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Create types by 2 rules (set of types: T
oc, LY O <(set ofvarlab\e)s V)
inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))

Statement, declaration, context, judgement .

® a statement is of tl where Min Aand T in T
read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T
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Create types by 2 rules (set of types: T)

TI% \ T=>T)

Notation (again guided by Currylng of multlvarlate functions)

@ drop outermost parenthesis: o — 3 =

@ arr. right associative: a = B — 'y =(a = (B = 7))
Statement, declaratlon context IUd'Feme nt
® a statement is of tl

Denvatlon rules (lfor valid judgements)

&Py S, ... (set of variables: V)
nT "= (S—T)inT

where Min Aand T in T
read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

® var
cTis declared inl
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Create types by 2 rules (set of types: T)

TI% \ T=>T)

Notation (again guided by Currylng of multlvarlate functions)

@ drop outermost parenthesis: o — 3 =

@ arr. right associative: a = B — 'y =(a = (B = 7))
Statement, declaratlon context IUd'Feme nt
® a statement is of tl

Denvatlon rules (lfor valid judgements)

&Py S, ... (set of variables: V)
nT "= (S—T)inT

where Min Aand T in T
read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

® var
cTis declared inl
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Create types by 2 rules (set of types: T)

evar: o, 8,7, 6, ... (setof variables: V)
earr.: S, in T = (5—T)inT
T=V|(T T)

Notation (azaln guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
® arr. right associative:

Statement, declaratlon context IUd'Feme nt
® a statement is of tl

Denvatlon rules  (for valid judgements,
F X: (T Jude )

eapp: [ - MN :

a5 B2 (a— B

where Min Aand T in T
read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

® var.:

><—|

Tis declared inl
T

-

= M: 54>Tand
r=nN:
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Create types by 2 rules (set of types: T)

evar: o, 8,7, 6, ... (setof variables: V)
earr.: S, in T = (5—T)inT
T=V|(T T)

Notation (azaln guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =

@ arr. right associative: a = B — 'y =(a = (B = 7))
Statement, declaratlon context IUd'Feme nt
® a statement is of tl

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : Tlsdeclared inl

® app: [ - MN :
FFM:SaTand
rEN:S

eabs: [ AX:SM:S— T if
MX"SHEM:T

where Min Aand T in T
read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T
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Create types by 2 rules (set of types: T)

evar: o, 8,7, 6, ... (setof variables: V)
earr.: S, in T = (5—T)inT
T=V|(T T)

Notation (azaln guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))

Statement, declaration, context, judgement .

® a statement is of tl where Min Aand T in T
read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : Tlsdeclared inl

® app: [ - MN :
FFM:SaTand
rEN:S

eabs: [ AX:SM:S— T if
MX"SHEM:T
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A crash course in type theory
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Create types by 2 rules (set of types: T)

evar: o, 8,7, 6, ... (setof variables: V)
earr.: S, in T = (5—T)inT
T=V|(T T)

Notation (azaln guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =

@ arr. right associative: a = B — 'y =(a = (B = 7))
Statement, declaration, context, judgement .

® a statement is of tl where Min Aand T in T

read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext

read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

flagpole indicates scope of declaration
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context

A crash course in type theory
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Create types by 2 rules (set of types: T)

evar: o, 8,7, 6, ... (setof variables: V)
earr.: S, in T = (5—T)inT
T=V|(T T)

Notation (azaln guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =

@ arr. right associative: a = B — 'y =(a = (B = 7))
Statement, declaration, context, judgement .

® a statement is of tl where Min Aand T in T

read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext

read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

flagpole indicates scope of declaration
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A crash course in type theory
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Create types by 2 rules (set of types: T
oc, LY O <(set ofvarlab\e)s V)

inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))
Statement, declaration, context, judgement .
® a statement is of tl where Min Aand T in T
read: M is of type
a declaration is a statement X : T where Xin V
a context is a list X : . of declarations
3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration
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var.

A crash course in type theory
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Create types by 2 rules (set of types: T
oc, LY O <(set ofvarlab\e)s V)

inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))
Statement, declaration, context, judgement .
® a statement is of tl where Min Aand T in T
read: M is of type
a declaration is a statement X : T where Xin V
a context is a list X : . of declarations
3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration




arr. 1,2
arr. 3,3
arr. 0,3
arr. 5,4

var,
empty judgement
context
context

context
var.
var.

A crash course in type theory

51 Mode: 4 | Curson 00,16 | tem: 180 | Nodes Count: 09500

a
b
c

b-c
(b-c)-b-c

a-b-c
(a-b-c)-(b-c)-b-c

: [NIL]
[NIL] [NIL

1
.¥:b> [NIL]: [NIL]
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Create types by 2 rules (set of types: T
oc, LY O <(set ofvarlab\e)s V)
inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))

Statement, declaration, context, judgement .

® a statement is of tl where Min Aand T in T
read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration




arr. 1,2
arr. 3,3
arr. 0,3
arr. 5,4

var,
empty judgement
context
context

context
var.

var.

app. 2, 3

A crash course in type theory

%1 Mode: 4 | Curson: 00,16 | tem: 180 | Nodes Count: 09700

a
b
c

b-c
(b-c)-b-c

a-b-c
(a-b-c)-(b-c)-b-c

: [NIL]
[NIL] [NIL

1
.¥:b> [NIL]: [NIL]
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Create types by 2 rules (set of types: T
oc, LY O <(set ofvarlab\e)s V)

inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))
Statement, declaration, context, judgement .
® a statement is of tl where Min Aand T in T
read: M is of type
a declaration is a statement X : T where Xin V
a context is a list X : . of declarations
3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration




arr. 1,2
arr. 3,3
arr. 0,3
arr. 5,4

var,
empty judgement
context
context

context
var.
375

app.
abs. 4, x

A crash course in type theory

87 Mode: 4 | Cursor: 00,18 | Item: 180 | Nodes Count 010,00

a
b
c

b-c
(b-c)-b-c

a-b-c
(a-b-c)-(b-c)-b-c

: [NIL]
[NIL] [NIL

1
.¥:b> [NIL]: [NIL]
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Create types by 2 rules (set of types: T
oc, LY O <(set ofvarlab\e)s V)

inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))
Statement, declaration, context, judgement .
® a statement is of tl where Min Aand T in T
read: M is of type
a declaration is a statement X : T where Xin V
a context is a list X : . of declarations
3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration




arr. 1,2
arr. 3,3
arr. 0,3
arr. 5,4

var,
empty judgement
context
context

context
var.
var?;
app. 2,
abs. 4, x
abs. 5,y

A crash course in type theory

87 Mode: 4 | Cursor: 00,18 | Item: 180 | Nodes Count 011900

0|1 a

1j1 b

2|1 ¢

3|1 b-c

4|1 (b-c)-b-c

5|1 a-b-c

6|1 (a-b-c)-(b-c)-b-c
712

8|2

9|2

1013 : [NIL]
11]3 [NIL] [NIL]
12]3 L¥:b>[NIL]: [NIL]
13]3

14|3

15]3

16]3

17]3

18]4

Create types by 2 rules (set of types: T
oc, LY O <(set ofvarlab\e)s V)

inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))
Statement, declaration, context, judgement .
® a statement is of tl where Min Aand T in T
read: M is of type
a declaration is a statement X : T where Xin V
a context is a list X : . of declarations
3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration




A crash course in type theory

51 Mode: 1| Cursor 0025 | hem: 190 | Nodes Count 012900 =
var. o|1la Create types by 2 rules (set of types: T)
var. 11/ b a, LY. 6, ... (set of variables: V)
var. 2|1 ¢ inT "= (§—T)inT
arr. 1,2 311/ b-c ’[FfV\(’[l‘ T)
a 3 % Hh é'fbfi bre Notation (again guided by Currylng of multlvarlate functions)
a5 4 611 (a-b-c)—(b-c)-b-c @ drop outermost parenthesis: o — 3 =
" var 7|2 ® arr. right associative: a — B — 'y =(a = (B = 7))
var 8|2 Statement, declaration, context, |ud1geme nt .
) var. 92 ® a statement is of the where Min Aand T in T
empty judgement 103 : [NIL] read: M is of type
context 1113 [NIL] [NIL] ® a declaration is a statement X : T where Xin V
context 12]3 ~X:b>[NIL]: [NIL] ® a context is a list X7 : . of declarations
va 1303 o a judgement is of the form I’ = Af T wherd feaaions
val 14|3 read: in the context [, M is of type T
agp's.liili iz g Devna\iatlorn Lul;s(s (lfor valid judgements)
abs. 16, y 17]3 X : T |s declared inl
context 18]4 © app: F = MVET
context L LI
var rEng
app. 2.3 eabs: [ AX:S.M PT
abs. 4, x T X5S =M
abs. 5, 5 Flag format for denvatlons
arr. 0, 19]1 ® open nested flags for every declaration in context
20 flag contains declaration
21 o flagpole indicates scope of declaration
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
12
43




A crash course in type theory

51 Mode: 1| Cursor 0026 | hem: 200 | Nodes Count 013900 =
var. o|1la Create types by 2 rules (set of types: T)
var. 11/ b , B, 7, 6, ... (setofvariables: V)
var. 2|1 ¢ inT "= (§—T)inT
arr. 1,2 311/ b-c ’[FfV\(’[l‘ T)
a 3 % Hh é'fbfi bre Notation (again guided by Currylng of multlvarlate functions)
a5 4 611 (a-b-c)—(b-c)-b-c @ drop outermost parenthesis: o — 3 =
" var 7|2 ® arr. right associative: a — B — 'y =(a = (B = 7))
var 8|2 Statement, declaration, context, |ud1geme nt .
) var. 92 ® a statement is of the where Min Aand T in T
empty judgement 103 : [NIL] read: M is of type
context 1113 [NIL] [NIL] ® a declaration is a statement X : T where Xin V
context 12]3 ~X:b>[NIL]: [NIL] ® a context is a list X7 : . of declarations
va 1303 o a judgement is of the form I’ = Af T wherd feaaions
val 14|3 read: in the context [, M is of type T
agp's.liili iz g Devna\iatlorn Lul;s(s (lfor valid judgements)
abs. 16, y 17]3 X : T |s declared inl
context 18]4 © app: F = MVET
context L LI
var rEng
app. 2.3 eabs: [ AX:S.M PT
abs. 4, x T X5S =M
abs. 5, 5 Flag format for denvatlons
arr. 0, 19]1 ® open nested flags for every declaration in context
arr. 19, 0 201 flag contains declaration
21 o flagpole indicates scope of declaration
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
12
43




arr. 1,2
arr. 3,3
arr. 0,3
arr. 5,4

var,
empty judgement
context
context

context
var.

app. 2, 3
abg. 4, x
abs. 5,
arr. 0,

empty derivation

A crash course in type theory

51 Mode: 4 | Cursor: 0027 | tem: 21,0 | Nodes Count: 0,133,00

a
b
c

b-c
(b-c)-b-c

a-b-c
(a-b-c)-(b-c)-b-c

: [NIL]
[NIL] [NIL

1
.¥:b> [NIL]: [NIL]
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Create types by 2 rules (set of types: T
oc, LY O <(set ofvarlab\e)s V)

inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))
Statement, declaration, context, judgement .
® a statement is of tl where Min Aand T in T
read: M is of type
a declaration is a statement X : T where Xin V
a context is a list X : . of declarations
3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration




arr. 1,2
arr. 3,3
arr. 0,3
arr. 5,4

var,
empty judgement
context
context

context
var.

app. 2, 3
abs. 4, x
abs. 5,
arr. 0,
arr. 19, 0
context

A crash course in type theory

57 Mode:4 | Cusor:0027 | tem: 21 | Nodes Count 013300
a

b

c

b-c

(b-c)-b-c

a-b-c

(a-b-c)-(b-c)-b-c

: [NIL]
[NIL] [NIL]
.¥:b> [NIL]: [NIL]
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7
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14

15
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17

18

(a-c)-a
0|%:(a-c)-a

N
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Create types by 2 rules (set of types: T)
oc, LY. 8, ... (set of variables: V)
nT "= (S—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))

Statement, declaration, context, judgement .

® a statement is of tl where Min Aand T in T
read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration




arr. 1,2
arr. 3,3
arr. 0,3
arr. 5,4

var,
empty judgement
context
context

context
var.

app. 2, 3
abs. 4, x
abs. 5,
arr. 0,
arr. 19, 0
context
context

A crash course in type theory

51 Mode: 4 | Cursor: 0027 | tem: 21,0 | Nodes Count: 0,133,00

0
1
2
3
1
5
6
7
8
9

10

11

12

13

14

15

16

17

18

a
b

c

b-c

(b-c)-b-c

a-b-c
(a-b-c)-(b-c)-b-c

: [NIL]
[NIL] [NIL]
.¥:b> [NIL]: [NIL]
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191
20]1 (a-c)-a
214

0|¥: (a-c)-a
1|-¥:a-c

Create types by 2 rules (set of types: T)
... (set of variables: V)
nT "= (S—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))

Statement, declaration, context, judgement .

® a statement is of tl where Min Aand T in T
read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration




arr. 1,2
arr. 3,3
arr. 0,3
arr. 5,4

var,
empty judgement
context
context

context
var.

app. 2, 3
abs. 4, x
abs. 5,
arr. 0,
arr. 19, 0
context
context
context

A crash course in type theory

51 Mode: 4 | Cursor: 0027 | tem: 21,0 | Nodes Count: 0,133,00

a
b
c

b-c
(b-c)-b-c

a-b-c
(a-b-c)-(b-c)-b-c

: [NIL]
[NIL] [NIL

1
.¥:b> [NIL]: [NIL]
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Create types by 2 rules (set of types: T)
oc, LY. 8, ... (set of variables: V)
nT "= (S—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))

Statement, declaration, context, iudgement .

® a statement is of the where Min Aand T in T
read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration




arr. 1,2
arr. 3,3
arr. 0,3
arr. 5,4

var,
empty judgement
context
context

context
var.

app. 2, 3
abs. 4, x

abs. 5,

arr. 0,
arr. 19, 0
context
context
context
var.

A crash course in type theory

51 Mode: 4 | Cursor: 0027 | tem: 21,0 | Nodes Count: 0,133,00

a
b
c

b-c
(b-c)-b-c

a-b-c
(a-b-c)-(b-c)-b-c

: [NIL]
[NIL] [NIL

1
.¥:b> [NIL]: [NIL]
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Create types by 2 rules (set of types: T
oc, LY O <(set ofvarlab\e)s V)
inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))

Statement, declaration, context, iudgement .

® a statement is of the where Min Aand T in T
read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration




arr. 1,2
arr. 3,3
arr. 0,3
arr. 5,4

var,
empty judgement
context
context

context
var.

app. 2, 3
abs. 4, x
abs. 5,
arr. 0,
arr. 19, 0
context
context
context
var.
var.

A crash course in type theory

51 Mode: 4 | Cursor: 0027 | tem: 21,0 | Nodes Count: 0,133,00

a
b
c

b-c
(b-c)-b-c

a-b-c
(a-b-c)-(b-c)-b-c

: [NIL]
[NIL] [NIL

1
.¥:b> [NIL]: [NIL]
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Create types by 2 rules (set of types: T
oc, LY O <(set ofvarlab\e)s V)

inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))
Statement, declaration, context, judgement .
® a statement is of tl where Min Aand T in T
read: M is of type
a declaration is a statement X : T where Xin V
a context is a list X : . of declarations
3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration




arr. 1,2
arr. 3,3
arr. 0,3
arr. 5,4

var,
empty judgement
context
context

context
var.

app. 2, 3

abs. 4, x
abs. 5,
arr. 0,

arr. 19, 0

context

context

context

var.

var.

app. 3, 4

A crash course in type theory

&7 Mode: 4 | Cursor: 0027 | Item: 21,0 | Nodes Count: 0131000

a
b
c

b-c
(b-c)-b-c

a-b-c
(a-b-c)-(b-c)-b-c

: [NIL]
[NIL] [NIL

1
.¥:b> [NIL]: [NIL]
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Create types by 2 rules (set of types: T)
oc, LY. 8, ... (set of variables: V)
nT "= (S—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))

Statement, declaration, context, judgement .

® a statement is of tl where Min Aand T in T
read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration




arr. 1,2
arr. 3,3
arr. 0,3
arr. 5,4

var,
empty judgement
context
context

context
var.

app. 2, 3
abs. 4, x
abs. 5,
arr. 0,
arr. 19, 0
context
context
context
var.
37
app. 3,
app. 4,5

A crash course in type theory

&7 Mode: 4 | Cursor: 0027 | tem: 21,0 | Nodes Count: 0.13,11,00

a
b
c

b-c
(b-c)-b-c

a-b-c
(a-b-c)-(b-c)-b-c

: [NIL]
[NIL] [NIL

1
.¥:b> [NIL]: [NIL]
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Create types by 2 rules (set of types: T
oc, LY O <(set ofvarlab\e)s V)

inT "= (§—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))
Statement, declaration, context, judgement .
® a statement is of tl where Min Aand T in T
read: M is of type
a declaration is a statement X : T where Xin V
a context is a list X : . of declarations
3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration




arr. 1,2
arr. 3,3
arr. 0,3
arr. 5,4

var,
empty judgement
context
context

context
var.

app. 2, 3
abs. 4, x
abs. 5,
arr. 0,
arr. 19, 0
context
context
context
var.
37
app. 3,
app. 4,5
abs. 6, z

A crash course in type theory

&1 Mode: 4 | Cursor: 0027 | tem: 21,0 | Nodes Count: 0.1412,00

a
b
c

b-c
(b-c)-b-c

a-b-c
(a-b-c)-(b-c)-b-c

: [NIL]
[NIL] [NIL

1
.¥:b> [NIL]: [NIL]
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:(b-c)-b-c

Create types by 2 rules (set of types: T)
oc, LY. 8, ... (set of variables: V)
nT "= (S—T)inT
TI% \ T=>T)
Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =
@ arr. right associative: a = B — 'y =(a = (B = 7))

Statement, declaration, context, iudgement .

® a statement is of the where Min Aand T in T
read: M is of type

a declaration is a statement X : T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration
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app.
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Xy):c
Nzib.y(%y) :b-c
Ny:a-c.\z:bl.y(Xy): (a-c)-b-c

Create types by 2 rules (set of types: T)

. ... (set of variables: V)

inT "= (§—T)inT

TI% \ T=>T)

Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =

@ arr. right associative: a = B — 'y =(a = (B = 7))
Statement, declaration, context, judgement .

® a statement is of tl where Min Aand T in T
read: M is of type

a declaration is a statement X T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T if Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration
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arr.
arr.
arr. 5,

var,
empty judgement
C

text

context

context

app.
abs.
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a

b

c

b-c

(b-c)-b-c

a-b-c
(a-b-c)-(b-c)-b-c

: [NIL]
[NIL] [NIL

1
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Xy):c
Nzib.y(%y) :b-c

Ny:a-c.\z:bl.y(Xy): (a—c)-b-c

Kx: (a-c)-a.\y:a-cL\z:b.y(xy) :

Create types by 2 rules (set of types: T)

. ... (set of variables: V)

inT "= (§—T)inT

TI% \ T=>T)

Notation (again guided by Currylng of multlvarlate functions)
@ drop outermost parenthesis: o — 3 =

@ arr. right associative: a = B — 'y =(a = (B = 7))
Statement, declaration, context, judgement .

® a statement is of tl where Min Aand T in T
read: M is of type

a declaration is a statement X T where Xin V

a context is a list X : . of declarations

3 Sodsemant 15 o the for T " 47T whera 13 tantext
read: in the context [, M is of type T

Denvatlon rules  (for valid judgements,
X (T if Jude )

e var: [
X : T |s declared inl
eapp: L - MN: T
I'FM 54>Tand
r=nN:
eabs: [ = AX:S.M S~>T if
rX"sEM:

Flag format for denvatlons

® open nested flags for every declaration in context
flag contains declaration

o flagpole indicates scope of declaration

((a-c)-a)-(a-c)-b-c
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(a) i:o(,"ﬂl
(b)|[z:L]
) Y:C"B (van) on (a) 2{’-’:}?;;7
)| [z:€ (ven) on. (b) 1 o
3) YZZB (a“»)n(ﬂ,(l) EI\;TQEEYX:?E?W:(bfc)fbfc
W) Xz:Lyz : LB (abid) on. (3)
(5))y:£*3.)z:l.yz.'(C"B)"'L“B (abol) on. (%)
(@) [x: L=V)=~L]
(b) [ L=7]
© [ oo
) xy:-f. gaﬂ»;omgzg,ibg %i__zil;éigclfa
(w) (xy): ¥ on (b),(v 5] xy:a
0o || e By a1y atd | N
() [Ay: LY he: By lxy): (C+1)=BY  (abd) o ) 918 (a-c) 2yl c @by (xy)
(z) Xx:(L*Y)*L.)Y:L*Y.)\;:B‘y(xy): (a“)m.(y)
((L2Y)=L)2(LY)2B>Y



(a)
(b)
)
(2)
(3)
(4)

(5) Ay: L~ B.)z:i.yz ((L-B)2L-B

[y:£=B]
2L
Y:C"B
L
y2:8

i

)\zti.yz LB
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(5) Ay: L~ B.)z:i.yz ((L-B)2L-B

The Curry-Howard Isomorphism

A crash course in type theory



A crash course in type theory
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(b)||2:L

) Y:C"B
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3)|ly=2:8

W1 xz:L.yz : LB

(5)))':.C" B.)z:l.yz:([-‘ﬂ)*i*‘ﬁ
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e aka PAT: Propositions As Types
Proofs As Terms
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Proofs As Terms
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(@) [y:L=8]

(b)||2:L

A)[|y: LB

A z:L

3)|ly=2:8

W1 xz:L.yz : LB

(5)))':.C" B.)z:i.yz:([-‘ﬂ)*i*ﬁ

The Curry-Howard Isomorphism

B

e aka PAT: Propositions As Types
Proofs As Terms
e interpret context as logical assumptions and — as =
(e = B8) = a — B becomes (e = ) = a =
Ay i a — B.X\z : a.yz becomes a proof of (a« = ) = a = 3 (in the empty context)
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(a) i:e(,"ﬂl (van) MeX:T i{)(:T‘l'1

(b)| [2:L] (pp) THAS=T TeB:S  ABA L
)| [y: L8 r-AB:T B
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A crash course in type theory

The Curry-Howard Isomorphism
e aka PAT: Propositions As Types
Proofs As Terms
e interpret context as logical assumptions and — as =
(o = B) = a — B becomes (o = ) = a =
Ay i a — B.X\z : a.yz becomes a proof of (o = ) = a = 3 (in the empty context)
e a propositions is true if and only if the corresponding type is inhabited
(type inhabited: term of given type exists)
e so far: only propositions and = modelled by type theory
richer type theory: all of logic (and set theory) can be modelled!
e philosophical implication: computing and arguing are the same thing!
(cf. also: Church-Turing Thesis)
e advantage over set theory: proofs are objects of type theory but meta-objects of set theory
A-terms: data structure for all logical arguments!
basis of Lean: inductive types
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A crash course in type theory

A richer type theory: the Calculus of Constructions

}‘(M"A) ()"*:n Moo uder in ene:s=% g1 =0

o) T AT X6 donT)

(ot PXARX:A
(M);(malt) M~A:B MeC:s i{X#dpm(P)
M X:C+A:B four nuler in. one

,( ) r'l-A:s, F.X:A'-B:Sz
el (m‘ METX:AB:s, & =A-BiXervE)

(aﬂx) M~ A:TX:ST MeB:S
MeAB:TIX=B]

(ebh) T XSHAT M=-TX:S5T:s
Me=2X:S.ATXS.T

(o) T+A:B IMeB:s i B=bB
M~A:B' “Law




A crash course in type theory

A richer type theory: the Calculus of Constructions

(1) Seds G:».

(Q)Bwroﬁl{am P.x.

(3) Cueslicales  P:S - *.

('1')'14:\(%!‘10& A=2B=A>B (=Tx:A.B i x¢FV(B).

(5) Univewal g Ve S: P(x) = Tx: S.Px.

(6) dosundidy L=TTL:* L.

(7) Megodion. ~=TTA:¥ A~ L.

(B)vadwu AETTA:»TTB:*»TTC:%. (A-B-=(C)=C, AAB=4AB.

(7)Wn vETTA:# TIB:»TTC:#.(A-(C)~(B~(C)~C, AvB=vAB.

(10) €cistonkial . 3= TTS:#. TTP: S » TTC.#.((TTx:S.(Px > CN-(),
IxeS:P(x)=3SP.

(1) homs Aol assumphion. in. fronk of conkeck.



A richer type theory: the Calculus of Constructions

(AvB) = (~A=B)

o AC (TTC: v (A= O)+(B-C)~C)~ (A~ L)~B.

(o) [A#]

(%) |[Bz<]

() || [ TC:x. A= 0-B=0=(]

@ ||| [za=L

(M) |[][xB: (A=B)=(B~B)~B (app) on (<),(B)

(2)

2) ’%'J. (app) on (d),(2)

(3) yuB:B (app) on (2),(B)

(][] u:A.yuB:A=B (abh) on (3)

(5) xB(')«u:A.yuB)t(B" B)-B (l")ﬂl 1).(%)

})

(6) v:B (vax) en (4)

M][|{Av:B.v:B=B (abh) on (6)

() ][|1xB(Au:A.yuB)Av:B.v):B (app) on (5),(F)

(N1 2y:A=L.xB(Au:A.yuB)Av:B.v):  (abh) on (8)
(A~1)-B

(0) 1 Ax: (TTC:#. (A= )~ (B~ O)=C). (adh) on (9)

Ay:A=L.xB(Au:A.yuB)Av:B.v):
(TTC:*.(A-O)=(B~C)~0)~(A=-L)~B

A crash course in type theory
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. prm— t Mathlib.Tactic.SimpRw
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> s
57 > ueperuNG
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Restart File

Kl © moser © ®0A0 W0 Zeile 5, Spalte 1 _Leerseichen:2 UTF8_LF leand Q)
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D GRueeet ort Mathlib.Data.Nat.Defs v Messages (1)
© £ Toklean u port Mathlib.Tactic.Use
GRupPE2

t Mathlib.Tactic.SimpRw

£ Lean Infoview

«
_ unexpected end of input; expected ‘:=", "where' or
5 ex q
> s
57 > ueperuNG

o> zEmACHSE

> All Messages (1)

Restart File
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Anzeigen Gehezu Ausfihren Terminal Hilfe <« PGB DB mo -
Q oo alklean 1,U ® viadlo o £ Lean Infoview
~ Georeer... [[REHGEPEGEE| GES > = Talklean > © eample v Talklean5:29 o
D GRueeet ort Mathlib.Data.Nat.Defs v Messages (1)
© £ Toklean u port Mathlib.Tactic.Use
GRupPE2

t Mathlib.Tactic.SimpRw

£ Lean Infoview
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unexpected end of input; expected “:=", ‘where' or
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Restart File
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Anzeigen Gehezu Ausfihren Terminal Hilfe <« PGB DB mo -
Q oo alklean 1,U ® viadlo o £ Lean Infoview
v Georener... [[HGERSEEY GES > T Talklean > . v Talkleans:32 "o
D GRueeet ort Mathlib.Data.Nat.Defs v Messages (1)
© £ Toklean u port Mathlib.Tactic.Use
0 GRupPE2

t Mathlib.Tactic.SimpRw

£ Lean Infoview
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| | unexpected end of input
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= 5 ( ) (@ ) < > All Messages (1)
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Restart File
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~ Georner... [RGHORPEGE GEB> = Talklean > © example
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alklean 1,U @

GRUPPE 1 ort Mathlib.Data.Nat.Defs
® = Taklean U wport Mathlib.Tactic.Use
o GRUPPE2

t Mathlib.Tactic.SimpRw

£ Lean Infoview

5 ex (P : Prop) (Q : Prop) :
> Ges

57> ueerunG
o> zEmACHSE
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vVuseRko £ Lean Infoview
¥ Talklean:5:50
v Messages (1)

| | unexpected end of input
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> All Messages (1)
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T EieE port Mathlib.Tactic.Use PQ: Prop

t Mathlib.Tactic.SimpRw
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£ Lean Infoview
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> All Messages (1)

Restart File
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) Datei Bearbeiten Auswahl Anzeigen

EXPLORER

~ Georner... [nehoepemer  GEB >

GRUPPE 1
® = Taklean

o GRUPPE2

£ Lean Infoview

> Ges ® 6

57> ueerunG
o > ZEAcHsE

alklean 1,U @

Gehezu Ausfuhren Terminal Hilfe

£ Talklean > @ example
port Mathlib.Data.Nat.Defs
port Mathlib.Tactic.Use

t Mathlib.Tactic.SimpRw

ex (P : Prop) (Q : Pre
Ay :P=0Q > |

) &

(P+0Q) +P-0Q

Pa

VaudRko

£ Lean Infoview
v Talkleant:19
v Expected type
P Q: Prop
y:PoQ
LPaQ
¥ Messages (1)
don't know how to synthesize placeholder
context:
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> All Messages (1)
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® = Taklean

o GRUPPE2

£ Lean Infoview
> s .
57 > cueberunG

o > zemAcHs

alklean 1,U @

Gehezu Ausfuhren Terminal Hilfe

£ Talklean > @ example
port Mathlib.Data.Nat.Defs
port Mathlib.Tactic.Use

t Mathlib.Tactic.SimpRw

ex ®:
A(y:P=0Q) =A(x:P)

op) (Q : Prop) :

(-0 P20
L

Pa

VaudRko

£ Lean Infoview
¥ Talklean5:32
v Expected type
PQ : Prop
y:P-Q
x:p
= Q

¥ Messages (1)

don"t know how to synthesize placeholder
context:
Q : Prop
y:Ps0Q
x:P
Q

> All Messages (1)
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~ Georner... [RGHORPEGE GEB> = Talklean > © example
ort Mathlib.Data.Nat.Defs

o) ‘GRUPPE 1
T Jport Mathlib. Tactic.Use
° GruPpE2 © Mathlib.Tactic.simpRw
£ Lean Infoview
e (93 o (0 s B
e 6 | A(y:P=0) A (x:P)
57 cuemune
j—

S (P-Q-PaaQ
v

Peem
vVuseRko £ Lean Infoview
v Talklean35
v Expected type
P Q: Prop
y:p-o
x:p
P

> All Messages (0)

osmoe -
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Datei
alklean U ®

Q oo
~ Georner... [RGHORPEGE GEB> = Talklean > © example
t Mathlib.Data.Nat.Defs

o) ‘GRUPPE 1
o Enklencs U iport Mathlib.Tactic.Use
oo cRupre2 © Mathlib. Tactic.SimpRw
£ Lean Infoview
paces xample (P : Prop) (Q : Pr
5”5 cummune 7 [ A(y:P=) oA (kP
> zemacise

) :

(P>0Q) +P-0Q
y

Pa

VaudRko

£ Lean Infoview
¥ Talklean7:35
v Expected type
PQ : Prop
y:P-Q
x:p
»

> All Messages (0)

osmoe -
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v
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® = Taklean
o GRUPPE2
£ Lean Infoview
> Ges

> GUEDERUNG

> ZerAcHsE

Anzeigen Gehezu Ausfahren Terminal Hilfe « P
alklean 1,U ® vVuseRko
GEB> = Talklean > @ example
ort Mathlib.Data.Nat.Defs
port Mathlib.Tactic.Use
t Mathlib.Tactic.SimpRw
r (P : Prop) (@ : Prop) : (P> Q) » P >Q
A(y:P>Q) =>A(x:P) >yx
9 ®:

0p) (@ : Prop) : (P> Q) » P +Q:d

£ Lean Infoview
¥ Talklean:9:50

v Messages (1)

unexpected end of input

> All Messages (1)
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Anzeigen

~ Georner... [nehoepemer  GEB >
D GRuppE1
® = Taklean
o GRUPPE2

£ Lean Infoview
> Ges

> GUEDERUNG
> ZerAcHsE

alklean 2,0 ®

Gehezu Ausfuhren

£ Talklean > .

port Mathlib.Data.Nat.Defs
Mathlib.Tactic.Use

t Mathlib.Tactic.SimpRw

le (P : Prop) (@ : Prop) :

A(y:P>0Q) =>A(x:P)

(P : Prop) (Q : Prop) :
1

Terminal  Hilfe

(-0 +P-0Q
¥y x

(P> P20

Pa

VaudRko

£ Lean Infoview

¥ Talklean:102

¥ Tactic state
1goal
PQ: Prop

F(P-Q-P-Q
v Messages (1)

unexpected end of input; expected "{*

> All Messages @)

Zeile 10, Spalte 3
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EXPLORER alklean 1,U ® viadlo o £ Lean Infoview
~ GEOFFNET... [iinichtgespeichert| GES > = Talklean > . ML = o
D GRueeet port Mathlib.Data.Nat.Defs v Tactic state « v v
o Eniian wport Mathlib. Tactic.Use e
. cruprE2  Mathlib.Tactic.SimpRu b - prop
£ Lean Infoview y:p-Q
> Ges B 5 5 EE=0
ex (P : Prop) (@ : Prop) : (P> Q) » P >Q
57 > cueberunG A(y:P>0Q) =>A(x:P)=yx > All Messages (1)
o > zemAcHs
= (P : Prop) (@ : Prop) : (P> Q) » P +Q
intro y

Restart File
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Q oo V@SR D | ELeanlnfoview
v GeoFeer... [{nchtgespeciet v Talklean122 SRS
D Grueret Data.Nat.Defs v Tactic state « v v
® £ Talklean Tactic.Use 1goal
GRUPPE2 flachicesimpiay PQ: Prop
£ Lean Infoview y:PaQ
x:p
, e example (P : Prop) (Q : Prop) : (P+Q) + P Q Yo
o > GLEDERUNG A(y:P=>Q) =>A(x:P) y x
o > zamacuse
a5 f P : Prop) (Q : Prop) : (P+Q) » P+ Q

> All Messages (1)

Restart File
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o om alkiean U ® VU & B O - | ELeaninfovew ‘
~ ceorrner... (HGEREEET GEE >  Talklean > . v Tlklean132 SRS
o) GRUPPE 1 port Mathlib.Data.Nat.Defs ¥ Tactic state € v v
g ® = TikleanGs U Mathlib.Tactic.Use No goals
o GRUPPE2 t Mathlib.Tactic.Simphw » All Messages (0)
£ Lean Infoview
, e example (P : Prop) (Q : Prop) : (P+Q) + P Q
57 GuEDERUNG Ay :P>0Q) D> A(x:P)=>yx
o > zamacuse
a5 ‘ (P : Prop) (@ : Prop) : (P Q) +P = Q
intro y B
tro x
yx
3
Restart File
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omonm alkiean U ® VU & B O - | ELeaninfovew ‘
v GEOFFNET... [{lnichtgespeichert| GEB > = Talklean > . ¥ Talklean:142 = 10
D ‘GRUPPE 1 port Mathlib.Data.Nat.Defs ¥ Tactic state € v v
’, O GElnEs . O port Mathlib.Tactic.Use N
° GRUPPE2 t Mathlib.Tactic.Simphw » All Messages (0)
aan ofeve
, >em example (P : Prop) (Q : Prop) : (P +Q) » P+ Q
575 GUEDERUNG A(y:P-0Q) = A(x:P)=yx
> e
’ S0P
1
Restart File
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£ Lean Infoview

> Ges
57> ueerunG
o > ZEAcHsE

Gehezu Ausfuhren Terminal Hilfe

£ Talklean > .
port Mathlib.Data.Nat.Defs
port Mathlib.Tactic.Use

t Mathlib.Tactic.SimpRw

exanple (P @
A(y:P>0Q) =>A(x:P)

enma simple_lemna 1 (P :
intro y
intro x

¥y x

op) (Q : Prop) :

(-0 +P-0Q
¥y x

P>0Q-+P>0Q:

) (Q: Prop) : (P>Q) »P Q=

Pa

VaudRko

£ Lean Infoview
v Talklean202
v Tactic state
No goals
> All Messages (0)

0B maoe
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£ Lean Infoview
> s

> GUEDERUNG

> zemacHse

alk lean

£ Talklean >
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 Mathlib.Data.Nat.Defs
Mathlib.Tactic.Use
t Mathlib.Tactic.SimpRw

le (P : Prop) (@ : Prop) :

:P>Q) =>A(x:P)

simple_lemma_1 (P : P
oD
tro x

¥y x

simple_lemma_2 : v (P

) (@

(-0 +P-0Q
¥y x

P>0Q-+P>0Q:

), (P + Q)

p) : (P>Q) +P0Q:

P Q

Pa

VaudRko

£ Lean Infoview
v Talklean23:2
v Tactic state
1goal
L v (PQ: Prop), (P>0Q) +P-0Q
v Messages (1)
v
unexpected end of input; expected “{*

> All Messages @)
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<« P es DBemoe -
Q oo - £ Talklean U ® V@SR D | ELeanlnfoview
~ eorrner... [ihiGepEdEs GEB >  Talklean > . v Talklean24:2 LS
O mport Mathlib.Data.Nat.Defs v Tactic state « v v
lklean port Mathlib.Tactic.Use e
%0 imy Mathlib.Tactic.SimpRw § - prop
g Lean Infoview =V (Q: Prop), (P>0Q) »P>0Q
N > example (P : Prop) (Q : Prop) : (P> Q) P >Q :
57 cumeune

A(y:P>0Q) =>A(x:P)

yx
o > ZEAcHsE

» All Messages (1)

Prop) (Q : P

:(PQ) »P>Q:i-b

e simple_lemma_1 (P : Prop) (Q : Prop)
oy
o x
yx

®>0Q ~P-0

simple lemma_2 : v (P : Prop) (Q : Prop), (P +Q) » P+ Q

XU 3o master ® @140 Wo

Restart File
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Q oo < | ETalkleanly ® V9% B8R O | ELeaninfovew
'
~ Georener.. [IREHGRPEGEE| GES > = Talklean > ..

mport Mathlib.Data.Nat.Defs

¥ Talklean:252
wport Mathlib.Tactic.Use

&= o
¥ Tactic state «€ v v
1goal
o inport Mathlib.Tactic.SimpRw PQ: Prop
® Lean Infoview
> s

> ex (P : Prop) (@ : Prop) : (P+Q) P Q:
57 cumeune

F(P-Q-P-Q
A(y:P-0Q) »A(x:P) =>yx
o > zamacuse

» All Messages (1)

Prop) (Q : P

:(PQ) »P>Q:i-b

ema simple lemma_1 (P : Prop) (Q : Prop) : (P> Q) » P »Q
intro y

intro x
yx

simple lemma_2 : v (P : Prop) (Q : Prop), (P +Q) » P+ Q

XU 3o master ® @140 Wo

Restart File
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~ eorrner... [iihiGepEdEs GEB >  Talklean > . ¥ Talklean282 & 00
D GRUPPE 1 port Mathlib.Data.Nat.Defs ¥ Tactic state “« L v
® =Taklean GB8 U e No goals
o p— + Mathlib.Tactic.SimpRu [ —
£ Lean Infoview
> e example (P : Prop) (Q : Prop) : (P> Q) » P > Q
> GUEDERUNG A(y :P>Q) A (x:P)=yx
o > zemAcHs
e Prop) (Q : Pr (P> +P>0Q:-b
ema simple lemma 1 (P : Prop) (Q : Prop) : (P> Q) +P -+ Q:
intro y
ety [ |
yx
ema simple lemma 2 : v (P : Prop) (Q : Prop), (P +Q) » P Q :=
intro P
tro Q
oy
0 x
¥y x
28
Restart File
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o o= < ETakleanU @ V9% B8R O | ELeaninfovew
'
~ Georener.. [IREHGRPEGEE| GES > = Talklean ) .. v Talklean30:21 = 10
mport Mathlib.Data.Nat.Defs v Expected type «€ v v
’ alklean u port Mathlib. Tactic.Use LV (PQ: Prop), (P>Q) +P-0Q
) inport Mathlib.Tactic.SimpRw
53 M @
® Lean Infoview V=)
¥ Talklean30:0 D« &
N example (P : Prop) (Q : Prop) : (P Q) »P +Q :
> GUEDERUNG Ay :P-Q) > A(x:P) =>yx sinple lemma 1 (P Q : Prop) : (P> Q) » P >0
o > zemAcHs > All Messages (1)
‘ e (P : Prop) (Q: Prop) : (P>Q) »P=Q := by
intro y
¥y x
ema simple lemma 1 (P : Prop) (Q : Prop) : (P> Q) » P »Q
intro y
intro x
yx a
ema simple lemma 2 : v (P : Prop) (Q : Prop), (P Q) » P = Q
intro P
intro Q
intro y
intro x
¥y x
38 #check simple_lemma_1|
% Restart ile
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Q oo < ETakleanU @ V9% B8R O | ELeaninfovew
'
~ GEOFFNET... [iinichtgespeichertl GES > = Talklean > ... ¥ Talklean:3121 =00
mport Mathlib.Data.Nat.Defs v Expected type «€ v v
’ alklean u port Mathlib. Tactic.Use LV (PQ: Prop), (P>Q) +P-0Q
) inport Mathlib.Tactic.SimpRw
92 v m @
® Lean Infoview ==550)
v Talklean31:0 D« &
N example (P : Prop) (Q : Prop) : (P Q) »P +Q :
> GUEDERUNG A(y :P>Q = A (x:P)=yx simple_lemma 2 (P Q : Prop) : (P Q) » P > Q
o > zemAcHs > All Messages (2)
o e (P : Prop) (Q : Prop) : (P +Q) » P »Q := by
intro y
¥y x
ema simple lemma 1 (P : Prop) (Q : Prop) : (P> Q) » P »Q
intro y
intro x
yx 4
ema simple lemma 2 : v (P : Prop) (Q : Prop), (P Q) » P = Q
intro P
intro Q
intro y
intro x
¥y x
#check simple_lemna_1
31 #check simple_lemma_2
% Restart ile
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Lean Infoview
> s
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»
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£ Talklean U ®

GEB >

£ Talklean > .
mport Mathlib.Data.Nat.Defs
port Mathlib.Tactic.Use

t Mathlib.Tactic.SimpRw

example (P : Prop) (@ : Prop) ©

A(y:P>0Q) =>A(x:P)

enna simple_lemma_1 (P : P

#check simple_lemma_1
#check simple_lemma_2

#print simple_lema

Prop) (Q : Prop) :

(P>Q) +P>0Q:
yx

(P>0Q) »P>Q:=by
) (Q : Prop)

®>0Q ~P-0

rop) (Q : Prop), (P +Q) »P+Q

Pa

VaudRko

£ Lean Infoview
v Talklean3421
v Expected type
v (PQ:

v Messages (1)
¥ Talklean340
theoren sin
fun P Qy x

> All Messages ()

Prop), (P+Q) » P »Q

ple_lemma 1 :
-y x

)

v (PQ:Prop), (P>0Q) »P>Q:i=

Zeile 34, Spatte 22
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Lean Infoview

> Ges
> GUEDERUNG
o > ZEAcHsE

»

X 32 master ® ®0A004 WO

mport Mathlib.Data.Nat.Defs
port Mathlib.Tactic.Use
t Mathlib.Tactic.SimpRw

exanple (P @
A(y:P>0Q) =>A(x:P)

Prop) (Q : Prop)

enna simple_lemma_1 (P : P

#check simple_lemma_1
#check simple_lemma_2

#print simple_lema_1
print simple_lemma_2|

op) (Q : Prop) :

(P>Q) +P>0Q:
yx

:(P+0Q) »PoQ - by
) (Q : Prop)

®>0Q ~P-0

rop) (Q : Prop), (P +Q) »P+Q

Pa

VaudRko

£ Lean Infoview
v Talklean35:21
v Expected type
AT

v Messages (1)

¥ Talklean:35:0

theorem simple_lemma 2 :

fnPQyx ey x

> All Messages (4)

Prop), (P+Q) » P »Q

v (PQ:Prop), (P>0Q) »P>0Q
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~ Georeer.. [IREHGEPEEEE| GES> = Talklean > © eample v Talklean3g:19 =

GRUPPE 1 import Mathlib.Data.Nat.Defs v Expected type « v
’ ® £ Taklean Gt 2, port Mathlib. Tactic.Use PQ: Prop
. P  Mathlib.Tactic.SimpRu 7E P
£ Lean Infoview =80
L P

> e example (P : Prop) (Q : Prop) : (P> Q) » P > Q

> GUEDERUNG A(y:P>0Q) =>A(x:P)=yx v Messages 2)

> ZETACHSE v Talklean:39:6 D« &

op) (@ : Pr (P>0Q +P>Q:=b unused variable “P°

note: this linter can be disabled with set_option linter.unusedvariables false™

v Talklean39:8 D o«

unused variable “Q°
note: this linter can be disabled with “set_option linter.unusedvariables false®

> All Messages (6)

emna simple_lemma_2 : v (P : Prop) (Q : Prop), (P » Q) » P »Q a

x

mple_lemna_1
k simple_lemma_2

t simple_lema_1
simple_lemma_2

example : v (P : Prop) (@
| fnpgyxmyd

Restart File
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£ Talklean U ®

GEB > £ Talkiean > @ example

mport Mathlib.Data.Nat.Defs
port Mathlib.Tactic.Use
t Mathlib.Tactic.SimpRw

exanple (P @
A(y:P>0Q) =>A(x:P)

Prop) (Q : Prop)

enna simple_lemma_1 (P : P

#check simple_lemma_1
#check simple_lemma_2

#print simple_lemna_1
#print simple lemma_2

v
__yxry

op) (Q : Prop) :

yx

t(P-Q +P-Q:

) (Q : Prop) : (P

(P>Q) +P>0Q:

Q) +P-0Q

(P+0Q) »P=0Q

Pa

VaudRko

£ Lean Infoview

¥ Talklean39:19

v Expected type
xt : Prop
xt* > xt
x : xt?

v xtt

> All Messages ()
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D GRuPPE1 - Noinfo found.
® TTaklean G U > All Messages (4)
° GRUPPE 2 v (P : Prop) (Q : Prop), (P>Q) »P=>Q
£ Lean Infoview —-yxreyx
> Ges
57> ueerunG
> ZETACHSE e

Restart File
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Q oo alklean 2,U ® V%W ® R O | = teninfoview

- GEOFFNET... [inichtgespeichert| GE2 > = Talklean > {} var ¥ Talklean:50:2 &=

) crueres ¥ Tactc state « v
® E Taklean 1.goal
g GRuere2 V (P : Prop) (@ : Prop), (P> Q) >P 0 e
2 xeyx :
Lean Infoview -y y Pq: a- Prop

> cm FV (e, pxAGx) e (Y (x:ia), pX) AV (x:ia), ax

> cueperunG

> zemacrise S v Messages (1)
e v « @

al variabl a type a a P unexpected token ‘end’; expected '{* or tactic
(@:m

> All Messages (6)

Restart File
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Lean Infoview
> s
> GUEDERUNG

o > zaAcHsE
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P) (Q : Prop), (P>Q) »P~Q:=

Pa

VaudRko

DBemoe -

£ Lean Infoview

v Talkleans1:2 = 0o
¥ Tactic state «€ v v

2 goals

¥ case mp

a: Type

pq:a-Pprop

(Y (x:a), pxAGx) > (Y (x:a), px)AV (x:a),qx

v case mpr

a: Type

Pq:a-Pprop

(Y (x:a), pX)AV (Xx:a),qx) >V (x:a),pxAgx
> All Messages (5)

Restart File
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 GEOFFNET... [htgespeiche| GEE > = Talklean > {}var > @ example v Talklean:529 =on
GRUPPE 1 v Tactic state « v
® = Talklean o=
v (P : Prop : Prop), (P>Q) » P~
o GRUPPE2 ( ) (@ ). (P> Q) Q » All Messages (5)
£ Lean Infoview ——yxmyx
> s
57 > ueperuNG
> ZETACHSE e
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'
~ Georeer... [[REHGRPEGEE| GES > = Talklean > {}var v Talkleans1:4 LTI
/\ GRUPPE 1 ¥ Tactic state “« v v
® = Talklean GtB o
oo ruere2 SV (P2 Prop) (@ Prop), (P Q)+ P Qim Ve
® Lean Infoview T __yxeyx
a: Type
L] Pq:a-Prop
> GUEDERUNG E (v (x:@), pxAQx) > (Y (x:a), px) AV (x:a),qx
o > zamAcHse ection var
a5 v Messages (2)
a type a and tuo p p and 1 v D« 6
unsolved goals
. . ¥ case mp
X PXAGX) e (YX px)A(YX qx) a: Type
| Pa:a-Pro
51 | (v (x:a), pxAgx) (Y (x:a), px) AV (x:a),qx
= Do« B
end var unsolved goals
v case mpr
a: Type
q:a-Prop
(v (x:@), px)AV(x:a),qx) >V (x:a), pxAgx
> All Messages (7)
% Restart File
XU 3 master © @3A004 W0

Zeil 51, Spalte 5 _Leereicher:2 _UTF8 _LF leand O




Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe

& P DBemoe -
Q oo alklean .U ® VWS R D - | Eleninfovew
« ceorrner... [GRGEREEEE GEe >  Talklean > () var > © example B o
D crueeet v Tactic state « v
® £ Talklean 9=
9 GruppE2 v (P : Prop) (@ : Prop), (P~ Q) »P ~Q v ease m
< Lean Infoview —-yxeyx
a: Type
) pa:a-sPprop
57 > Gueberun B:vx
> zaAcHse var

ta), pxAgx

@, pX) AV (x:

AV (x s 1a), gx

> All Messages (5)

52

end var

Restart File
Zeile 52, Spalte 5

Leerzeichen:2  UTF-8 _LF

leand O




) Datei Bearbeiten Auswahl Anzeigen

EXPLORER

GRUPPE 1
® = Taklean

o GRUPPE2

£ Lean Infoview
> Ges

> GUEDERUNG
o > ZEAcHsE

alklean 1.U @

Gehezu Ausfuhren Terminal Hilfe <«

v (PP
_yxeyx
var

end var

~ GEOFFNET... [ifichtgespeichetl  GES > = Talklean > {} var > © example

p) (Q : Prop), (P>Q) »P

-Q

Pa

VaudRko

£ Lean Infoview

v Talklean53:4

v Tactic state

2 goals
¥ case mp.left
a: Type

h:v(x:a),pxAagx
LV (x:a), px

¥ case mp.right

a: Type
Pq:a-Prop
h:v(x:a),pxAagx
bV (x:a), qx

> All Messages (5)

Zeile 53, Spalte 5

Leerzeichen: 2

UTFS

Restart File

[




) Datei Bearbeiten Auswahl

Anzeigen Gehezu Ausfihren Terminal Hilfe <« PGB 0DEemoaos
EXPLORER alklean 1,U ® viadlo o £ Lean Infoview
 GEOFFNET... [htgespeiche| GEE > = Talklean > {}var > @ example v Talklean:54:11 =on
GRUPPE 1 v Tactic state « v
® = Talklean o=
v (P : Prop : Prop), (P>Q) » P~
o GRUPPE2 ( ) (@ ). (P> Q) Q » All Messages (5)
£ Lean Infoview ——yxmyx
> s
57 > ueperuNG
> ZETACHSE e

Restart File

Zeile 54, Spatte 12

Leerzeichen:2 UTF-8 LF leand 0




Datei Bearbeiten Auswahl Anzeigen Gehezu

Q oo

~ Georrner... [IRGHGEpEGE GEB> = Talklean > {}var

B v Talklean536
GRUPPE 1

¥ Tactic state
® = Talklean GE& 1goal
o GRUPPE2

Ausfihren  Terminal Hilfe * P

alklean 4,U @

VSR @D | ELeaninfoview

v (P : Prop) (Q : Prop), (P>Q) »P=>Q
__yxeyx

£ Lean Infoview

> G

> GLEDERUNG h:v(x:a),pxAgx
o > zemacse e FV(x:a), px

¥ case mp.left

a i Type

- ¥ Messages (3)

unsolved goals

| ¥ case mp.left

(=]
3

unsolved goals
¥ case mp.right

h:v(x:a),pxAgx
EV(x:a), qx

unsolved goals

¥ case mpr

a: Type

pa:a-Prop

E((V(X:a), pX) AV (X:a), q%) >V (X:a), pXAGX
> All Messages @)

Restart File
X P master @ ®44004 WO

Zeile 53, Spalte 7_Leercicher:2 _UTF8_LF leand Q)




Datei Bearbeiten Auswahl

Q oo

Anzeigen Gehezu Ausfahren Terminal Hilfe

Paes Do maos

alklean .U ® VWS R D - | Eleninfovew

« ceorrner... [GRGEREEEE GEe >  Talklean > () var > © example S o

D crueeet v Tactic state « v
® £ Talklean 9=
9 GruppE2 v (P : Prop) (@ : Prop), (P~ Q) »P ~Q
- ¥ case mp.left
< Lean Infoview —-yxeyx
a: Type

> 6
57 > Gueberun

> zaAcHse var

> All Messages (5)

)

Restart File
Zeile 54, Spalte 7.

Leerzeichen:2  UTF-8 _LF

leand O




osmoe - %

) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfuhren Terminal Hilfe « Des
oo alkiean 1.0 @ VU SO D - | Fleninioven
~ GEOFFNET... [ifichtgespeichetl  GES > = Talklean > {} var > © example ¥ Talklean54:19. =
GRUPPE 1 ¥ Tactic state “
® = Talklean No goals
o GRuee 2 v (P : Prop) (Q : Prop), (P=Q) »P~Q R « o v
£ Lean Infoview —-yxeyx
a: Type
> G Pa:a-Prop
> GUEDERUNG h:v(x:a),pxAgx
o > zaAcHsE e x:a
&5 “v{ab:Prop),anboa
oo ) > All Messages (5)
sa
1
Restart File

Zeile 54, Spalte 20 _Leerzechen:2_UTFS_(F _leand Q)




Datei Bearbeiten Auswahl

p) (Q : P

Anzeigen Gehezu Ausfahren Terminal Hilfe
Q oo - alklean 3,U ®
~ Georeer... [[REHGRPEGEE| GES > = Talklean > {}var
D GRupeet -
’ ® = Taklean
° GRUPPE2 v (P : Pr
£ Lean Infoview ——yxmyx
> s
> GUEDERUNG
o > zaAcHsE =

). P>Q) >P-0Q

2 Domoe -
VR eR D - e
¥ Talklean:55:6 |
¥ Tactic state “
s
v case mp.right
a : Type

h:v(x:a),pxAgx
LV (x:a), qx

¥ Messages (2)

v «“«
unsolved goals

| ¥ case mp.right
a: Type

| pa:a-Prop

unsolved goals

¥ case mpr

F(V(x:a),px) AV (x:a),qx) >V (x:a),pxAqx

> All Messages (7)

Restart File

Zeile 55, Spalte 7.

Leerzeichen:2 UTF-8 LF leand 0



Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe

< P DBemoe -
Q oo alklean 1,U ® V9% B8R O | ELeaninfovew
v GeoFeNe... [ndtgepedet GEs > = Tallean > {}var > © example e o
GRUPPE 1 v Tactic state « v
® = Talklean 9=
9 GRupPE2 v (P : Prop) (Q : Prop), (P>0Q) »P +Q X
- ¥ case mp_right
£ Lean Infoview ——yxmyx
a: Type
> 6
57 > Gueberun
> zeTAGHsE =

> All Messages (5)

)

end var

Restart File
Zeile 56, Spalte 7.

Leerzeichen:2  UTF-8 _LF

leand O




) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe <« Poaces DB mo - X
Q oo alklean 1,U ® V9% B8R O | ELeaninfovew
~ GEOFFNET... [ifichtgespeichetl  GES > = Talklean > {} var > © example ¥ Talklean:56:19 =
D GRUPPE 1 ¥ Tactic state “
® = Talklean No goals
o GRuee 2 v (P : Prop) (Q : Prop), (P=Q) »P~Q R « o v
£ Lean Infoview —-yxeyx :
a: Type
> s Pa:a-Prop
> GUEDERUNG h:v(x:a),pxAgx
o > zaAcHsE var x
'

:a
v{ab:Prop}, aAb~b

> All Messages (5)

end var

Restart File

Zeil 56, Spalte 20 _Leerzcicher:2_UTF8_(F _leand Q)




Datei Bearbeiten Auswahl

Anzeigen Ausfihren Terminal Hilfe <« PGB 0DEemoaos
o om T .‘ V&R D B
'
~ Georeer... [[REHGRPEGEE| GES > = Talklean > {}var v Talkleans7:4 LR
} GRUPPE 1 ¥ Tactic state “« v v
® = Talklean o

oo ruere2 SV (P2 Prop) (@ Prop), (P Q)+ P Qim Vo

® Lean Infoview —_yxmyx g
a: Type

L] Pq:a-Prop

> GUEDERUNG L B O pD) A 6 8 O O 5T @ 8 @)y PEAG S
o > zemAcHs ection var
a5 v Messages (1)
o - v D« G
unsolved goals
¥ case mpr
b 1 a: Type
Pq:asProp
intro h | F(V(x:a), p) AV (x:
tro x

ta),qx) >V (x:a),pxAqx
> All Messages (6)

X 3o master ® ®24004 o

Restart File
Zeile 57, Spalte 5

Leerzeichen:2 UTF-8 LF leand 0



Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe

<« P ces 0Demone -
Q oo alklean 1.U @ V@SR D | ELeanlnfoview
 GEOFFNET... [inichtgespeichest GEB > = Talklean > {} var ¥ Talklean:58:4 =
O erueeet v Tactic state « v
® = Talklean 1 goal
9 GRupPE2 Vv (P : Prop) (Q : Prop), (P+0Q) >P >0
N ¥ case mpr
= Lean Infoview --yx yx
a : Type
> e pa:a-Prop
> GLEDERUNG h:(v(x:a),px)AV (x:a),qx
> zemacHse = x:a
5= FpxXAQX

> All Messages (5)

Restart File
Zeile 58, Spalte 5

Leerzeichen:2  UTF-8 _LF

leand O



alklean 1.U @

Q oo

~ Georrner... [IRGHGEpEGE GEB> = Talklean > {}var

GRUPPE 1
® = Talklean
9 GRupPE2 v (P
£ Lean Infoview __yxmyx
> Ge
> GUEDERUNG
o > ZETAGHSE var

Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe <«

p) (Q : Prop), (P>0Q) »P>Q

Pa

VaudRko

osmoe - %

£ Lean Infoview

v Talklean:59:4

¥ Tactic state « v
2 goals
¥ case mpr.left
a: Type
pa:a-Pprop
h:(v(x:a),px) AV (x:a),aqx
x:a
Fpx
¥ case mpr.right
a: Type
pq:a-Prop
h:(v(x:a),px) AV (x:a),aqx
x:a
Fax
> All Messages (5)
Restart File

Zeile 59, Spalte 5_Leereicher:2 _UTF8 _LF leand O




Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe <«

Q oo

~ GEOFFNET... [ifichtgespeichetl  GES > = Talklean > {} var > © example

[ED Domoe - x
V% 8@ O - | ELeninfovew

alklean 1,U @

v Talklean60:11

=0
GRUPPE 1 ¥ Tactic state “
® = Taklean No goals
o GRUPPE2 v (P : Prop) (Q : Prop), (P>Q) >P->Q » All Messages (5)
£ Lean Infoview —-yxmyx
> Ges
57> ueerunG
o > ZEAcHsE

Restart File

Zeile 60, Spalte 12_Leerzeichen:2_UTF8_(F _leand Q)




Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfahren

Q oo - alklean 3,U @ vVuseRko

~ Georrner... [IRGHGEpEGE GEB> = Talklean > {}var
GRUPPE 1 -
.

Terminal  Hilfe

Pa

£ Lean Infoview
£ Talklean

v Talklean59:6
o GRUPPE2

¥ Tactic state
1goal

v (P : Prop) (Q: P
_yxeyx

). P>Q) >P-0Q

£ Lean Infoview
> Ges

¥ case mpr.left
a: Type
pa:a-Pprop
> GUEDERUNG h:(v(x:a),px) AV (x
o > zaAcHsE x
'

s, ax
‘a

px
b : ¥ Messages 2)

D« &
|  unsolved goals
¥ case mpr.left
I aippe
pa:a-Prop

h:(v(x:a),px) AV (x
x:a

E Fpx

exact (h x).2

hx

ta), qx

unsolved goals

¥ case mpr.right
| a: Type
pa:a-sProp

h:(v(x:a,px)Av(x:

Fax

@, ax

All Messages (7)

Restart File
Zeile 59, Spalte 7.

Leerzeichen:2 UTF-8 LF leand 0



Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe <«

o o=
~ GEOFFNET... [ifichtgespeichetl  GES > = Talklean > {} var > © example
GRUPPE1 -
® ETalklean

o GRUPPE2

alklean 1,U @

v (P : Prop) (Q : Prop), (P>Q) »P->Q
__yxeyx

£ Lean Infoview
> s

> GUEDERUNG

o > zemAcHs

Pa

VaudRko

£ Lean Infoview

v Talklean59:17
v Tactic state

No goals
v Expected type
a: Type
Pa:a- P
b (v (x:
x:a
Fa

> All Messages (5)

op

@), px) AV (x:

a), q x

Zeile 59, Spatte 13

osmoe -

Leerzeichen: 2 UTF-8

Restart File

[




Datei Bearbeiten Auswahl

Q oo

~ GeOFNET... et gespaehert
D GRuPPE1

’ ® = Taklean

o GRUPPE2

£ Lean Infoview
> Ges

> GUEDERUNG
o > ZEAcHsE

Anzeigen  Gehezu

Ausfihren Terminal  Hilfe

alklean 2,U @

GEB> E Talklean > {} var

v (P : Prop) (Q: P
_yxeyx

). P>Q) >P-0Q

Pa

VaudRko

£ Lean Infoview

v Talklean60:6
v Tactic state
1goal
¥ case mpr.right
a: Type
pa:a-Pprop
h:(v(x:a),px) AV (x
x:a
Fax
v Messages (1)

unsolved goals

v case mpr.right
a: Type
pa:a-Prop

h:(v(x:a),px)Av (x
x:a
Lax

> All Messages (6)

s, ax

ta), qx

Zeile 60, Spalte 7.

Leerzeichen:

UTFS

Restart File

IF

leand O




Q oo
~ GeOFNET... et gespaehert
GRUPPE 1
® = Talklean GEg

o GRUPPE2

£ Lean Infoview
> G
&~ > GLEDERUNG

Y

Datei Bearbeiten Auswahl Anzeigen

GEB >

£ Talklean > {} var

v (PP
_yxeyx
var

Gehezu Ausfuhren Terminal Hilfe <«

p) (Q : Prop), (P>0Q) »P>Q

Pa
vVuseRko £ Lean Infoview
v Talklean61:0
¥ Tactic state
No goals

> All Messages ()

Zeile 61, Spalte 1

Leerzeichen: 2

UTFS

Restart File

IF

leand O



Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe <
BXPLORER alklean U ®
 GEOFFNET... [inichigespeichertl GEB > = Talklean > {} var
GRUPPE1 B
® £ Talklean GeB
GRUPPE2 v (P : Prop) (Q : Prop), (P>Q) > P >Q
£ Lean Infoview ——yxmyx
> GE8
> GLEDERUNG
> ZEITACHSE var

(V% pPXAGX) @ (VX PX)A (VX qx) i=
A x = (hx).1, Ax => (hx).2), Ahx=> (h1x h.2x)

Pa
vVuseRko £ Lean Infoview
¥ Talklean650
No info found.
> All Messages (4)

Zeile 65, Spalte 1

Leerzeichen: 2

UTFS

Restart File

IF

leand O




) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfuhren Terminal Hilfe <« PGB 0DEemoaos
Q o= - alklean .U ® viadlo o £ Lean Infoview
~ Georeer... [[REHGRPEGEE| GES > = Talklean > {}var v Talklean682 =0
/' GRUPPE 1 ¥ Tactic state “
® = Talklean u 9=
GRupPE2 v (P : Prop) (Q : Prop), (P>0Q) »P +Q
& ol a: Type
£ Lean Infoview —-yxey Pq:a-Prop
> s @ % px) eV (x:a),-px
> GUEDERUNG
o > zaAcHsE o5 v Messages (1)
85 v « &
pa S unexpected end of input; expected "{*
> All Messages (6)
1

(VX PXAGX) @ (VX PX)A (VX qx) i=
Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)

BT e
EE

Restart File

Zeile 68, Spalte 3

Leerzeichen:2 UTF-8 LF leand 0




Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfahren

Q@ oo - alklean 1.U @

Terminal  Hilfe

~ GEOFNET... [ilnchigespeichert GEB > = Talklean > {} var
O crupeet -
® = Talklean
GRUPPE2
&

v (P : Prop) (Q: P

). P>Q) >P-0Q
£ Lean Infoview

__yxeyx
> Ges
> GUEDERUNG

@ > ZerAcHsE e

@ %, px) (VX px) i=by

(VX PXAGX) @ (VX PX)A (VX qx) i=
Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)

Pa

VaudRko

£ Lean Infoview
v Talklean69:2 =
¥ Tactic state

« v
2 goals
¥ case mp

a i Type
Pa:a-Prop

L @X pX) sV (x:a), px
¥ case mpr

a: Type

pa:a-Prop

(Y (x:a), px) 3% px

> All Messages (5)

Restart File
Zeile 69, Spalte 3

Leerzeichen:2 UTF-8 LF leand 0



Q oo
~ GeOFNET... et gespaehert
GRUPPE 1
® = Taklean

o GRUPPE2

£ Lean Infoview
> s

> GUEDERUNG

o > zemAcHs

Datei Bearbeiten Auswahl Anzeigen Gehezu

alklean

Ausfihren Terminal  Hilfe <«

GEB > = Talklean > {}var > @ example

v (P : Prop) (Q : Prop), (P>Q) »P->Q
__yxeyx

)

(VX PXAGX) @ (VX PX)A (VX qx) i=
Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)

D @X pxX)e~(YX pX) =D

Pa

V@SR D | ELeanlnfoview
v Talklean709
¥ Tactic state
No goals

> All Messages (5)

Zeile 70, Spatte 10

Leerzeichen: 2

UTFS

Restart File

IF

leand O




Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe

<« P e DB mao
Q oo alklean 3,U ® V@B BEB O | FLesninfovew
~ Georeer... [[REHGRPEGEE| GES > = Talklean > {}var v Talklean6%:4 LS
GRUPPE 1 - v Tactic state « v v
’ ® = Talklean GtB r 1 goal
9 GRupPE2 v (P : Prop) (Q: Prop), (P> Q) =P -0 ¥ case mp
= Lean Infoview e YR Y a: Type
> ciB Pq:a-Prop
> GUEDERUNG E@x px) >V (x:a), -px
o > zemAcHs VD v Messages (2)
== v
p pandgona
unsolved goals
| ¥ case mp
a: Type
1 Paq:a-Prop
F(@x px)+-v(x:a),-px
v 7 a o«
unsolved goals
¥ case mpr
a: Type
pa:a-Pprop
(v (x:a), px)>3x px

> All Messages (7)
(VX PXAGX) @ (VX PX)A (VX qx) i=
Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)

D @X pX) @YX px) i=h

XU 3o master ® ®34004 o

Restart File
Zeile 69, Spalte 5

Leerzeichen:2  UTF-8 _LF

leand O



Datei Bearbeiten Auswahl

Q oo

 GEOFFNET... [1nicht gespeichert
GRUPPE 1

’ ® = Talklean

9 GRupPE2

£ Lean Infoview
> Ges

> GUEDERUNG
o > ZEAcHsE

Anzeigen Gehezu Ausfahren

Terminal  Hilfe <

alklean 1.U @

GEB> £ Talklean > {} var > © example

v (P : Prop) (Q : Prop), (P>Q) »P->Q
__yxeyx
var

)

@X pxX)e(YX px) i=b

h_ha

(VX PXAGX) @ (VX PX)A (VX qx) i=
Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)

Pa

VaudRko

osmoe -

£ Lean Infoview
¥ Talklean:70:4 EI TR
¥ Tactic state «€ v v
1goal
¥ case mp
a: Type

> All Messages (5)

Restart File

Zeile 0, Spalte 5 _Leereicher:2 UTF8 L leand O



) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe

<« P e DB mao
Q oo - alklean 1,U ® V%W ® R O | = teninfoview
 GEOFFNET... [ilnichigespeichen] GEB > = Talklean > {} var > @ example ¥ Talklean:71:4 = n o
®) GRUPPE 1 - - ¥ Tactic state «€ v v
’ ® = Talklean GtB r 1goal
° GRUPPE2 v (P : Prop) (@ ), (P>Q) »P=0Q ¥ case mp.intro
£ Lean Infoview ——yxmyx
> s
> GUEDERUNG
o > zaAcHsE =
i hpx : p x
= © False
p pandgona

v Messages (1)
[

unsolved goals

D«
1

¥ case mpr

> All Messages (5)

(VX PXAGX) @ (VX PX)A (VX qx) i=
Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)

1 | dntro x hpx =>

X 3o master ® @14004 o

Restart File

Zeile 71, Spalte’5_ Leerzeichen:2 UTF-8_LF

leand O



Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfahren

Terminal  Hilfe <« Paes DB mao
Q oo alklean 4,U ® V9% B8R O | ELeaninfovew
~ GeOFFNe... [REHORPSGEE  GES > = Telklean > {} var ¥ Talklean726 & 10
GRUPPE 1 - ¥ Tactic state «€ v v
’ ® = Talklean 1goal
0 GRUPPE2 v (P : Prop) (Q : Prop), (P>Q) > P >0 a: Type
£ Lean Infoview __yxeyx Pq:a-Prop
> GEB ha : v (x:a), -px
> GUEDERUNG x:a
hpx : p x
o > zaAcHsE = \
P x
and > All Messages (@)
1
1
e et (VX PXAQX) e (VX pX)A(YX qX) =
Ah=> Ax=> (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)
ex D@ % pX) @YX px) by
h ha
s h | intro x hpx
e hnpx
72
Restart File
XU & master & ®4A004 WO

Zeile 2, Spalte 7_Leercicher:2 _UTF8_LF leand Q)




Q oo

 GEOFFNET... [1nicht gespeichert
GRUPPE 1
® = Talklean

9 GRupPE2

£ Lean Infoview
> s

> GUEDERUNG

o > zaAcHsE

Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfahven Terminal —Hilfe «

alklean 1.U @

GEB> £ Talklean > {} var > © example

v (P : Prop) (Q: P
_yxeyx

). P>Q) >P-0Q

exanple : (V X, pXAGX) e (VX pX)A (VX qx) i=
Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)

Pa
V@SR D | ELeanlnfoview
¥ Talklean73:4
¥ Tactic state
1goal

¥ case mp.intro

+ False

| > Al Messages (5)

Zeile 73, Spalte 5

0B maoe

Leerzeichen:

UTFS

%
o

v Y
Restart File
[




) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe <« Poaces DB mo - X
Q oo alklean 1,U ® V9% B8R O | ELeaninfovew
 GEOFFNET... [ilnichigespeichen] GEB > = Talklean > {} var > @ example ¥ Talklean:73:18 = n o
GRUPPE 1 - - ¥ Tactic state «€ v v
’ ® = Talklean GEB 1 No goals
9 GRupPE2 ¥ (P : Prop) (Q : Prop), (P>Q) »P »Q v Expected type « v Y

£ Lean Infoview —_yxreyx
> Ges
> GUEDERUNG
o > ZEAcHsE var

| > Al Messages (5)

exanple : (V X, pXAGX) e (VX pX)A (VX qx) i=
Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x) B

73 act hnpx hpx

Restart File

Zeile 73, Spalte 19 _Leerzcicher:2_UTFS_(F _leand Q)




) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe

Paes DB mao
Q oo - alklean .U ® V9% B8R O | ELeaninfovew
~ GEOFFNE... [ifichtgespeichertl GES > = Talklean > {} var ipkciearcrA4 =10
O GRUPPE 1 - ¥ Tactic state «€ v v
’ ® £ Talklean Gt 2 v 1goal
° GRUPPE2 v (P : Prop) (@ ), (P>Q) »P=0Q ¥ case mpr
£ Leen Infoview __yx=yx a: Type
> s Pq:a-Prop
> GUEDERUNG F(v(x:a), px)>3x px
o > zaAcHsE VD v Messages (2)
=8 v
p pandgona

unsolved goals

1 ¥ case mpr

I a: Type
Pa:a-sProp
b (v (x

ta), px) >3 % px

a o«
unexpected end of input; expected ‘('

> All Messages (6)

(VX PXAGX) @ (VX PX)A (VX qx) i=
Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)

act hnpx hpx

X 3o master ® ®24004 o

Restart File
Zeile 74, Spalte 5

Leerzeichen:2 UTF-8 LF leand 0



Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe

<« P e DBemoe -

Q o= - alklean 1,U ® V9% B8R O | ELeaninfovew

~ Georeer... [IREHGRPEGER| GES> = Talklean > {}var ¥ Talklean75:4 & 10
O GRUPPE 1 - - ¥ Tactic state «€ v v
’ ® = Talklean GtB 1 goal
9 GRUPPE2 v (P : Prop) (Q : Prop), (P>Q) »P=>Q ¥ case mpr

= Lean Infoview e YR Y a: Type

> s Pq:a-Prop

> GUEDERUNG h:v(x:a), px
0 > zemacHse VD F3x px

> All Messages (5)

(VX PXAGX) @ (VX PX)A (VX qx) i=
Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)

Restart File
Zeile 75, Spalte 5

Leerzeichen:2 UTF-8 LF leand 0



Datei

Q@ oo
 GEOFFNET...
GRUPPE 1
® = Taklean
GRUPPE2
&

£ Lean Infoview
> Ges

> GUEDERUNG
o > ZEAcHse

Bearbeiten  Auswahl

Anzeigen

1 nicht gespeichert

Gehezu Ausfuhren

alk lean

Terminal  Hilfe

GEB> E Talklean > {} var

v (P : Prop) (Q: P
_yxeyx

). P>Q) >P-0Q

(VX PXAGX) @ (VX PX)A (VX qx) i=
Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)

Classical.byContradiction

Pa

VaudRko

£ Lean Infoview
v Talklean76:4
v Tactic state

1 goal

¥ case mpr.h

a: Type

e
®

@), -p x
b (2% px) =+ False

> All Messages (5)

Zeile 76, Spalte 5

0B maoe

Leerzeichen:

UTFS

Restart File

IF

leand O



) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfuhren Terminal Hilfe <« PGB 0DEemoaos
Q o= - alklean 1,U ® viadlo o £ Lean Infoview

~ GeOFFNeT... [REHORPSGEE GE8 > = Telklean > {} var VAR SRS

0O GRUPPE 1 - - ¥ Tactic state «€ v v
’ ® = Taklean Geb 1goal
9 GRUPPE2 v (P : Prop) (Q : Prop), (P>Q) »P=>Q ¥ case mpr.h
£ Leen Infoview __yx=yx a: Type

> s

> GUEDERUNG
0 > zemacHse =

hnex : -3 x, p x
- False

> All Messages (5)

(VX PXAGX) @ (VX PX)A (VX qx) i=
Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)

Classical.byContradiction
hnex

Restart File
Zeile 77, Spalte 5

Leerzeichen:2 UTF-8 LF leand 0



) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe

< P DB mao
o o= - alklean 3,U @ VSR D | Eleannfovew
~ Georeer... [[REHGRPEGEE| GES > = Talklean > {}var ¥ Talklean75 & 00
D crueet - - v Tactic state « v v
’ ® £ Talklean GEB v " 1goal
o GRupPE2 v (P : Prop) (@: P a: Type
£ Leen Infoview __yx=yx Pa:a-Pprop
> ciB h: v (x:a), px
> GUEDERUNG =BT P
bV (x:a), -px
o > zemAcHs o5
&5 > All Messages 7)
p pand qona

(VX PXAGX) @ (VX PX)A (VX qx) i=
Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)

Classical.byContradiction
hnex

ha : v (x : @), -px:
78

XU 3o master ® ®34004 o

Restart File
Zeile 78, Spalte 7.

Leerzeichen:2 UTF-8 LF leand 0



) Datei Bearbeiten Auswahl

Q oo
 GEOFFNET...
GRUPPE 1

® = Taklean

o GRUPPE2

£ Lean Infoview
> Ges

> GUEDERUNG
o > ZEAcHsE

X 3o master ® @14004 o

1 nicht gespeichert

Anzeigen Gehezu Ausfahren Terminal Hilfe «

alklean 1.U @

GEB> £ Talklean > {} var > © example

V(P : Prop) (Q: P

). P>Q) >P-0Q
__yxeyx
var

(v % pXAGX) e (¥ H pX) AV AN -

Classical.byContradiction
hnex

ha : v (x :a), -px:
intro x

Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)

Pa

vVuero-

osmoe -
£ Lean Infoview
¥ Talklean79:6 RN
¥ Tactic state «€ v v
1goal

a: Type

> All Messages (5)

Restart File
Zeile 79, Spalte 7.

Leerzeichen:2 UTF-8 LF leand 0



) Datei Bearbeiten Auswahl

Q oo
 GEOFFNET...
GRUPPE 1
® = Talklean GE&

o GRUPPE2

£ Lean Infoview
> Ges

> GUEDERUNG
o > ZEAcHsE

X 3o master ® @14004 o

Anzeigen Gehezu Ausfuhren Terminal

1 nicht gespeichert

Hilfe

alklean 1.U @

GEB> £ Talklean > {} var > © example

V(P : Prop) (Q: P

__yxeyx
var

hnex

ha : v (x :a), -px:
intro x
intro hpx

Classical.byContradiction

). P>Q) >P-0Q

(VX PXAGX) @ (VX PX)A (VX qx) i=
Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)

Pa

vVuero-

0B maoe

£ Lean Infoview
¥ Talklean206 EI TR
¥ Tactic state «€ v v
1goal
a: Type

hpx : p x
- False

» All Messages (5)

Restart File
Zeile 80, Spalte 7.

Leerzeichen:2 UTF-8 LF leand 0



Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe

P
BXPLORER alklean 4,U @
 GEOFFNET... [inichigespeichertl GEB > = Talklean > {} var
GRUPPE1 B
® £ Talklean GeB v
GRUPPE2 v (P : Prop) (Q : Prop), (P>Q) »P->Q
£ Lean Infoview ——yxmyx
> GE8
> GLEDERUNG
> ZEITACHSE var

(VX PXAGX) @ (VX PX)A (VX qx) i=
Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)

Classical.byContradiction
hnex

@), px:

X 3o master ® @44004 o

Pa

vVuero-

£ Lean Infoview
¥ Talklean®1
v Tactic state
1 goal

a: Type

=3 px

> All Messages (@)

Zeile 81, Spalte 9

0B maoe

Leerzeichen:

UTFS

Restart File

IF

leand O



) Datei Bearbeiten Auswahl

Q oo
~ GeOFNET... et gespaehert
D GRuPPE1
® = Talklean GE&
o GRUPPE2

£ Lean Infoview
> Ges

> GUEDERUNG
o > ZEAcHsE

X 3o master ® @14004 o

Anzeigen

Gehezu Ausfihren Terminal Hilfe & Paes DBemoe -
alklean 1,U ® V%W ® R O | = teninfoview
GEB> = Talklean > {} var > © example  Talklean22:6 &= o
- - ¥ Tactic state «€ v v
r 1 goal
v (P : Prop) (Q: Prop), (P=Q) =P -Q a: Type
__yxeyx Pq:a-Prop
h:ov (x:a), -px
hnex : -3 x, p x
x:a
var T o
hex : 3 x, p x
P p and q + False
L) Aimessages )
1
e et (VX PXAQX) e (VX pX)A(YX qX) =
Ah=> Ax=> (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)
Classical .bycontradiction
hnex
ha :v (x:a), -px:
intro x
intro hpx
 hex : 3 x,
use x
Restart File

Zeile £2, Spalte 7.

Leerzeichen:2  UTF-8 _LF

leand O



) Datei Bearbeiten Auswahl

Q oo

Anzeigen

~ GeOFNET... et gespaehert
D GRuPPE1

’ ® = Talklean GE&

o GRUPPE2

£ Lean Infoview
> Ges

> GUEDERUNG
o > ZEAcHsE

X 3o master ® @14004 o

alklean 1.U @

Gehezu Ausfuhren Terminal Hilfe

GEB> E Talklean > {} var

V(P : Prop) (Q: P
yxmyx

). P>Q) >P-0Q

(VX PXAGX) @ (VX PX)A (VX qx) i=
Ax = (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)

Classical.byContradiction
hnex

@), px:

Pa

vVuero-

£ Lean Infoview
¥ Talklean83:4
¥ Tactic state

1goal

¥ case mpr.h

a: Type

hnex : -3 x, p x

ha ;v (x
+ False

» All Messages (5)

a), -p x

Zeile 83, Spalte 5

0B maoe

Leerzeichen:

UTFS

Restart File

IF

leand O



osmoe - %

) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfuhren Terminal Hilfe « P
Q oo alklean U ® V9% B8R O | ELeaninfovew
~ GEOFFNET... [ifichtgespeichertl GES > = Talklean > {} var pkcieansLD =10
®) GRUPPE 1 - ¥ Tactic state «€ v v
’ ® = TikleanGs U No goals
° GRUPPE2 v (P : Prop) (Q : Prop), (P>Q) »P=>Q » All Messages (4)
£ Lean Infoview ——yxmyx
> s
> GUEDERUNG
o > zaAcHsE =
1
1
example : (V X, pXAGX) e (¥X pX)A (VX qXx) =
Ah=> Ax=> (hx).1, Ax = (hx).2), Ahx=> (h1x h.2x)
Restart File

Zeile 84, Spalte 1 _Leeraeicher:2 UTF8 L _leand Q)




) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe

alklean U @

Q oo -
~ GeOFNET... et gespaehert
D GRuppE1
® = Talklean GEg
GRUPPE2
£ Lean Infoview

n var

> Ges

. intro h ha
> GUEDERUNG 5
> ZerAcHsE hnpx

Classical.byContradiction

tro hnex
DV (x:a), -px:

@ % px)o~(Vx DX i=
> Exists.elim h (A x hpx => ha x hpx),
Classical.byContradiction (A hnex => h (A x hpx => hnex (x, hpx))))

Paes
vVuseRko £ Lean Infoview
¥ Talklean91:0
No info found.
» All Messages (4)

Zeile 91, Spalte 1

Leerzeichen: 2

UTFS

Restart File

IF

leand O




Q oo
~ GeOFNET... et gespaehert
GRUPPE 1
® = Talklean GEg

o GRUPPE2

£ Lean Infoview
> s

> GUEDERUNG

o > zemAcHs

Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe <«

GEB >

n var

e iff : (3 X, p X) © ~(V X, = X) i=
(Ah ha => Exists.elim h (A x hpx => ha x hpx),
A h => Classical .byContradiction (A hnex => h (A x hpx => hnex (x, hpx))))

inductive Weekday where
| sunday
| monday

| saturday
deriving Repr

Pa

VaudRko

£ Lean Infoview

¥ Talklean:1040
Noinfo found.

> All Messages (4)

Zeile 104, Spalte 1

Leerzeichen: 2

UTFS

Restart File

[




osmoe - %

) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe < Poaces
EXPLORER alklean U ® V9% B8R O | ELeaninfovew
~ Georee.. [IREHGRPEGEE| GES > = Talklean > .. v Talklean117:0 LS
D GRupeet section var v Tactic state « v v
’ ® £ Talklean GEB v No goals

0 GRUPPE2 > All Messages ()

ex_iff : (A%, pX) o ~(V X, P X) i=
(A h ha => Exists.elim h (A x hpx => ha x hpx),

£ Lean Infoview

e
2 A h => Classical.bycontradiction (A hnex => h (A x hpx => hnex (x, hpx})))
> GUEDERUNG

L > zamaase end var '

weekday where

| sunday
| monday

| tuesday

| wednesday

| saturday
deriving Repr

Weekday -

def next_day (d : Weekday) : Weekday :

xact monday

w |

Restart File

Zeile 117, Spalte 1 _Leerzechen:2_UTF8_IF _leand Q)




) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfuhren Terminal Hilfe « Des
o o= alklean U ® VSR D | Eleannfovew
~ eorrner... [ifihiGepEdEs GEB >  Talklean > . v Talklean1280 =
GRUPPE1 section var v Tactic state «
’ ® ETakleanGis U No goals
o GruppE2 - i e > All Messages 4)
v — lenna ex_iff : (3%, p X) & ~(V X, P X) i=
> ciB (Ah ha => Exists.elin h (A x hpx => ha x hpx),
Ah > Classical.byContradiction (A hnex => h (A x hpx => hnex (x, hpx))))
> GUEDERUNG
> zemacHse end var
1
,,,,, 1
| saturday
deriving Repr --T a1 . kd Ao o
Weekday - a onday -> monda
def next_day (d : Weekday) : Weekday :
xact monday
def prev_day (d : Weekday) : Weekday
cases d wit
| sunday => exact saturday
| monday => exact sunday
P friday
® 128 |
% Restart File
Zeile 128, Spalte 1 Leerzeichen:2 UTF-8 LF leand Q)




) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfuhren Terminal Hilfe «

Q@ oo
1

~ Georner... [nehoepemer  GEB >

Talklean U ®

£ Talklean > .
ction var

ex_iff : (A%, pX) o ~(V X, P X) i=

£ Lean Infoview
> s (Ah ha => Exists.elim h (A x hpx => ha x hpx),
A h => Classical .byContradiction (A hnex => h (A x hpx => hnex (x, hpx))))

> GUEDERUNG
_ o > zemAcsE

| saturday
ing Repr --T ality (repr ts of Weekday by t

Weekday

def next_day (d : Weekday) : Weekday :
es d wi

xact monday
xact tuesday

def prev_day (d : Weekday) : Weekday
cases|d| wit

| sunday

xact saturday
xact sunday

| saturday

friday

ck sunday|

Pa
VSR @D | ELeaninfoview
¥ Talklean:129:13
v Expected type
+ Weekday

¥ Messages (1)
v Talklean:129:0

weekday.sunday :

| > Al Messages (5)

weekday

Zeile 129, Spalte 14

Leerzeichen:

UTFS

«€ v v
[3

1

Restart File

IF

leand O




) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe

Pes Do
Q o= falklean U ® V@B BEB O | FLesninfovew
h
~ GEOFFNET... [iinichtgespeichertl GES > = Talklean > ... Mk - on
ction var v Expected type « LY
u + Weekday
B = Lean ifovien e IFF 1 (3% pX) o~V X B X) in ¥ Messages (1)
> s (Ah ha => Exists.elim h (A x hpx => ha x hpx), ¥ Talklean:1300 «
h => Classical.byContradiction (A hnex => h (A x hpx => hnex (x, hpx))))
> GUEDERUNG next_day sunday : Weekday
o > zemAcHsE end var 1| > AllMessages (6) n
1
I
|
|
I
|
|
| saturday
ing Repr --T alit r ts of Weekday by t nan
Weekday a -> monda
def next_day (d : Weekday) : Weekday :
es d wi
xact monday
xact tuesday
def prev_day (d : Weekday) : Weekday
cases d wit
| sunday => exact saturday
| monday => exact sunday
| tuesday
| wednesday tuesday
| thursday wednesday
| friday
| saturday friday
ck sunday
B 130

k next_day sunday

Restart File

Zeile 130, Spalte 23 _Leerzeichen:2_UTF-8_LF_leand 0



) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe

<« P e DB mao
o o= falklean U ® VSR D | Eleannfovew
B
~ eorrner... [ifihiGepEdEs GEB >  Talklean > . v Talklean13121 =
ction var v Expected type [
v + Weekday
® £ Lean Infoview e iff : (3 X, p X) © ~(V X, = X) i=
(Ahha
> ciB

> Exists.elim h (A x hpx => ha x hpx),

v Messages (1)
h => Classical.byContradiction (A hnex => h (A x hpx => hnex (x, hpx))))

v Talklean:131:0
> GUEDERUNG
_ o > zemAcsE

[
weekday . saturday

| > AllMessages )

saturday

ing Repr --T alit

Weekday

next_day (d : Weekday) : Weekday :
es d wi

xact monday
xact tuesday

def prev_day (d : Weekday) : Weekday
e € ol
| sunday xact saturday
| monday => exact sunday
| tuesday
| wednesday tuesday
| thursday wednesday
| friday
| saturday friday
ck sunday
%

k next_day sunday
al prev_day sunday|

Restart File

Zeile 131, Spalte 22_Leerzeichen:2_UTF-8_LF leand 0



osmoe - %

) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe <« peyei:}
o om alkiean 2,0 ® VU & B O - | ELeaninfovew ‘
v GEOFFNET... [{lnichtgespeichert| GEB > = Talklean > . ¥ Talklean:135:2 = 10
D GRUPPE 1 - - ¥ Tactic state € v v
o £ Talkean e ey 1goal
- e next_day sunday + v (d : Weekday), prev_day (next_day d) = d
aan ofeve prev_day sunday
'¥ Messages (1)
> em
&~ > GLIEDERUNG v “« @
¥ (d : Weekday), prev_day (next_day d) = d
> zamacHsE 135 ,  unexpected end of input; expected ‘("
= 1 b Al esages @
1
Restart File

Zeile 135, Spalte 3 _Leerzeicher:2_UTFS_(F _leand Q)




Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe

< P Dgmne -
Q oo alklean 1.U @ vVuseRko £ Lean Infoview

~ ceorrner... [RGHGEISERE Gte > E Talean > . ¥ Talklean:1362 = 10
D cruees - : ¥ Tacticstate « Vv v

o & Takiean Gid #check sunday 1.gosl
B —— next_day sunday d : Weekday
£ Lean Infoview prev_day sunday

>

57> cummune

+ prev_day (next_day d) = d

v (d:
> ZETACHSE

> All Messages (&)
Weekday), prev_day (next_day d) = d

Restart File
Zeile 136, Spalte 3

Leerzeichen:2 UTF-8 LF leand 0



) Datei Bearbeiten Auswahl Anzeigen

EXPLORER
~ GeOFNET... et gespaehert
GRUPPE 1
® = Taklean

o GRUPPE2

£ Lean Infoview
> G
&~ > GLEDERUNG

Y

GEB >

alklean 1,U @

Gehezu Ausfuhren Terminal Hilfe <«

£ Talklean > @ example

sunday
ck next_day sunday
prev_day sunday

: Weekday), prev_day (next_day d)

Pa
V@SR D | ELeanlnfoview
¥ Talklean14321
¥ Tactic state
No goals

> All Messages 8)

d

Zeile 143, Spalte 22

osmoe -

Leerzeichen: 2

UTFS

%
o
v Y
Restart File
[




Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe

< P DB mao
Q oo alklean 1,U @ vVuseRko £ Lean Infoview

~ ceorrner... [fHGEREGEY GEB >  Talklean > © example v Talklean:137:14 & 00
. GRUPPE 1 - ° ¥ Tactic state “« 4 v

® ETalklean 1 sunday 1 goal
o GRUPPE2 ck next_day sunday
£ Lean Infoview iy Sy
> ciB

¥ case sunday

prev_day (next_day sunday) = sunday
¢TI : Weekday), prev_day (next_day d) = d
> zemacHse

> All Messages @)

Restart File
Zeile 137, Spalte 15

Leerzeichen:2 UTF-8 LF leand 0




) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe <« Poaces DB mo - X
EXPLORER alklean 1,U ® V9% B8R O | ELeaninfovew
v ceorener... [[GEREGEE GEB> = Talklean > © eample ¥ Talklean137:17 & 0o
®) GRUPPE 1 B B ¥ Tactic state «€ v v
® = Talklean # sunday No goals
° GRupPE2 ck next_day sunday > All Messages (&)
< £ Lean Infoview pEevEdayjstiday
> ciB
¥ P EETE : Weekday), prev_day (next_day d) = d
o > zemAcHs 1
5= 1
137
| tuesday =>
| wednesday =>
| thursday
| friday
| saturday
1
Restart File

Zeile 137, Spalte 18 _Leerzeichen:2_UTF-8_LF leand 0




Datei Bearbeiten Auswahl

Q oo

 GEOFFNET...
GRUPPE 1

Anzeigen

Anichtgespeichen| GE >

® = Taklean
o GRUPPE2

£ Lean Infoview
> s

> GUEDERUNG

o > zemAcHs

Gehezu

alklean

Ausfihren Terminal  Hilfe <«

£ Talklean > @ example

sunday
next_day sunday
prev_day sunday

v (d : Weekday), prev_day (next_day d)

Pa
vVuseRko £ Lean Infoview
¥ Talklean:138:14
¥ Tactic state
1goal

¥ case monday

+ prev_day (next_day monday) = monday

> All Messages @)
d

Zeile 138, Spalte 15

osmoe -

Leerzeichen: 2 UTF-8

Restart File

[




) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe <« Poaces DB mo - X

EXPLORER alklean 1,U @ V@SR D | ELeanlnfoview
« ceorener... [ndGEReGEY Gt >  Tallean > © eample ¥ Talklean:138:17 CITS
D crueeet : . v Tactic state « L v
® £ Talklean # sunday No goals
o Grupee 2 ck next_day sunday > All Messages (&)
X £ Lean Infoview Ly Ay
> Ges
= |DEEELS : Weekday), prev_day (next_day d) = d
o > zamacuse '
85 '
138
| saturday
1

Restart File

Kl & moser © ®0A1O7 W0 Zeile 136, Spalte 18 Leerzeichen:2 UTF8 LF leand O




osmoe - %
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Weekday .noConfusion f

¥ Messages (1)
v Talklean:183:0

- I MyNat.succ (MyNat.succ (MyNat.zero))

> All Messages (11)

| zero
| succ :

MyNat

a succ_ne_zero (n : MyNat) : succ n # zero :
xact MyNat.noConfusion

| succ n* => exact succ (add m n')

add zero zero

add (succ zero) zero

add (succ zero) (succ zero) 1
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> GUEDERUNG . ductive d . — 3 B . a
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5 nduc unexpected end of input; expected '{"
} > All Messages (13)
MyNat
2 succ_ne_zero (n : MyNat) : succ n # zero :
exact MyNat.noConfusion
| succ n* => exact succ (add m n')
1 add zero zero
1 add (succ zero) zero i
add (succ zero) (succ zero)
ieval succ (add (succ zero) zero)
ema add_zero (m : MyNat) : add m zero = m := by
w ]
1
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> s
> GUEDERUNG o . e (T T - !
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MyNat

a succ_ne_zero (n : MyNat) : succ n # zero :
t MyNat.noConfusion

n
| succ n* => exact succ (add m n')

add zero zero

add (succ zero) zero 1
add (succ zero) (succ zero)

#eval succ (add (succ zero) zero)

emna add_zero (m : MyNat) : add m zero = m :=
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£ Lean Infoview + add zero n = n
B
> v Messages (1)
> GUEDERUNG . ductive d truct ent ! y .
--A i ive def 1vi struc i ents ' v D« G
o > zaAcHsE :
25 o unexpected end of input; expected "{*
! > All Messages (13)
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PyNat
a succ_ne_zero (n : MyNat) : succ n # zero :
exact MyNat.noConfusion
| succ n* => exact succ (add m n')
1 add zero zero
1 add (succ zero) zero 1
add (succ zero) (succ zero)
#eval succ (add (succ zero) zero)
ema add_zero (m : MyNat) : add m zero = m
lema zero_add (n : MyNat) : add zero n = n :
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£ Lean Infoview

> ciB
> GuEDERUNG I p— ductive def s ® i
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| zero
| succ :
MyNat
2 succ_ne_zero (n : MyNat) : succ n # zero :
exact MyNat.noConfusion
| succ n* => exact succ (add m n')
1 add zero zero i
1 add (succ zero) zero
add (succ zero) (succ zero)
ieval succ (add (succ zero) zero)
ema add_zero (m : MyNat) : add m zero = m
lenna zero_add (n : MyNat) : add zero n = n := b
195
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> GUEDERUNG i e et . . - ' essages (12)
o > zemAcHs ;
|
|
MyNat
2 succ_ne_zero (n : MyNat) : succ n # zero :
exact MyNat.noConfusion
| succ n* => exact succ (add m n')
1 add zero zero i
1 add (succ zero) zero
add (succ zero) (succ zero)
ieval succ (add (succ zero) zero)
ema add_zero (m : MyNat) : add m zero = m
lenna zero_add (n : MyNat) : add zero n = n := b
induction n with 1
| zero =>
103 } |
| succ n* ih
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> All Messages (12)

£ Lean Infoview

> ciB
> GUEDERUNG n . ductive def . q — 1
o > zemAcHs ;
|
|
MyNat
2 succ_ne_zero (n : MyNat) : succ n # zero :
exact MyNat.noConfusion
| succ n* => exact succ (add m n')
1 add zero zero i
1 add (succ zero) zero
add (succ zero) (succ zero)
ieval succ (add (succ zero) zero)
ema add_zero (m : MyNat) : add m zero = m
lenna zero_add (n : MyNat) : add zero n = n := b
induction n with 1
| zero =>
193 f B
| succ n*
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| zero
| succ :

MyNat

a succ_ne_zero (n : MyNat) : succ n # zero :
xact MyNat.noConfusion

| succ n* => exact succ (add m n')

1 add zero zero i
1 add (succ zero) zero

add (succ zero) (succ zero)
#eval succ (add (succ zero) zero)

emna add_zero (m : MyNat) : add m zero = m
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Restart File
Kl & moser © ®0A1O1 WO Zeile 195, Spalte 5 _ Leerseichen:2UTF8 LF leand Q)




Datei Bearbeiten Auswahl Anzeigen

Gehezu Ausfuhren Terminal

Hilfe & P DBemoe - X
Q oo alklean 1,U ® V%W ® R O | = teninfoview
~ GeOFFNET... [REHGRPSGEE GES > = Telklean > v Talklean:196:4 =
D GRueeet ¢ 2 £ et . v Tactic state «
’ ® = Talklean GtB ex : sunday » monday : 1goal
9 GRupPE2 Weekday .noConfusion onf

£ Lean Infoview
> s

> GUEDERUNG

> zemacHse

XU 3 master ® ®@140011 WO

¥ case succ

n* : MyNat

ih : add zero n’ = n*

+ MyNat.caseson (motive
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EXPLORER. . Eintlemmaslean U £ zmod_lemmaslean U £ padic_rationalsJean U £ padicintegerslean U X |/ 13 © @ @ - | E LeanInfoview
 GEOFFNETE EDITOREN PadicSystems > £ padic integerslean > () p > {} padic.integer > {} wv > © equiv_prod v padic_integerslean36530 "o

O et n Noinfo found.
£ nat lemmaslea... U nanespace padic_integer > All Messages (0) I

9¢ int lemmaslea..
2

v] if p - u * v and u and

u] x Z

2mod_lemmas1. < Z e. -
R plp— def equiv_prod (hp : p = u * v) (hcop : Coprime u v) :
2 4 Bstp] ~+* Bsfu] x Zsiv] :=
padic integersL... U e
o £ padic_integers.i prod_inv_fun
&5 padic_systemsl... U prod_left_inv hp hcop
£ Notes.lean Padi... U prod_right_inv hp hcop
amoree2 prod_map_mul hp

map_add’ := prod_map_add hp}

Lean Infoview
> PADIC SYSTEMS

> GUEDERUNG

> ZeAcHsE

equiv_prod_to_fun (hp : p = u * v) (hcop : Coprime u v) :
(equiv_prod hp hcop).toFun = prod_to_fun :=

a equiv_prod_inv_fun (hp : p = u * v) (hcop : Coprime u v) :
(equiv_prod hp hcop).invFun = prod_inv_fun
rfl

enma equiv_prod_left_inv (hp : p = u * v) (hcop : Coprime u v) :
(equiv_prod hp hcop).left_inv = prod_left i g
rfl

lemma equiv_prod_right_inv (hp : p = u * v) (hcop : Coprime u v) :
(equiv_prod hp hcop).right_inv = prod_right_inv hp hcop :
rfl

equiv_prod_map_add (hp : p = u * v) (hcop : Coprime u v) :
(equiv_prod hp hcop).map_add" = prod_map_add hp
rfl [ ]

equiv_prod_map_mul (hp : p = u * v) (hcop : Coprime u v) :
(equiv_prod hp hcop).map_mul’ = prod_map_mul hp :=

end uv

E p*a pl x Zs[q] if q are coprime. -
N def equiv_prod* {q : N} (hcop : Coprime p q) : @s[p * q] ~+* Zs[p] x Bs[q]
& equiv_prod rfl hcop

)

KU 32 master ® ®0A0 WO

a equiv_prod’_eq_equiv_prod {q : N} (hcop : Coprime p q) :

Restart File
equiv_prod’ hcop = equiv_prod rfl hcop
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£ nat_lemmaslea,
o int_lemmaslea... U

zmod_lemmas..

padic_rationals.

X £ padic integersl.. U
. = padic integers |
& padic_systems..
= Noteslean Padi.. U
GRuPPE2

Lean Infoview
> PADIC SYSTEMS

> GUEDERUNG

> ZeAcHsE

s

KU 32 master ® ®0A0 WO

Anzeigen Gehezu Ausfahren Terminal Hilfe « B paic systems

£ int lemmaslean U £ zmod_lemmasean U

£ padic_integerslean U X |V %) & @ @ -

£ padic_rationalsean U £ Lean Infoview

v padic. integerslean:4093:0
Noinfo found.

integer > {} ku > © equiv_pow

PadicSystems > £ padic_integerslean > {} p > {} pad

> All Messages (0)

:p=1M0c<k) : Fs[p] ~+* Fsfu]

pow_right_inv hp hpk
pow_map_mul hp hpk
pow_map_add hp hpk}

s[p omorphic t
equiv_pow’ {k : N} (hpk :
equiv_pow rfl hpk

prk
p-

100 <k 5 Bslpl ~+* Bslprk]

equiv_pow’_eq_equiv_pow {k : N} (hpk : p= 1§68 < k) :
k = equiv_pow rfl hpk :

equiv_pow" hpl
rfl
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D ono

 GEOFFNETE EDITOREN
GRUPPE 1
£ nat_lemmaslea.
99 int lemmasea..
5w
2mod_lemmas1.
padic_rationals.

padic integers..

£ padic_integers i

5] padic_systems!.

X

@

= Noteslean P
GRUPPE2

Lean Infoview
> PADIC SYSTEMS

> GUEDERUNG

> Zemachse

&

P master ® ®0A0 WO

Anzeigen Gehezu Ausfahren Terminal Hilfe « B paic systems
£ int_lemmaslean U £ zmod_lemmas.ean U £ padic_rationals.lean U £ padic_integersiean U X | \/ %) & @ [ - | = LeanInfoview X
PadicSystems > £ padic_integerslean > {} p > {} padic_integer > @ equiv_prime_pow_decomp v padic_integers.lean:4494:0
section p Noinfo found.

pace padic_integer > All Messages (0)

[p] is i to Zs[getn 1 i 1 - prime_pou_de
def equiv_prime_pow_c de(ump (1 @ List N} (hl : 1 = prime_pow_c de(ump p)
Bstp] >+ n 1, Ps[getn 1 1 1] := b
[h1]
rec_on_prime_powers p
ntro n hn
n with
| zero =
ru [prine_pou_deconp_def_zero]
apply RingEquiv.trans _ (RingEquiv.synm (Pi_equiv_head of length_eq_one _))
- ru [length, length]
- ru [List.get]

1

f5 at hn with hn1

. ru [esucc_eq_add_one, hn, prime_pow_decomp_def_one]

apply RingEquiv.trans _ (RingEquiv.symm (Pi_equiv_head of length_eq one ))

- rw [length, length]

- rw [List.get]
eq_head!_prine_pow_decomp_iff_eq_factor_pow_count_nnz (succ_ne_zero n)
ru [if_neg hn1] at heq
dsimp only at heq
ru [<heq] at hn
RingEquiv trans _ (RingEquiv.symm (Pi_equiv_head of length eq_one _))
t (eq_head!_prime_pow_decomp_iff_length_eq_one _).mp
e get_zero_eq_head!_of ne_nil {§ : Type _} [hfg : !nnab)ted d1 {1 : vist [y
11+ []) : List.get 1 (9, (length_pos.mpr h1)) = 1
[head!_of_head?]

[get_eq_getElem, getElem zero]
exact head?_eq_head (length_pos.mp (length pos.mpr h1))
ru [get_zero_eq_head!_of ne nil (prime_pow_decomp_ne_nil _), <hn]
ntro n u v _ hnuv hu hy
have hn := (eq_prod_and_coprime_of_prime_po_decomp_eq_append hnuv).1
ave hcop := (eq_prod_and_coprime_of_prime_pow_decomp_eq_append hnuv).2
v [huv’
apply RingEquiv.trans _ (RingEquiv.symm (Pi_append equiv_prod _ _))

ply RingEquiv.trans (equiv_prod hn hcop)
act equiv_prod_equiv hu hv

is isomorphic t
def equiv_prime_pow_decomp"
equiv_prine_pow_decomp rfl

i, Zs (prime_pow_decomp p) 1 1]. -
[Estp] ~+* n 1, Es[getd (prime_pow_decomp p) i 1]
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EXPLORER -+ Eintlemmaslean U £ zmod lemmaslean U £ padic_rationalslean U £ padic integersiean U X |V %3 & @ @ - | E Leannfoview
 GEOFFNETE EDITOREN Padicsystems > £ padic_integerslean > {} p > {} padic.integer v padic integerslean4544:0 no

O crueet ¥ Messages (1)
£ nat lemmaslea... U nanespace padic_integer v padic_integers ean45440 « @
%0 int lemmaslea.. U
5 £ zmod_lemmas. d10 : Zs[10] := of_nat 1234567 [1,1,1,0,0,00,1,08,1,1,0,1,0,1,1, 0,1, 8, 8]
padic_rationals > All Messages (14) "
g» - ten_eq_two_times_five : 10 = 2 * 5 := rfl
ezl 1 coprime_two_five : Coprime 2 5 := rfl
. £ padic_integer.
B padic_systems).. U 4544 al map (A k => ((equiv_prod ten_eq_two_times_five (aprime two_five) d10).1 k) (range 20)
= Noteslean Padi.. U EETHEN 0, 1,0,1,1,0 1,1, 0
P #eval map (A K => ((equiv_prod ten_eq two_tines_Five coprine_two_five) d10).2 k) (range 26)
Lean Infoview ¢ © :
S 1 prime_pou_decomp 10
> GUEDERUNG
> zZEmAcHsE
\_deconp’ d10 @ k) (range 20)
_deconp’ d10 1 k) (range 29)
def 110 := [2, 5]
2 hl1e : 110 = prime_pow_decomp 10
i) dja o k) (range 20)
hl1e) fna ) (mge 20)
d6o : Zs[60] := of nat 1234567
#eval prime_pow_deconp 60
#eva * d6e @ k) (range 20)
deo 1 k) (renge za) |
steva, equty_prine pou decomp’ d6e 2 k) (range 20)
3 Restart File
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0 padic_systems 0omo - x
BOLORER - Eintlemmaslean U | E zmod lemmaslean U £ padic rationalslean U | £ padic_integerslean U X | \/ %4 & @ [ - | £ Leannfoview
 GEOFFNETE EDITOREN PadicSystems >

O et

padic_integersean > {} p > {} padic_integer v padic_integers.lean:4546:0

v Messages (1)

£ nat lemmaslea... U nanespace padic_integer v padic_integers ean4546:0 « @
%0 int lemmaslea.. U
-8 i 10 : Zs[10] :- of nat 1234567 [2,3,2,1,0,0,4,0,3,0,0,0,0,0,0,0,0,0, 0, 0]
padic ationals > All Messages (14) n
g» - ten_eq_two_times_five : 10 = 2 * 5 := rfl
ezl 1 coprime_two_five : Coprime 2 5 := rfl
. £ padic_integer.
B padic_systemsl... U #eval map (A k => ((equiv_prod ten_eq two_times_five (aprime two_five) d10).1 k) (range 20)
= Noteslean Padi.. U AN 1,0,1,1,8
GRUPPE2 4546 |== map (A k ((equ)v prud ten euuu times_five (npr‘)me two_five) d10).2 k) (range 20)
Lean Infoview :
S 1 prime_pou_decomp 10
> GUEDERUNG
> zZEmAcHsE
def 110 := [2, 5]
2 hl1e : 110 = prime_pow_decomp 10
d6o : Zs[60] := of nat 1234567
#eval prime_pow_deconp 60
#eva et e R L) (G 20
map (A K-> equ)v pmme pow ammp deo 1 k) (renge za) A
steva, equty_prine pou decomp’ d6e 2 k) (range 20)
3 Restart File
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EXPLORER

 GEOFFNETE EDITOREN

O croeet
£ nat lemmaslea.
99 int lemmaslea... U
® £ zmod Jemmas..
N padic_rationals
- X £ padic integersl.. U
. £ padic_integer.
& padic_systems..
£ Noteslean Padi.. U
GRuPrE2

Lean Infoview
> PADIC SYSTEMS

> GUEDERUNG

> ZeAcHsE

£ int Jemmaslean U £ zmod lemmas ean U £ padic_rationalsJean U £ padic.integersiean U X |/ %) & @ [ -~ | E Leaninfoview

PadicSystems >

549

0 padic_systems

padic_integersean > {} p > {} padic_integer ¥ padic_integers.lean:4549:0

" p v Messages (1)
namespace padic_integer v padic. integers.lean:4549:0

d1e : Zs[1e] of_nat 1234567 [2, 5]

> All Messages (14)

ten_eq_two_times_five : 16 = 2 * 5 := rfl
coprime_two_five : Coprime 2 5 := rfl

((equiv_prod ten_eq_two_times_five (aprime two_five) d10).1 k) (range 26)

1, e 3

sl ez Ak
1,

1,1, 0

map (A K => ((equiv_prod ten_eq two_tines_Five coprine_two_five) d10).2 k) (range 26)

1 prine_pow_decomp 10

i_decomp’ d16 © k) (range 20)

_deconp’ d10 1 k) (range 29)

£ 110 := [2, 5]

2 h116 : 116 = prime_pow_decomp 10

d6e : Zs[66] := of_nat 1234567

#eval prime_pow_decomp 60

SRR 6 L) (T 2)

map (A K-> equ)v pmme pow ammp deo 1 k) (renge za) A

B decomp’ d6@ 2 k) (range 20)
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EXPLORER

 GEOFFNETE EDITOREN

O croeet
£ nat lemmaslea.
99 int lemmaslea... U
® £ zmod Jemmas..
N padic_rationals
- X £ padic integersl.. U
. £ padic_integer.
& padic_systems..
£ Noteslean Padi.. U
GRuPrE2

Lean Infoview
> PADIC SYSTEMS

> GUEDERUNG

> ZeAcHsE

£ int lemmaslean U

PadicSystems >

4552

0 padic_systems

£ zmod_lemmasean U £ padic_rationals lean U £ padic_integerslean U X

padic_integerslean > {} p > {} padic_integer

np
nanespace padic_integer

d10 : Zs[16] := of_nat 1234567

ten_eq_two_times_five : 10 = 2 * §
coprime_two_five

- rfl
Coprime 2 5 := rfl

#eval = (A k => ((equiv_prod ten_eq_two_times_five (aprime two_five) d10).1 k) (range 26)
1, 1

1,1, 0
((equ)v prod ten_eq_two_tines_Five coprine_two_five) d10).2 k) (range 26)

map (A !

1 prine_pow_decomp 10

£ 110 := [2, 5]

2 h116 : 116 = prime_pow_decomp 10

d6e : Zs[66] := of_nat 1234567

#eval prime_pow_decomp 60

SRR 6 L) (T 2)

nap (A k= equ)v L de(ump dse 1 k) (e 25

B decomp’ d6@ 2 k) (range 20)

VB o

£ Lean Infoview

v padic_ integerslean4552:0
v Messages (1)
v padic_ integers.lean:4552:0

[1.1,1,0,0,0,0,1,0,1,1,0,1,01,1,0, 1,0, 8]

> All Messages (14)
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BXPLORER o E intJemmaslean U £ zmod lemmas ean U £ padic_rationalsJean U £ padic.integersiean U X |/ %) & @ [ -~ | E Leaninfoview

 GEOFFNETE EDITOREN PadicSystems >

padic_integersean > {} p > {} padic_integer v padic_integers.lean:4554:0

O eruerer v Messages (1)
£ nat lemmaslea... U nanespace padic_integer v padic_integers ean45540 « @
%0 int lemmaslea.. U
-8 i 10 : Zs[10] :- of nat 1234567 [2,3,2,1,0,0,4,0,3,0,0,0,0,0,0,0,0,0, 0, 0]
padic_rationals > All Messages (14) "
g» - ten_eq_two_times_five : 10 = 2 * 5 := rfl
ezl 1 coprime_two_five : Coprime 2 5 := rfl
. £ padic_integer.
B padic_systemsl... U #eval map (A k => ((equiv_prod ten_eq two_times_five (aprime two_five) d10).1 k) (range 20)
= Noteslean Padi.. U EETHEN o, 1,01, 1,70,1,1, e
e #eval map (A K => ((equiv_prod ten_eq two_tines_Five coprine_two_five) d10).2 k) (range 26)
Lean Infoview ¢ © :
S 1 prime_pou_decomp 10
> GUEDERUNG
> zZEmAcHsE
\_deconp’ d10 @ k) (range 20)
4554 _deconp’ d10 1 k) (range 20)
def 110 := [2, 5]
2 hl1e : 110 = prime_pow_decomp 10
d6o : Zs[60] := of nat 1234567
#eval prime_pow_deconp 60
#eva et e R L) (G 20
map (A K-> equ)v pmme pow ammp deo 1 k) (renge za) A
steva, equty_prine pou decomp’ d6e 2 k) (range 20)
3 Restart File
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EXPLORER
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O croeet
£ nat lemmaslea.
99 int lemmaslea... U
£ zmod Jemmas..
N padic_rationals
- X £ padic integersl.. U
. £ padic_integer.
& padic_systems..
£ Noteslean Padi.. U
GRuPrE2

Lean Infoview
> PADIC SYSTEMS

> GUEDERUNG

> ZeAcHsE

£ int Jemmaslean U £ zmod lemmas ean U £ padic_rationalsJean U £ padic.integersiean U X |/ %) & @ [ -~ | E Leaninfoview

PadicSystems >

559

integer v padic integers.ean45550
Noinfo found.
nanespace padic_integer > All Messages (14)

padic_integerslean > {} p > {} padi
np

d10 : Zs[16] := of_nat 1234567

ten_eq_two_times_five : 16 = 2 * 5 := rfl
coprime_two_five : Coprime 2 5 := rfl

((equiv_prod ter

#eval = Ak eq_two_times_five (aprime two_five) d10).1 k) (range 26)
1,

({equiv_prod ten_eq two_tines_five coprine_two_five) d16).2 k) (range 26)

map (A !

1 prine_pow_decomp 10

def 110 := [2, 5]

: 116 = prime_pow_decomp 10

k) (range 20)

k) (range 20)

of_nat 1234567

SRR 6 L) (T 2)

map (A K-> equ)v pmme pow ammp deo 1 k) (renge za) =

B decomp’ d6@ 2 k) (range 20)
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is int lemmaslea... U
& £ zmod Jemmas..
N padic_rationals
- X £ padic integersl.. U

o £ padic integer.
&5 padic

= Noteslean Padi.. U
GRUPPE2

stemsl.

Lean Infoview
> PADIC SYSTEMS

> GUEDERUNG

> ZeAcHsE

Anzeigen  Gehezu

£ int lemmaslean U

PadicSystems >

4562

Ausfiihren  Terminal  Hilfe <«

£ zmod_lemmasean U £ padic_rationalsean U

padic_integerslean > {} p > {} padic integer
namespace padic_integer
d10 : Zs[10] := of nat 1234567
ten_eq_two_times five : 16 = 2 * 5 := rfl

= rfl

coprime_two_five : Coprime 2 5

((equiv_prod ten

sl ez Ak
1,

1,0,1,1,8

map (A !

1 prine_pow_decomp 10

i_decomp’ d16 © k) (range 20)

_deconp’ d10 1 k) (range 29)

£ 110 := [2, 5]

2 h116 : 116 = prime_pow_decomp 10

d6e : Zs[66] := of_nat 1234567

#eval prime_pow_decomp 60

SRR 6 L) (T 2)

nap (A k= equ)v L de(ump dse 1 k) (e 25

B decomp’ d6@ 2 k) (range 20)

£ padic_integerslean U X

0 padic_systems

VB o

eq_two_times_five (aprime two_five) d10).1 k) (range 26)

({equiv_prod ten_eq two_tines_five coprine_two_five) d16).2 k) (range 26)

£ Lean Infoview

v padic_ integerslean4562:0
v Messages (1)
v padic. integers.lean:4562:0

[1.1,1,0,0,0,0,1,0,1,1,0,1,01,1,0, 1,0, 8]

> All Messages (14)
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£ nat lemmaslea.
99 int lemmaslea... U
® £ zmod Jemmas..
N padic_rationals
- X £ padic integersl.. U
. £ padic_integer.
& padic_systems..
£ Noteslean Padi.. U
GRuPrE2

Lean Infoview
> PADIC SYSTEMS

> GUEDERUNG

> ZeAcHsE

£ int lemmaslean U

PadicSystems >

0 padic_systems

£ zmod_lemmasean U £ padic_rationals lean U £ padic_integerslean U X

padic_integerslean > {} p > {} padic_integer

np
nanespace padic_integer

d10 : Zs[16] := of_nat 1234567

ten_eq_two_times_five : 16 = 2 * 5 := rfl
coprime_two_five : Coprime 2 5 := rfl

#eval = (A k => ((equiv_prod ten_eq_two_times_five (aprime two_five) d10).1 k) (range 26)
1, 1

map (A ! ((equ)\l prod ten_eq_two_tines_Five coprine_two_five) d10).2 k) (range 26)

1 prine_pow_decomp 10

def 110 := [2, 5]

: 116 = prime_pow_decomp 10

of_nat 1234567

SRR 6 L) (T 2)

nap (A k= equ)v L de(ump dse 1 k) (e 25

B decomp’ d6@ 2 k) (range 20)

VB o

£ Lean Infoview

v padic_ integerslean45640
v Messages (1)
v padic_ integers.lean:4564:0

[2.3,2,1,0,0,4,0,3,0,0,0,0,0,0,0,0,0,0, 8]

> All Messages (14)
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O croeet
£ nat lemmaslea.
99 int lemmaslea... U
® £ zmod Jemmas..
N padic_rationals
- X £ padic integersl.. U
. £ padic_integer.
& padic_systems..
£ Noteslean Padi.. U
GRuPrE2

Lean Infoview
> PADIC SYSTEMS

> GUEDERUNG

> ZeAcHsE

£ int Jemmaslean U £ zmod lemmas ean U £ padic_rationalsJean U £ padic.integersiean U X |/ %) & @ [ -~ | E Leaninfoview

PadicSystems >

4570

padic_integersean > {} p > {} padic_integer ¥ padic_integers.lean:4570:0

v Messages (1)

np
nanespace padic_integer v padic_integers ean4570:0

of_nat 1234567 [4. 3, 5]

d1e : Zs[16]

> All Messages (14)

ten_eq_two_times_five : 16 = 2 * 5 := rfl
coprime_two_five : Coprime 2 5 := rfl

#eval = (A k => ((equiv_prod ten_eq_two_times_five (aprime two_five) d10).1 k) (range 26)
1, 1

1,1, 0

map (A ! ((equ)\l prod ten_eq_two_tines_Five coprine_two_five) d10).2 k) (range 26)

1 prine_pow_decomp 10

def 110 := [2, 5]

: 116 = prime_pow_decomp 10

k) (range 20)

k) (range 20)

d6e : Zs[66] := of_nat 1234567

Jeval prime_pow_deconp 60

SRR 6 L) (T 2)

map (A K-> equ)v pmme pow ammp deo 1 k) (renge za) E |

B decomp’ d6@ 2 k) (range 20)

Zeile 4570, Spalte 1

Leerzeichen: 2

n o
« @
"
Restart File
UTF-8 CRIF leand QO




) Datei Bearbeiten Auswahl Anzeigen Gehezu Ausfihren Terminal Hilfe <« P padic_systems. DB mo - X

BXPLORER o E intJemmaslean U £ zmod lemmas ean U £ padic_rationalsJean U £ padic.integersiean U X |/ %) & @ [ -~ | E Leaninfoview
 GEOFFNETE EDITOREN PadicSystems > £ padic_integerslean > {} p > {} padic integer v padic integerslean45730 no
O croeet v Messages (1)

£ nat lemmaslea... U nanespace padic_integer v padic_integers ean45730 « @
%0 int lemmaslea.. U
5 £ zmod_lemmas. d10 : Zs[10] := of_nat 1234567 [3,1,02,2,1,1,3,2,0,1,0,0,0,0,0, 0, 0, 0, 8]
padic ationals > All Messages (14) n
g» - ten_eq_two_times_five : 10 = 2 * 5 := rfl
ezl 1 coprime_two_five : Coprime 2 5 := rfl
. £ padic_integer.
B padic_systemsl... U #eval map (A k => ((equiv_prod ten_eq two_times_five (aprime two_five) d10).1 k) (range 20)
= Noteslean Padi.. U a; 1,70,1,1, e
P #eval map (A ! ((equ)\l prod ten_eq_two_tines_Five coprine_two_five) d10).2 k) (range 26)
Lean Infoview ¢ e
S 1 prime_pou_decomp 10
> GUEDERUNG
> zZEmAcHsE
def 110 := [2, 5]
: 110 = prime_pow_decomp 10
of_nat 1234567
#eval prime_pow_decomp 60
4573 |feva equiv_prime_pow_deconp’ d6e @ k) (range 20)
map (A K-> equ)v pmme pow ammp deo 1 k) (renge za) E |
steva, equty_prine pou decomp’ d6e 2 k) (range 20)
3 Restart File
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0 padic_systems Dgmne - x
EXPLORER. . Eintlemmaslean U £ zmod_lemmaslean U £ padic_rationalsJean U £ padicintegerslean U X |/ 13 © @ @ - | E LeanInfoview
 GEOFFNETE EDITOREN PadicSystems > £ padic integerslean > {} p > {} padic_integer v padic_integerslean45750 o
O et

v Messages (1)

£ nat lemmaslea... U nanespace padic_integer v padic integerslean45750 « &
%0 int lemmaslea... U
padic ationals... U > All Messages (14) 1
g» - ten_eq_two_times_five : 10 = 2 * 5 := rfl
ezl 1 coprime_two_five : Coprime 2 5 := rfl
. £ padic_integer.
B padic_systemsl... U #eval map (A k => ((equiv_prod ten_eq two_times_five (aprime two_five) d10).1 k) (range 20)
£ Noteslean Padi.. U o, 1, o, 1, 0,1, 1,70,1,1,8
P seval map (A K => ((equiv_prod ten_eq two_tines_Five coprine_two_five) d10).2 k) (range 26)
Lean Infoview ¢ © :
S 1 prime_pou_decomp 10
> GUEDERUNG
> ZETAGHSE
e @O0 (b 2)
_decomp’ d10 1 k) (range )
def 110 := [2, 5]
2 hl16 : 110 = prime_pow_deconp 10
d6e : Zs[6e] :- of nat 1234567
#eval prine_pow_decomp 60
seva Sauty_prine_pou decomp' d60 0 k) (range 20)
4575 map (A K-> equ)v pmme pow ammp deo 1 k) (renge za) 4
#eva sauty_prise_pou_decoap’ 460 2 k) (rang 20)
3 Restart File
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£ nat lemmaslea.
is int lemmaslea... U
& £ zmod Jemmas..
N padic_rationals
- X £ padic integersl.. U

o £ padic integer.
&5 padic

= Noteslean Padi.. U
GRUPPE2

stemsl.

Lean Infoview
> PADIC SYSTEMS

> GUEDERUNG

> ZeAcHsE

Anzeigen  Gehezu

£ int lemmaslean U

PadicSystems >

4577

Ausfiihren  Terminal  Hilfe <«

£ zmod_lemmasean U £ padic_rationalsean U

padic_integerslean > {} p > {} padic integer
np
namespace padic_integer
d10 : Zs[10] := of nat 1234567
ten_eq_two_times five : 16 = 2 * 5 := rfl

= rfl

coprime_two_five : Coprime 2 5

((equiv_prod ten

sl ez Ak
1,

1,0,1,1,8

map (A !

1 prine_pow_decomp 10

i_decomp’ d16 © k) (range 20)

_deconp’ d10 1 k) (range 29)

£ 110 := [2, 5]

2 h116 : 116 = prime_pow_decomp 10

d6e : Zs[66] := of_nat 1234567

#eval prime_pow_decomp 60

SRR 6 L) (T 2)

nap (A k= equ)v L de(ump dse 1 k) (e 25

S decomp’ d6@ 2 k) (range 20)

£ padic_integerslean U X

0 padic_systems

VB o

eq_two_times_five (aprime two_five) d10).1 k) (range 26)

({equiv_prod ten_eq two_tines_five coprine_two_five) d16).2 k) (range 26)

£ Lean Infoview

v padic_ integerslean4577:0

v Messages (1)
v padic_ integers.lean:4577:0
[2.3,2,1,0,0,4,0,3,0,0,0,0,0,0,0,0,0,0, 8]

> All Messages (14)
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BOLORER

 GEOFFNETE EDITOREN

O ruerer

’ £ nat_lemmas.lea.
igs int_lemmaslea.. U
: £ 2mod femmasL.

~ padic_ationals
a” x

padic integers..
padic_integer.

padic_systemsl... U
= Noteslean Padi... U
GRUPPE2

Lean Infoview
> PADIC SYSTEMS

> GUEDERUNG

> ZeAcHsE

5

K 3 master @ @140014 WO

£ int lemmaslean U

PadicSystems >

4585

Anzeigen  Gehezu

Ausfiihren  Terminal  Hilfe <«

0 padic_systems

vieoo--

£ zmod_lemmasean U £ padic_rationals lean U £ padic_integerslean U X

padic_integerslean > {} p > {} padic integer
np

namespace padic_integer

hl66 : 160 = prime_pow_decomp 60

map (A k => (equiv_prime_pou_decomp h160) d6e © k) (range 20)

(equiv_prime_pow_decomp h160) d6e 1 k) (range 20)

(equiv_prime_pow_decomp hl6e) dee 2 k) (range 20)

: Zs[p] » Zs[p]
@) (A dk => sign (valtinabs (d k)))

(A d k => @digit_rat p (1(to_nat d k))~* k)

: Inv Zs[p] :=
(@padic_integer.inv p)

inv_def :
@padic_integer.inv p =
ite (p

(A d k => sign (valMinabs (d k) : Zs[p] » Zs[p])

£ Lean Infoview

v padic_ integerslean:4585:0
v Messages (1)
v padic. integers.lean:4585:0

[3.1,0,2,2,1,1,3,2,0,1,0,0,0,0,0,0,0,0, 8]

> All Messages (14)
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exvLoRER w  EintlemmasieanU | zmodlemmasieany | E padicrationaisleany | E padicintegersieant X | \/ %3 & @ [ - | & Leaninfoview
 GEOFFNETE EDITOREN PadicSystems > £ padic_integerslean > {} p > {} padic_integer ¥ padic_integers.lean:4587:0 n o
O ruerer tion p v Messages (1)
’ £ nat_lemmasllea. namespace padic_integer v padic_integersJean:4587:0 D«
p remmsiea.. U [1,0,2,1,1,1,1,0,2,2,2,0,2,0,0,00,0,0,e0]
o £ zmod_lemmas.|.
padic_ationals » Al Messages (14) N
> - emma h16@ : 160 = prime_pow_decomp 60
& X £ padic_integersl... U
- padic integer
B padic_systemsl... U #eval map (A k => (equiv_prime_pow_decomp h168) d6@ © k) (range 20)
£ Notes.lean Padi... U [ 1, 1, 2,8,1,8 [ 6, 0,0,0,8
GRUPPE 2 4587 (equiv_prime_pow_decomp h168) d6@ 1 k) (range 20)

Lean Infoview
> PADIC SYSTEMS

> GUEDERUNG

> ZeAcHsE

(equiv_prime_pow_decomp hl6e) dee 2 k) (range 20)

t ding p with q + 1 and g and p / q coprime s at the p of d to Zs[q
a] o
[1] is t - 0 n d
s ifp-o
: Zs[p] » Zs[p]
ite (p = @) (A d k => sign (valMinabs (d k))) (A d k => @digit_rat p (f(to_nat d k))=* k)
The i dic i p+0and e digit of d and p D and tl 4
s s[0 o
: Inv Zs[p] :=
(@padic_integer.inv p)
lema inv_def :
@padic_integer.inv p =
ite (p = @) Restart File
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EXPLORER -+ Eintlemmaslean U £ zmod_lemmasean U £ padic_rationalsean U
 GEOFFNETE EDITOREN integer

O crueeet

’ £ nat lemmaslea.

99 int lemmaslea... U
£ zmod Jemmas..

N padic_rationals

- X £ padic integersl.. U

. padic_integer.

& padic_systems... U
£ Noteslean Padi.. U

GRuPrE2

Lean Infoview
> PADIC SYSTEMS

> GUEDERUNG

> ZeAcHsE

5

K 3 master @ @140014 WO

PadicSystems >

4589

padic_integerslean > {} p > {} padi

ion p
smespace padic_integer

hl66 : 160 = prime_pow_decomp 60

0 padic_systems

) £ padic.integersiean U X |/ %) & @ [ -~ | E Leaninfoview
v padic_integerslean45890
v Messages (1)
v padic_integers.lean45890
[2,3,2,1,0,0,4,0,3,0,0,0,0,0,0,0,0,0,0, 0]

> All Messages (14)

#eval map (A k => (equiv_prime_pow_decomp h166) d60 @ k) (range 20)

: Zs[p] » Zs[p]

ite (p = @) (A d k => sign (valMinabs (d k)))

: Inv Zs[p] :=
(@padic_integer.inv p)

lema inv_def :
@padic_integer.inv p =
ite (p

(A d k => sign (valMinabs (d k))

: Zs[p] » Zs[p])

(equiv_prime_pow_decomp h160) d6e 1 k) (range 20)

(equiv_prime_pow_decomp hl6e) dee 2 k) (range 20)

(A d k => @digit_rat p (1(to_nat d k))~* k)
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o o <+ Eint lemmaslean U £ zmod_lemmaslean U £ padic_rationals ean U £ padic integersiean U X | \/ %3 © @ @ - | = LeanInfoview
 GEGFFNETE EDITOREN Padicsystems >

O crueet t

integer >  is_domain_iff_ppp v padic_ integerslean:5110:0
Noinfo found.

padic_integerslean > {} p > {} padi

£ nat lemmaslea... U nanespace padic_integer

> All Messages (14)

1
99 int lemmaslea.. U 5110 |- Zs[p] is a domain iFf p proper prime power. -
&8 e — em is_domain_iff_ppp : IsDomain Zs[p] « 3 q k, Nat.Prime q A 0 < k A p = ak := b,
N padic_rationals Srructo
- X £ padic integersl.. U
. £ padic_integer.
& padic_systems... U

£ Noteslean Padi.. U

GRuPrE2 intro hp1

ru [not_1t] at hp1
cases le_iff_eq or_lt.mp hpl with

Lean Infoview
> PADIC SYSTEMS

| inl heq =>
> GUEDERUNG e
> ZemAcHsE cases h @nk hIsCancelMulzero hNontrivial =>
s hIsCancelMulZero with | @mk hIsLeftCancelMulZero hIsRightCancelMulZero
s hNontrivial with | mk hpair =>
cases hIsLeftCancelMulZero | mk hleft =>
ses hIsRightCancelMulZero with | mk hright
hpair with (d, e, hde)
xact hde (Subsingleton.elim d e)
| dnr hlt >
ru [It_one_iff] at hlt
@Isbomain. to_noZerobivisors _ _ h
(A k => ite (k = 0) 10)
(A k => ite (k = 1) 1.0)
6 := by
[mul_def, if pos rfl, zero_def]
xt k
f
| succ k =>
s k wi
| zero =>
F1
| succ k = 1
e
[zero_def] at ha B
ce ha := Function.funext_iff.mp ha @
t one_ne_zero ha
hb: b0 :=b
o b

Restart File
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EXPLORER -+ int lemmaslean U £ zmod lemmaslean U

£ padic_rationals.ean U £ padic_integerslean U X |/ 3 & @ @ -
 GEOFFNETE EDITOREN

£ Lean Infoview

PadicSystems >

padic_integersiean > {} p > {} padic integer > © zero,divisor ifl v padic_integerslean:52750 o
O crueeet np Noinfo found.
’ £ nat lemmaslea. > All Messages (14) I
99 int lemmaslea... U
® £ zmod Jemmas.. 2 iR
N padic_rationals B
a° X £ padic integersl... U - 1 il p 7 ) G st e ection of d t q
. £ padic_integer.

& padic_systems.. ne k,
£ Noteslean Padi.. U
GRuPrE2 Since Zs[1] is trivial, it doesn't any zero d & am
Lean Infoview
oren zero_divisor_iff (d : Zs[p]) :
S (e, es0nd*e=-0)o
> cueDerinG 6) 3k dk=0)(
> ZETAGHSE 1) (false) (
39, q%1AqlpACoprineq (p/ a) A
N (_:q#1) (hdvd : q | p) (hcop : Coprime q (p / q)),
((equiv_prod”* hdvd hcop).toFun d).1 = 8))
ith hpo hp1
h uith (e, hel, he2)
ru [zero_def] at he2 hel
ru [Function.ne_iff] at he1
ases hel with | intro k hk =>
replace he2 := congr_fun he2 k
i [mul_def, if pos hpo] at he2
use k
ses p with
| zero =>
have he2' : valtinabs (d k) * valMinabs (e k) = © =
[valMinAbs_def_zero, valMinAbs_def_zero, he2]
he2' :- congr_arg (A (x : Int.div x (valMinAbs (e k))) he2’
isimp only at he2’
ru [Int.mul_div_cancel, valMinAbs_def_zero, valMinAbs_def_zero, Int.zero_div]
© he2
hk
>
1
t succ_ne_zero _ hpe
< h with (e, hel, )
ply hel
@subsingleton. elin _ (subsingleton_iff_peo.mpr hpl) _ _
p using nat_lemmas. induction_on_prime_powers witi

o exact hpo rfl

had | hpow p hpow

Restart File
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D ono

 GEOFFNETE EDITOREN
GRUPPE 1

£ nat lem

int_lemmaslea.

zmod_lemmas..

padic_rationals.

padic integersl.

o | X = padic.integers.i
& padic_systems..
£ Noteslean

GRUPPE2

Lean Infoview
> PADIC SYSTEMS

> GUEDERUNG

> ZeAcHsE

Anzeigen Gehezu Ausfahren Terminal Hilfe « B paic systems
slean U £ padic_rationalslean £ padic_integerslean U £ padic_integers isomorphismlean U X | v/ %3 & @ @ - | F LeanInfoview
Padicsystems > padic integers isomorphism.ean v padic_integers isomorphism.Jean:1:
1 Noinfo found.
[ t v » All Messages (0)
ort PadicSystens.padic_integers
mport Mathlib.NumberTheory.Padics.PadicIntegers
t Mathlib.Algebra.Ring.Equiv
autoTmplicit fal
i t i v P P

#4 Inportant definitions

## Notation

# Inplementation notes

erences

open nat_lemnas
open int_lemmas
open znod_lemmas
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EXPLORER - slean U £ padic_rationals.lean U ‘ £ padic_integerslean U £ padic.integers isomorphismlean U X | \/ %3 & @ @ - | F LeanInfoview >
 GEOFFNETE EDITOREN PadicSystems > = padic_integers isomorphism.ean v padic_integers isomorphism.lean:1026:0 = oo
GRUPPE 1 section p Noinfo found.
£ nat lemmaslea... U nasespace padic_integer » All Messages (0) u
construct
99 int lemmaslea... U o [ (umm]

£ zmod_lemmas.. ity

N padic_rationals... U mul_1t_of_1t_of_le_one_of_nonneg _ (@padichorm.of_int _ ption) _)
a” padic integers.l... U (padichior.nonneg _)
o | X E padicintegers.i.. U mpt:
& padic_systems.... U . .
O lema to_padic_int_map_mul auxt {f g : N » Z} (hf : IsCauSeq (padicNorm p) (A k => 1(f k)))
M s O (hg : IsCauSeq (padicNorm p) (A k => (g k))) :
GRuPrE2

PadicInt.ofIntSeq £ hf * PadicInt.ofIntseq g hy
Lean Infoview PadicInt.ofIntseq (A k => 1( k * g k)) (to_padic_int_map_mul_aux1_aux hf hg) :
> PADIC SYSTEMS (rw [PadicInt.ofIntseq])

> GUEDERUNG [Causeq.Completion.mk_eq_mk, Int.cast_mul]

> Zemachse i

by

ema to_padic_int_map_mul_aux2_aux {f : N > Z} (hf : IsCauseq (padichorm p) (A k => 1(f k))) :
IsCauseq (padichorm p) (A k => 1(f k % pr(k+1))) :=
to_padic_int_map_add_aux2_aux hf

emnma to_padic_int_map_mul_aux2 {f : N » Z} (hf : IsCauSeq (padicNorm p) (A k => 1(f k))) :
PadicInt.ofIntseq £ hf =
PadicInt.ofIntseq (A k => 1(f k % p*(k+1))) (to_padic_int_map_add_aux2_aux hf) :=

to_padic_int_map_add_aux2 hf

to_padic_int_map_mul (x y : Zs[p])
to_padic_int (x * y) = to_padic_int x * to_padic_int y
i [to_padic_int])

leto pad)( int_map_mul_aux1 p (by assu
*(to_nat y k))]

on) (A (k : N) => t(to_nat x k))

[<Nat.cast_mul]
£q.symn
[to_padic_i

nt_map_nul_aux2]

k
[+Int.natCast_pow, Int.natCast_mod,
«to_nat_mul_pnz (Nat.Prime.ne_zero (Fact.elin (b

umption)))]

1026

Z[p) =

of_padic_int_to_padic_int_inv
to_padic_int_of_padic_int_inv |

‘to_padic_int_map_mul

map_add’ := to_padic_int_map_add} Restart File
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1) Optional but highly recommended: read

Type Theory
Formal Proof

An Introduction

ROB NEDERPELT
HERMAN GEUVERS

(do all the exercises!)

How to join the fun?



How to join the fun?

2) Optional: read my lecture notes
https://marioweitzer.com/sites/default/files/Type’20Theory.pdf

(ignore first page, only makes sense together with other material)


https://marioweitzer.com/sites/default/files/Type%20Theory.pdf
https://leanprover-community.github.io/get_started.html
https://leanprover-community.github.io/install/project.html

How to join the fun?

2) Optional: read my lecture notes
https://marioweitzer.com/sites/default/files/Type’20Theory.pdf

(ignore first page, only makes sense together with other material)

Overlaps with the book but fills in some gaps:
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2) Optional: read my lecture notes
https://marioweitzer.com/sites/default/files/Type’20Theory.pdf

(ignore first page, only makes sense together with other material)

Overlaps with the book but fills in some gaps:

e Proof of the Church-Rosser theorem (confluence of the A-calculus)
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https://leanprover-community.github.io/get_started.html
https://leanprover-community.github.io/install/project.html
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2) Optional: read my lecture notes
https://marioweitzer.com/sites/default/files/Type’20Theory.pdf

(ignore first page, only makes sense together with other material)

Overlaps with the book but fills in some gaps:
e Proof of the Church-Rosser theorem (confluence of the A-calculus)

e Proof of Turing completeness of the A-calculus


https://marioweitzer.com/sites/default/files/Type%20Theory.pdf
https://leanprover-community.github.io/get_started.html
https://leanprover-community.github.io/install/project.html

How to join the fun?

2) Optional: read my lecture notes
https://marioweitzer.com/sites/default/files/Type’20Theory.pdf

(ignore first page, only makes sense together with other material)

Overlaps with the book but fills in some gaps:
e Proof of the Church-Rosser theorem (confluence of the A-calculus)
e Proof of Turing completeness of the A-calculus

e Solutions to selected examples from the book


https://marioweitzer.com/sites/default/files/Type%20Theory.pdf
https://leanprover-community.github.io/get_started.html
https://leanprover-community.github.io/install/project.html

How to join the fun?

2) Optional: read my lecture notes
https://marioweitzer.com/sites/default/files/Type’20Theory.pdf

(ignore first page, only makes sense together with other material)

Overlaps with the book but fills in some gaps:
e Proof of the Church-Rosser theorem (confluence of the A-calculus)
e Proof of Turing completeness of the A-calculus

e Solutions to selected examples from the book

3) Install Lean (version 4) on Windows, Linux or MacOS
https://leanprover-community.github.io/get_started.html
and create your first project depending on Mathlib

https://leanprover-community.github.io/install/project.html


https://marioweitzer.com/sites/default/files/Type%20Theory.pdf
https://leanprover-community.github.io/get_started.html
https://leanprover-community.github.io/install/project.html

How to join the fun?

4) Read
https://leanprover.github.io/theorem_proving_in_lean4

(do all the exercises!)


https://leanprover.github.io/theorem_proving_in_lean4
https://leanprover-community.github.io/papers.html
https://leanprover.zulipchat.com

4) Read
https://leanprover.github.io/theorem_proving_in_lean4

(do all the exercises!)

Find more material at

https://leanprover-community.github.io/papers.html

How to join the fun?


https://leanprover.github.io/theorem_proving_in_lean4
https://leanprover-community.github.io/papers.html
https://leanprover.zulipchat.com

How to join the fun?

4) Read
https://leanprover.github.io/theorem_proving_in_lean4

(do all the exercises!)

Find more material at

https://leanprover-community.github.io/papers.html

Ask questions at
https://leanprover.zulipchat.com

(very active and helpful community of Lean developers and enthusiasts)


https://leanprover.github.io/theorem_proving_in_lean4
https://leanprover-community.github.io/papers.html
https://leanprover.zulipchat.com

How to join the fun?

Thank you!



