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• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx19



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx20



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx30



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx40



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx50



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx150



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx250



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx350



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx450



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx1550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx2550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx3550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx4550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx5550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx6550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx7550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx8550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx9550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx10550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx11550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx12550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx13550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx14550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx15550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx16550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx17550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx18550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx19550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx20550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx21550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx22550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx23550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx24550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx25550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx26550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx27550



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx27650



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx27750



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx27850



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx27950



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx28050



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx28060



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx28070



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx28071



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx28072



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx28073



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx28074



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
β-reduction: ((λX.M)N) →β M[X := N]
Notation (guided by Currying of multivariate functions)
• drop outermost parenthesis: MN = (MN)
• app. left associative: MNK = ((MN)K)
• abs. right associative, only one λ: λxy.M = (λx.(λy.M))
• app. takes precedence over abs.: λx.MN = (λx.(MN))

Y-combinator
true
false
not
and
or

ifte
zero
succ
pred
add
sub
mul

iszero
leq
eq

div

mod

pair
fst
sec
one
two

three
five
var.
var.

iszero n
f (pred n)

mul n (f (pred n))
fac

fac five, βx28075



A crash course in λ-calculus

Create λ-terms by 3 rules (set of λ-terms: Λ)
• var.: a, b, c, x , y , z, . . . (set of variables: V)
• app.: M, N in Λ ⇒ (MN) in Λ
• abs.: X in V ,M in Λ ⇒ (λX.M) in Λ
Λ = V | (ΛΛ) | (λV .Λ)
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• Church was Turing’s doctoral advisor
• Church: the λ-calculus is Turing complete
• Turing: the λ-calculus can be emulated on a Turing machine
• Church-Turing Thesis: in our universe all “effectively computable functions” can be

computed by the λ-calculus/Turing machines
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• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
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Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
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Statement, declaration, context, judgement
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• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if
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Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T
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• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

empty derivation



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context
context



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context
context

var.



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context
context

var.
var.



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context
context

var.
var.

app. 2, 3



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context
context

var.
var.

app. 2, 3
abs. 4, x



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context
context

var.
var.

app. 2, 3
abs. 4, x
abs. 5, y



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context
context

var.
var.

app. 2, 3
abs. 4, x
abs. 5, y
arr. 0, 2



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context
context

var.
var.

app. 2, 3
abs. 4, x
abs. 5, y
arr. 0, 2

arr. 19, 0



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context
context

var.
var.

app. 2, 3
abs. 4, x
abs. 5, y
arr. 0, 2

arr. 19, 0
empty derivation



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context
context

var.
var.

app. 2, 3
abs. 4, x
abs. 5, y
arr. 0, 2

arr. 19, 0
context



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context
context

var.
var.

app. 2, 3
abs. 4, x
abs. 5, y
arr. 0, 2

arr. 19, 0
context
context



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context
context

var.
var.

app. 2, 3
abs. 4, x
abs. 5, y
arr. 0, 2

arr. 19, 0
context
context
context



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context
context

var.
var.

app. 2, 3
abs. 4, x
abs. 5, y
arr. 0, 2

arr. 19, 0
context
context
context

var.



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context
context

var.
var.

app. 2, 3
abs. 4, x
abs. 5, y
arr. 0, 2

arr. 19, 0
context
context
context

var.
var.



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context
context

var.
var.

app. 2, 3
abs. 4, x
abs. 5, y
arr. 0, 2

arr. 19, 0
context
context
context

var.
var.

app. 3, 4
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Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration
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var.
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empty judgement
context
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var.
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app. 13, 14
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app. 2, 3
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arr. 0, 2

arr. 19, 0
context
context
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var.
var.

app. 3, 4
app. 4, 5
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Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration
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var.
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arr. 1, 2
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arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
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context
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var.
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app. 2, 3
abs. 4, x
abs. 5, y
arr. 0, 2

arr. 19, 0
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context
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var.

app. 3, 4
app. 4, 5
abs. 6, z



A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration
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arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
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app. 13, 14
abs. 15, x
abs. 16, y

context
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var.

app. 2, 3
abs. 4, x
abs. 5, y
arr. 0, 2

arr. 19, 0
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app. 4, 5
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A crash course in type theory

Create types by 2 rules (set of types: T)
• var.: α, β, γ, δ, . . . (set of variables: V)
• arr.: S, T in T ⇒ (S → T ) in T
T = V | (T → T)
Notation (again guided by Currying of multivariate functions)
• drop outermost parenthesis: α → β = α → β
• arr. right associative: α → β → γ = (α → (β → γ))
Statement, declaration, context, judgement
• a statement is of the form: M : T where M in Λ and T in T

read: M is of type T
• a declaration is a statement X : T where X in V
• a context is a list X1 : T1, . . . , Xn : Tn of declarations
• a judgement is of the form Γ ⊢ M : T where Γ is a context

read: in the context Γ, M is of type T
Derivation rules (for valid judgements)
• var.: Γ ⊢ X : T if

X : T is declared in Γ
• app.: Γ ⊢ MN : T if

Γ ⊢ M : S → T and
Γ ⊢ N : S

• abs.: Γ ⊢ λX : S.M : S → T if
Γ, X : S ⊢ M : T

Flag format for derivations
• open nested flags for every declaration in context
• flag contains declaration
• flagpole indicates scope of declaration

var.
var.
var.

arr. 1, 2
arr. 3, 3
arr. 0, 3
arr. 5, 4

var.
var.
var.

empty judgement
context
context

var.
var.

app. 13, 14
abs. 15, x
abs. 16, y

context
context

var.
var.

app. 2, 3
abs. 4, x
abs. 5, y
arr. 0, 2

arr. 19, 0
context
context
context

var.
var.

app. 3, 4
app. 4, 5
abs. 6, z
abs. 7, y
abs. 8, x
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λy : α → β.λz : α.yz becomes a proof of (α ⇒ β) ⇒ α ⇒ β (in the empty context)
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• a proposition is true if and only if the corresponding type is inhabited

(type inhabited: term of given type exists)

• so far: only propositions and ⇒ modelled by type theory

richer type theory: all of logic (and set theory) can be modelled!

• philosophical implication: computing and arguing are the same thing!

(cf. also: Church-Turing Thesis)
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How to join the fun?

1) Optional but highly recommended: read

(do all the exercises!)



How to join the fun?

2) Optional: read my lecture notes

https://marioweitzer.com/sites/default/files/Type%20Theory.pdf

(ignore first page, only makes sense together with other material)

Overlaps with the book but fills in some gaps:

• Proof of the Church-Rosser theorem (confluence of the λ-calculus)

• Proof of Turing completeness of the λ-calculus

• Solutions to selected examples from the book

3) Install Lean (version 4) on Windows, Linux or MacOS

https://leanprover-community.github.io/get_started.html

and create your first project depending on Mathlib

https://leanprover-community.github.io/install/project.html

https://marioweitzer.com/sites/default/files/Type%20Theory.pdf
https://leanprover-community.github.io/get_started.html
https://leanprover-community.github.io/install/project.html
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Thank you!


